HEAT KERNELS AND GREEN’S FUNCTIONS ON LIMIT SPACES
YU DING

ABSTRACT. In this paper, we study the behavior of the Laplacian on a sequence of
manifolds {M*} with a lower bound in Ricci curvature that converges to a metric-
measure space My,. We prove that the heat kernels and Green’s functions on
M will converge to some integral kernels on M., which can be interpreted, in
different cases, as the heat kernel and Green’s function on M,,. We also study the
Laplacian on noncollapsed metric cones; these provide a unified treatment of the
asymptotic behavior of heat kernels and Green’s functions on noncompact manifolds
with nonnegative Ricci curvature and Euclidean volume growth. In particular, we
get a unified proof of the asymptotic formulae of Colding-Minicozzi, Li and Li-Tam-
Wang.

INTRODUCTION

Assume M™ is an n dimensional Riemannian manifold with a lower bound in Ricci
curvature,

(0.1) Ricpm > —(n — 1)A,

where A > 0. By the Bishop-Gromov inequality, we have a uniform volume doubling
condition,

(0.2) Vol(Bzr(p)) < 2% Vol(Br(p)),

here we can take k = n if A =0; if A > 0, we require that R is bounded from above,
say, R < D for some D > (0. Moreover, there is a uniform Poincare inequality

1 1 i
(0.3) W/BR(M |f = forl < TR(W /BR(p) |df]°)z,

where f, g is the average of f on Bgr(p); see [Bu], [Ch3], [HaKo| and the references
therein.

We assume, throughout this paper, {M} is a sequence of complete Riemannian
manifolds with (0.1) that converges in the pointed measured Gromov-Hausdorff sense,

to a metric space My; we write M dox M., dgp is the Gromov-Hausdorff distance.
In particular, (0.2) holds on M,. One can show that (0.3) and the segment inequality,
which is stronger than (0.3), hold on M., as well; note on My, the role of |du| in
(0.3) is played by gy, the minimal generalized upper gradient, see [Ch3], [ChCo4].

In Cheeger’s paper [Ch3], a significant portion of analysis on smooth manifolds was
extended to metric-measure spaces satisfying (0.2), (0.3). In [Ch3], [ChCo4] Cheeger
and Colding defined a self-adjoint Laplacian operator A on M. By convention A
is positive. They proved that the eigenvalues and eigenfunctions of the Laplacian A;
over M converge to those on M, thereby establishing Fukaya’s conjecture [Fu]. So
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2 YU DING

if we consider RZC, the completion under measured Gromov-Hausdorff convergence
of the set of smooth manifolds with (0.1), it is natural to expect that quantities
associated to A should behave continuously.

In this paper, we will study this phenomenon in detail. Our main goal is to prove,
in various cases, that the heat kernel H; and Green’s function G; on M converge
uniformly to the heat kernel H,, and Green’s function G, on M,,. We will make
precise the definition of these convergences in Section 1. For results concerning heat
kernels, a lower bound in Ricci curvature (0.1) is enough; for Green’s functions, we
require that Ricy» > 0; compare with (1.16), (1.18), (1.19).

Moreover, in the noncompact case, we also study the asymptotics of the heat kernel
and Green’s function on a manifold M"™ with Ricy» > 0 and a Euclidean volume
growth condition:

(0.4) Vol(Bgr(p)) > voR".

According to [ChCol], any tangent cone at infinity of a manifold M"™ with Ricym >
0 and (0.4) is a metric cone C(X). So viewed from a sufficiently large scale, M"
appears to be close to some C(X). Combined with the appropriate convergence
theorems mentioned above, at a sufficiently large scale the heat kernel and Green’s
function on M™ are close to those on C(X).

On the other hand, we show that the classical analysis on cones, [Chl], [Ch2],
[ChTal], can be generalized to C(X). In particular, we have explicit expression of
heat kernels and Green’s functions on C'(X); see (6.21), (4.23). In this way we get
a unified treatment for the asymptotic formulae of these integral kernels on M". In
particular, we get new proofs of the Colding-Minicozzi asymptotic formula for Green’s
functions, [CoMil] (compare with [LiTW]), the asymptotic formulae for heat kernels
of Li [Lil] and Li-Tam-Wang [LiTW].

The organization of this paper is as follows:

Section 1 reviews some background material that we need in the sequel.

In Section 2, in the compact case we prove, H;(+,-,t) — Hoo(+,-,t) uniformly (as-
suming (0.1)), and G; — G uniformly, off the diagonal (assuming Ricym > 0). It’s
well known that there is an eigenfunction expansion for heat kernels, so our results
follows easily from the work of Cheeger-Colding [ChCo4], [Ch3], by estimating the
remainders of the eigenvalue expansions. We remark, previously in [KK1], [KK2] it
was proved that a subsequence of H; converges to some kernel on the compact metric
space M.

By the Dirichlet’s principle and the transplantation theorem of Cheeger [Ch3],
we show in Section 3 that the uniform limit of solutions for Poisson equations is a
solution for a Poisson equation, see also [Ch3], [ChCo4]. In particular, if {M"} are
noncompact, Ricy» > 0, satisfy (0.4) uniformly, then G; — Go uniformly off the
diagonal (Theorem 3.21).

We treat the heat kernels on noncompact spaces in Section 5. We assume (0.1).
First, some subsequence of the Dirichlet heat kernels Hg,; on Bgr(p;) C M will
converge to some function Hp o on Br(ps) C M. However, at present it is not
clear if Hp; will converge. On the other hand by a generalized maximum principle,
any two Hp o (from two different subsequences) can not be too different from each
other, see (5.46). Letting R — oo, we prove that H;(-,+,t) — Hy(-,,t) in L.
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In Theorem 5.59, when the noncollapsed limit M, is a manifold, we prove H, is the
heat kernel over M, i.e. the integral kernel of the semigroup e **. For general M.,
the picture is not yet clear; however, it is true when M, = C(X) is a noncollapsed
tangent cone that is the limit of a sequence of manifolds with nonnegative Ricci
curvature, see Theorem 6.1.

In Section 4 and Section 6 we study the Laplacian on C(X). We prove that in this
case, one can still separate variables. We use these to study the structure of G, and
H., on C(X), and the asymptotic behavior of Green’s function and heat kernel on a
manifold M™ with Ricy» > 0 and (0.4).

In Section 7 we study the asymptotic behavior of the eigenvalues \; . on a compact
metric space M, which is the limit of a sequence of manifolds { M} with (0.1). We
will prove in the noncollapsed case, the Weyl asymptotic formula is true on M.;
see Theorem 7.3. In the collapsed case, we get some link between the behavior of
eigenvalues and dim (M), the Minkowski dimension of M.

All of the estimates in this paper are uniform, i.e. the constants are valid for the
whole family of manifolds we are considering (for example all compact manifolds M™
with Ricpym > —(n — 1)A and Diam M" < D).

Acknowledgments. T'm most grateful to my thesis advisor, Prof. Jeff Cheeger,
for his encouragement and many valuable suggestions in connection with this work.
Thanks also to Fengbo Hang for helpful conversations. I wish to thank the referees for
pointing out the papers [LiTW] related to Theorem 6.30, and [KK1], [KK2] related
to the compact case.

1. BACKGROUND AND NOTATION

Suppose (M}, Vol;) don (Mwo, f1oo) in the measured Gromov-Hausdorff sense, i.e.
the sequence {M} converges in the Gromov-Hausdorff sense to M., and for any
Ti = Too, (x; € M[") and R > 0, we have Vol;(Bgr(z;)) = peo(Br(Too)); here pioo is
Borel regular. In fact, for any sequences of manifolds with Ricci curvature bounded
from below, after possible renormalization of the measures when { M} is collapsing,
one can alway find a subsequence converges in the measured Gromov-Hausdorff sense,
see [ChCo2]. In the following we usually let Vol denote the (renormalized if {M*}
is collapsing) measure on M, i = 1,2,...,00; on M,, sometimes we also write fi
for Vol. We refer to [Ch3], [ChCo2|, [Gr]| for general background on measured
Gromov-Hausdorff convergence.

Definition 1.1. Suppose K; C M} don K. C My in the measured Gromov-
Hausdorff sense. f; is a function on M, i = 1,2,... ; fsx 15 a conlinuous function

on My,. Assume ®; : K — K; are ¢;-Gromov-Hausdorff approximations, ¢, — 0. If
fi o ®; converge to f., uniformly, we say that f; — fo uniformly over K; dong K.

For simplicity, in the above context, we also say that f; — f., uniformly on K; when
we write f;(x) — foo(x), we mean that f; — f, uniformly and fi(z;) = foo(Zoo),
where x; — xo, x; € M,;.

In many applications, the family {f;} is actually equicontinuous. We remark, the
Arzela-Ascoli theorem can be generalized to the case where the functions live on

different spaces: when M} don M, for any bounded, equicontinuous sequence {f;}
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(fi is a function on M), there is a subsequence that converges uniformly to some
continuous function f., on M. The proof is straightforward.
We also introduce the notion of LP convergence (1 < p < 00).

Definition 1.2. We say f; — fo in LP, if for all ¢ > 0, one can write f; = ¢; +n;
such that ¢; — ¢oo uniformly and limsup,_, o ||7:lr < €, [|Nollzr < €.

The following is a generalization of the Rellich-Kondrakov theorem:

Lemma 1.3 (Rellich). Assume By(p;) C M} dory By(p) C My in the measured
Gromov-Hausdorff sense. w; is a function on M]', 1 =1,2,... . Assume

(1.4) / (us)? + [Vusl? < N,
Bi(pi)

Then there is a subsequence of {u;} that converges in L* over any compact subset of
the open balls B;.

The proof depends only on a weak Poincare inequality (use a bigger ball on the right
of (0.3)) and (0.2). One can divide the ball Bg(p) (R < 1) into small subsets and
approximate f by functions that are constant over each of these small subsets, then
one easily finds a convergent subsequence by standard diagonal arguments. Compare
[Ch3], especially [CoMi3].

We use subscript ¢ and write f;, Hgr, pi, etc. to denote functions, points, etc on M.
To simplify notation, when we write an equation with some function or other objects
with no subscription (for example, f), it should be understood that the equation is
valid for some suitable convergent sequence of functions or other objects (for example,
{fi}; fi is defined on M, i =1,2,...), according to the context.

In [Ch3], Cheeger defined a Sobolev space Hjo on metric-measure spaces (Z, u)
satisfying (0.2), (0.3), and proved that Lipschitz functions are dense in H; 5. Denote

by Hi2(€2) the closure in H; 5 of Lipschitz functions supported in an open set €.
Recall in [Ch3], one has a natural finite dimensional cotangent bundle 7%Z. We use

du to denote the differential of u, see Section 4 of [Ch3]. One can put a norm |- | on
T*Z by assigning |df| = g; = Lip f for f Lipschitz. Here as in [Ch3],
- : |f(y) = f(2)]
1.5 L =1 _
(1.5) ip f() i sup

Note we use Lip f to denote the Lipschitz constant of f. Clearly, on smooth manifold
| - | agrees with the standard norm |du| = |Vu|. It was proved in [Ch3] that | - | is
equivalent to a uniformly convex norm, in particular, an inner product.

If we have the stronger assumption Z = M., with M dan M, in [ChCo4] Cheeger
and Colding proved that M is ps-rectifiable, and, as a corollary, the norm || actually
comes from an inner product < -,- >. So H; 3 is made into a Hilbert space:

(1.6) < u,v >H172—/ uv—i—/ < du,dv >,

and for Lipschitz functions f, one has

(L.7) 1F12,, = 712 + /M ILip /P

]
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Now by the standard theory of Dirichlet forms, one gets a positive self-adjoint
Laplacian A on M, see [Ch3], [ChCo4] for the details of this theory.

Recall one form of the transplantation theorem of Cheeger (for a proof, see Lemma
10.7 of [Ch3)]):

Lemma 1.8. Assume M} der My. fsx is a Lipschitz function on Br(Zs) C My,
T — Tso. Then there is a sequence of Lipschitz functions {f;} that converges uni-
formly to fu, here f; is defined on Br(x;) C M. Moreover, one can require that

(1.9) limsup Lipf; < Lip [,
1—00
(1.10) limsup || Lip fillz2 < || Lip fool 22
1—00

By [J], [HaKo], on length spaces satisfying (0.2), a weak Poincare inequality implies
a uniform Poincare-Sobolev inequality (i.e, put LX* norm on the left side of (0.3)
for some xy > 1). In particular, we have a Dirichlet-Sobolev inequality for u €

Hi2(Bgr(p)). So we have
Lemma 1.11 (Moser iteration). If for all ¢ with compact support in Bs(p),

(1.12) /VUVQS /cung—fqb,
then for ¢ > C(k), we have,
(1.13) [l By ) < C(n, @) (1 + 1)V ([l 28y + 1 o (B20))-

For proof, see chapter 4 of [Lin]. Note here we need to renormalize the measure.
Recall, on smooth manifolds we have

Lemma 1.14 (Gradient estimate). If Au — cu = f, ||ul|z2 < 0o on Bygr(p) and f is
a C? function with Lipschitz constant Lipf, c is a constant, then on Bgr(p) we have
a gradient estimate:

(1.15) 1Vl < Ol [full 2, Lip ) (1 + Jef) V),

The proof follows a standard argument of Cheng-Yau, see [CY1], [LiY1], compare
also with [Lin], [Li2], [SY]. Then use the Moser iteration to replace ||u||p~ with ||ul|zz.

Finally recall the Li-Yau estimates [LiY2], [SY]: If M™ satisfies (0.1), then its heat
kernel H satisfies

(1.16) H(z,y,t) < C(n) Vol(B\/g(:c))’l/2 Vol(B\/;(y))’1/2e’d2($’y)/5tecm.

If t <T, by volume comparison (1.16) simplifies to

(1.17)  H(z,y,t) <C(n,\,T) Vol(B\/;(x))_1e_d2(x’y)/5tecmt_c(")eC("’A’T)d(x’y).
If we assume Ricy» > 0, then

C~'(n)

_ C(n) o
_ = N —dP(ay) /3t < H( d?(z,y)/5t
e x,y,t) < e )
”01<B\/Z(x))

(1.18) E)
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Assume M™ is noncompact, write G for the minimal positive Green’s function on
M™. Ifn > 3, M" satisfies (0.4) and Ricp» > 0, then G exists ([LiY?2], [LiT1], [LiT2],
[SY]) and satisfies
(1.19) C™(wo)d(z,y)*™" < G(z,y) < Clvo)d(w,y)* ™.

For proofs of the above estimates, see [LiY2], [SY].

2. THE COMPACT CASE

In this section, we assume M, is compact. First we study the heat kernel H.
It’s well known that if Ricy» > —(n — 1)A, there is a lower bound for the kth
eigenvalue Ay, of the Laplacian A; over M

2.1) Aki > C(n, A, D)k,

here Diam M* < D. The proof uses only (0.2) and (0.3); see [Gr| and Theorem 4.8
of [Ch3]. Hence over M we have

(2.2) Hi(x,y,t) = > e 0,5(2)54(y),
=0

here ¢;; is the eigenfunction of the jth eigenvalue )\;;. By the Cheeger-Colding
spectral convergence theorem [ChCo4], for each j, \j; = Aj, and ¢;; — @)oo
uniformly when ¢ — 0o, here \; o, and ¢, » are the j-th eigenvalue and (renormalized)
eigenfunction of A on M. So (2.1) is also true for \; .. Moreover,

(2.3) 165ill= < Cu(n, A, D)L+ X) ™yl 2.

(2.4) IVl < Co(n, A, D)(1+ Xj) ™|yl 1w

These are implied by (the proof of) the Moser iteration and the gradient estimate,
see [LiY1]. By [ChCo4], (2.3), (2.4) can pass to My (on My (2.4) becomes an
estimate for Lip¢; ). So it makes sense to write

oo

(2.5) Hoo(,y,t) = Y €710, o () 500 (y)-

=0
By (2.1), Hy is the heat kernel over M.
Apply (2.3), (24) to Y272, e i ¢;i(x)¢s4(y), the tail of (2.2), one easily get

Theorem 2.6. Assume M) Kl VN Ricyn > —(n — 1)A. When t > 0 fized, H,
converges to the heat kernel H., over My, uniformly. H. is continuous in t,x,y;
when t fixed, it is Lipschitz in x,y.

Corollary 2.7. For Hy, on My, the Li-Yau estimate (1.18) is true if Ricye > 0; if
Ricym > —(n —1)A then (1.16) is true.

Next we study the Green’s functions. Assume Ric mr 2 0. Recall,

(2.8) Gilz,y) = /0 by, Bt
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here h;(z,y,t) = Hi(z,y,t) — ¢poi(x)po.i(y) = Hi(x,y,t) — 1. Note, since the sequence
{M]'} might collapse, we have to renormalize the measures and eigenvalues such that
Vol(M]") =1 and {¢;,}, is orthonormal, e.g. X\g; =0, ¢p; = 1. So

(2.9) Gi(z,y) = /0 hi(z,y,t)dt + Ze_dj’iﬁ/ e Nt () s iy )t
=1

€

When z is fixed, by (2.3),

210) 3 [l / Nt (2)bsaly dtnm<2
j=k 3

This goes to 0 uniformly in ¢ as kK — oo, by (2.1). On the other hand, clearly (1.18)

holds after renormalization; when Ric > 0, R < 1/8 we have the (rescaled) volume
bound

(2.11) C(n, D)R™ < Vol(Bg(z)) < V'RC(n) Vol(Bgz(z)) < C'(n)R.
So when d(z,y) > 0 > 0, by (1.18),

€ € € " 2
(2.12) / |hi(z,y,t)|dt < e +/ |H;(z,y,t)|dt < e+ C/ 5 e 5 dt.
0 0 0

So in particular, by choosing € small, we get a function G (z,y) on M, such that
G; = G in L™ on compact subsets, off the diagonal.

Finally, we want to check G, is the Green’s function over M,,. We now establish
an L' bound for G(x,y) over the ball Bg(z). Note

1 [e's)
(2.13) / G, y)ldy < / / \h(z, y, £)|dedy + / / h(z, g, 1)|dtdy.
Br(z) Bpr(z) JO Bgr(z) J1

Since ||¢(y)||z2 = 1, by (2.1), (2.3), (2.11) and the Schwartz inequality,

/BR / (@9, Bldtdy < fﬁ /B i) [m e 16 ()l didy

3 [

Cl (14 X))

5t

(2.14)

Now we focus on the ﬁrst term on the right hand side of (2.13). Since H —h =1,
and we have (2.11), it’s enough to estimate the integral of H. Put R < 1/8, by (1.18),
(2.11) we have

//BM (2,y,t dtdy<//BR n) Vol (B_j;(x))e™

(2.15)
/ / n) Vol ™' (B, /(x))e” ) + C"(n)VR.
Br(z)
Next,
R d(z,y) /5tdy —r2/5tA rn=1d
(2.16) Jonin© dt = f ‘ ",

0 VOI(B\/’ )rn 1d7“



8 YU DING

here A(r)r"! is the surface area element of dB,(z). Since Ricyn > 0, A(r) is non-
increasing. The right hand side of (2.16) can be bounded by

R [R/Vt]+1 (s-&-l)\/ ,
/ ( / e P A(r ) 1dr// ryr" = dr)dt
0 — Vit
(2.17) 0
R [R/\/]Jrl
< Ci(n)R+ / e (s +1)" — s")dt < C'(n)R.

So combine (2.14), (2.15) and (2.11) we get
(2.18) / Gz, )|y < C'(n)VER.
Br(z)

Since G; — (G uniformly off the diagonal, use the Cheeger-Colding theorem on the
convergence of eigenfunctions [ChCo4| and (2.3), (2.4), we get, for all z,

Pjoo(¥) = lim ¢;;(x) = lim [ G2, y)A;40;:(y)dy

1—>00 1—>00 M

:/ Goo(T, Y)ANj 0P (Y)dy.

So G is the Green’s function over M. Moreover, by (2.10), (2.12) and Lemma
1.14, G is Lipschitz continuous off the diagonal. It is harmonic off the diagonal by
Lemma 3.17. So we have proved

(2.19)

Theorem 2.20. Assume M dor My, Ricyr > 0. Then the Green’s function G
on My exists. On any compact subsets K off the diagonal, G is Lipschitz and
harmonic, G; — G« uniformly on K.

3. THE GREEN’S FUNCTIONS ON NONCOMPACT SPACES

Recall how on a manifold, one solves the the Poisson equation,

(31) AUR = f7 UR|BBR(p) = h‘?

for Lipschitz functions f, h on the closed ball Bg(p). By the Dirichlet’s principle, ug
is the unique minimizer of the functional

(3.2) I(u) = / (= o).

within the space € = h + H,5(Bgr(p)), note A is positive by convention.

Assume M 958 M. in the measured Gromov-Hausdorff sense, Ricyn > —(n—1)A.
Recall, by [Ch3|, [ChCo4], A is linear on M. So the above variational method is
valid also on M.

Lemma 3.3 (Lower semicontinuity of energy). Suppose u;, f; are C? functions over
M, Au; = fi, wi = Uso, fi = foo uniformly over the sequence of converging balls
Bar(pi) = Bar(pso), and there is a uniform gradient estimate for u; and f;:

(3.4) Vi, [V fi] < L.
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Then we have
(3.5) I(uoo) < liminf I (u;).

1—00

Proof. As in [ChCol]|, we can get an integral bound for the Hessian of f; on the ball

By (p;): recall the Bochner formula
1
(3.6) 5A(|Vj;|2) = |Hessy, [+ < VAF;, Vf; > + Ric(Vf;, V£i).

Multiply by a cut-off function ¢ with suppg C B, C Bi(g:), ¢|s,,, = 1, Vo[ < c(n, 1),
|A@| < ¢(n,r); see Theorem 6.33 of [ChCol]. Since f; is harmonic,

1
(3.7) §¢A(|sz-l2) = ¢|Hessy,|> + ¢ Ric(V f;, V f;).
Integrate by parts,
1
(3.8) / §(|Vfi\2)Aq§ = [ ¢Hess;|>+ | ¢Ric(Vfi, V).
Br Br B’r

By assumption, there is a definite lower bound for the last term in (3.8). Note |A¢| is
uniformly bounded by construction, we have a uniform upper bound for [, ¢[Hessy, |*,
So by Lemma 1.3 we can assume some subsequence of |V f;| converges to a function
I' on Br(ps) C My in L2 Assume, z € Rj, C M, for some k (all tangent cone at
z is RF¥), there is some subset A(x) C M, such that and I is continuous on A(z),
x € A(z) is a density point of A(z). By Luzin’s theorem and the results in [ChCo2],
these properties hold for almost all z € M. For such z, we prove

(3.9) |Lip fool)| < T'(2).

Clearly, (3.9) implies our lemma.
To prove (3.9), it’s enough to prove, for all ¢» > 0, if [ = d(z, y) is sufficiently small,
then

(3.10) | foo (@) = [ (y)] < d(y, 2)(T'(z) + 60).

By the gradient estimate of f; (so of fy), if (3.10) is not true for some yy, then for
all Yy € Blw/L(’yo),
(3.11) |[foo(2) = foo ()] > d(y, x)(T(x) + 5¢).

Pick z;,y0; € M, x; — x, yoi — Yo, d(z4,%0;) = [. Then for i big enough, for all
Yi € Biy/r(y0,:) and all minimal geodesic ; connecting z; and y;,

(3.12) [ 19412 da ) (D) + 46).

First of all, since |V f;| is uniformly bounded by L, a simple computation shows along
every ; we must have

(3.13) Vil > T(x) + 29,
on a subset of 7; which has 1-Hausdorff measure at least 2¢1/(L — I'(x)). Put
T; = {v € Ty,,|v = +/(0) for some minimal geodesic ~y

3.14
(3.14) from x; to y; € By (Yo,)}-
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We must have
(3.15) H"N(T;) > C(n, L, )H" (8 B1(0)),

where H"™! is the (n — 1)-Hausdorff measure over the unit sphere 9B;(0) in the
tangent space T,,,. Combine this with (3.13), when M, is noncollapsed, if | is small
enough, by the proof of the Bishop-Gromov inequality, for sufficiently big 4,

Vol ({z; € Bi(z)||V fi(z)] > T'(z) + 2¢})
Vol (By(z;))

Now |V f;| converge to " in L?, so (3.16) is also true if we substitute |V f;] in (3.16)

by I', x; by x. We get a contradiction to the choice of x.

The proof is the same when My, is collapsed. We just use the segment inequality
([ChCol], [ChCo4]) to get (3.16) from (3.11), (3.12) and (3.13). O

(3.16) > C(x,n, L,¢) > 0.

Lemma 3.17. Let uy, foo be as in the previous lemma. Then
(3.18) Alg = foo-

Proof. Assume this is not true over a ball By(p*) CC B;(0). By solving the Dirichlet
problem on B, (p*) we can find v, with the same boundary value as u,, over 0B},
but with smaller energy, say

(3.19) I(ve) = / |dVoo|® — fooloo < / |dUso|® — fooliso — 2V.
Bi(p*)

B (p*)
By obvious density properties, we can change v, slightly so that v,, agrees with .,
on a neighborhood of 9B, (p*). By Lemma 3.3, for i big enough,

(3.20) I(vse) < I(u;) — 0.

So by (the proof of) Lemma 1.8 (see Section 10 of [Ch3]), for i big enough we can
find a function v; with the same boundary value on 0B; as u; but with smaller energy
I. That contradicts the fact that Au; = f;. In view of (3.2) and Lemma 1.8. O

The solution of (3.1) is unique on M., because the maximum principle holds, see
Section 7 of [Ch3].

We now study the Green’s functions. Assume (M, p;, Vol;) don (Mso, P, o) in the
pointed measured Gromov-Hausdorff sense ([Gr], [ChCo2]), where Ricym > 0, M} is
complete, noncompact, n > 3.

Theorem 3.21. Assume, M also satisfies Vol(Bg(p;)) > voR"™. Then on M, there
is a Green’s function G, G; — Go uniformly on any compact subsets of M x M
that does not intersects with the diagonal.

Proof. Since n > 3, the Euclidean volume growth condition (0.4) implies that the
minimal positive Green’s function G; exists on M (A is positive). Moreover, G;
satisfies the Li-Yau estimate (1.19). So by the Cheng-Yau gradient estimate and the
Arzela-Ascoli theorem, for any fixed x, for some subsequence (still denoted by G;),
we have

(3.22) Gi(z,y) = Guo(2,9),
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uniformly over any compact set in M \ {z}. Clearly, G satisfies (1.19). We will
show G is in fact well defined, and G; — G, as stated in the above theorem.
Assume f, is any Lipschitz function supported in By (peo) C Moo, Lipfoo < L. By
Lemma 1.8 and approximation, there is a sequence of C? functions {f;} with f; — fu
uniformly, Lipf; < 2L, suppf; C Bog(p;) C M*, i =1,2,...,00.
Recall on each manifold M with maximal volume growth condition, the function,

(3.23) ui(z) = [ Gi(z,y)fi(y)dy,
My
solves the Poisson equation

(3.24) Au; = f;, lim w;(z) =0,
T—00

Now by the Li-Yau estimate (1.19) and the Euclidean volume growth condition
(0.4), G; is locally integrable, so u; is uniformly bounded. The gradient estimate
Lemma 1.14 shows that u; are uniformly Lipschitz:

(3.25) Lipu;, < C(L, K, n).

So we can find a subsequence of {u;} that converges to some Lipschitz function .,
on M. Note that by the Li-Yau estimate, (1.19),

(3.26) lui(2)] < C'(L, K,n)d(z,p;)*>™", (i=1,2,..,00).

So by Lemma 3.17, Auy, = foo on My,. Using the fact Laplacian is linear, by (3.26)
and the maximum principle (Section 7 of [Ch3]), it is clear that u., is well defined

and u; — Uy uniformly.
Notice, by (1.19),

(3.27) () = / Goo . 9) fro )y,

Since we can choose arbitrary K, f., clearly G, is also well defined, G; — G
uniformly, off the diagonal. By (3.27) and Lemma 3.17, G, can be interpreted as the
minimal positive Green’s function on M. 0

4. SEPARATION OF VARIABLES ON TANGENT CONES

Assume M is complete noncompact, Ricyr > 0 and satisfies (0.4) uniformly,

M 9S8 M. Recall that by [ChCol], [ChCo2], every tangent cone of M, is a metric
cone. We denote such a cone by C'(X) = R, X, X, here (X, dz?) is a compact length
space with Diam X < 7, [ChCol]. The metric on C'(X) is

(4.1) dp* = dr* + r*dx?.

Here we write r for the distance from the pole p,, = (0, X).

The measure i, on C(X) is just the n-Hausdorff measure, [ChCo2]. Since we can
rescale C'(X), 1o induced a natural measure px on X that obviously satisfies a dou-
bling condition (0.2) (with some different k). Moreover, X satisfies the rectifiability
properties as stated in Section 5 of [ChCo4)].

Also recall from [Ch3], for f,g € H; 2,

(4.2) d(fg)=f-dg+g-df.
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Moreover, from [ChCo4] and [Ch3], if f is a function depending only on r and g is a
function independent of r, then by the polar identity, one gets < df,dg >= 0.

Lemma 4.3 (Weak Poincare inequality). For B C X, 3R < 1, f € Hy(X),

(4.4 [N taP s [
Br(z) Bip()
Proof. Define, for x € X,
(4.5) Box((1,2),a,b) ={(t,y) € C(X)||t — 1| < a,dx(z,y) < b}.
Put
(4.6) Box; = Box((1, ), R, R), Boxy = Box((1,x),3R,3R) C C(X)

So Box; C Bag((1,2)) C Boxy. We extend f to be a H; 5 function independent of r
on C(X). Assume fgay is the average of f on the ball Byg((1,2)) C C(X),

/BR(w)|f - fx,R|2 = C(n)R—l /BOX1 |f . fx,R|2 < C(n)R—l/ |f . fBa]1|2

Box1

(4.7) <C(n)R™* /

BQR((LI))

F = foul? < C(n)7R / dfP

BQR((LI))

< C(n)TR |df |* = TxRQ/ \df|*.

Boxa Bspr(w)
The first and last identity come from the Fubini theorem. Note f, r is also the
average of f over Boxy, and we used the Poincare inequality on C'(X) in the middle

inequality. 0

We remark, a weak Poincare inequality is already enough for many purposes. Since
X is a length space, by [HaKo] one has (0.3) on X. As in [Ch3], [ChCo4], we define
a positive operator Ay on X. Note by (0.2), (0.3) the compact embedding lemma
1.3 is true on X. So by the standard elliptic theory, on X we have a basis {¢;}32,
for L*(X) and a sequence pu; — oo such that Ax¢; = u;¢;, compare [Ch3], [ChCo4].
Moreover, one can do Moser iteration on X, so ¢; is Holder continuous; see [Lin],
[GT]. These have applications in Section 6.

Next we show, even the cross section X may not be a manifold, there is still a
separation of variables formula for A on C'(X). See [Chl] for the classical case.

Recall that < -,- > is the inner product on T*M, as in [Ch3], [ChCo4],

Lemma 4.8.

(4.9) A(fg) = fAg+gAf —2 < df,dg>.

Proof. Since d(fg) = f-dg+g-df, for any Lipschitz (or H; ») function ¢ with compact
support, we have (recall A is positive)

(4.10) /<df,g-d¢+¢-dg>—/g¢Af:o.
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Exchange the role of f and g, we get
i) [ <difgndo— [olg+oar—2<didg>) =0

Similarly, by d(f o g) = f'(g)dg, we get
(4.12) Afog=—["(g)ldg]* + f'(9)Ag.
Lemma 4.13. On C(X), ™" is harmonic away from the pole.

Proof. By the results in Section 4 of [ChCol], r*~™ is the uniform limit of a sequence
of harmonic functions G. So by the proof of Lemma 3.17, r2~" is harmonic. 0J

By the maximum principle on X (Section 7 in [Ch3]), we have
Lemma 4.14. If X is compact, and Ax f =0, then f is a constant.

Theorem 4.15. Assume u lies in the ring generated by functions of the form u = fg
where [ depends only on r and g depends only on x. Then on C(X) \ {Po},

Pu n—10u 1

4.1 Ay=—— — —Axu.

(4.16) " or? roor * 2 XY

Proof. Compare [ChTal]. By (4.12) and Lemma 4.13, on the cone C'(X) we have
-1

(4.17) Af(r) = —f"(r) — [

Next we apply Lemma 4.8, recall < df,dg >= 0. We pick a test function ¢ of the form
¢ = a(r)b(z). By scaling we see, Ag(R,z) = R72Ag(1,x). Assume a is supported
over the interval [, 3],

B
(4.18) / <dg,dp >= / (tln/ t72 < dg,a(t)db > dx)dt,
o(x) X

«

here in the second integral we view g and b as functions on the cross section X =
(1, X). So we compute

B
. —n—1 . —2
(4.19) /C | o> /a (t /X a(D)b(x) Ay gd)dt. — / Sr2Axg.

Since we can choose arbitrary a,b, and Ag(R,z) = R™?Ag(1,x), we get
(4.20) Ag(R,z) = R *Axg.
This suffices to complete the proof. O

Using transformation Dg : (r,x) — (Rr,z), we deduce from the existence and
uniqueness of G, that

(4'21) Goo(DRx7 DRy> = Rz_nGoo<x7 y)

S0 Goo(Poo, ©) = d(poo, ©)* "g(x) for some Lipschitz function g. By (4.16) and Lem-
mas 4.8, 4.14, g = C' is a constant.

Corollary 4.22.
(4.23) Goo(Poo, ) = (n — 2)_1,uX(X)_1d2_”(poo, x).
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Proof. We know Guo(peo, ) = Cd* ™ (pes, ). We construct a test function ¢ = ¢(r)
such that ¢ is a smooth function of r, ¢ = 1 for r small and ¢ =0 for r > 1. So

n—1

= / G(poory) Ab(y) = / (" — "Ly (X dr

(4.24) "

— _CMX(X)/O (n—2)¢'dr = (n —2)Cux(X).

Corollary 4.25. Assume Au = f on Br(pso) \ {Po}, f € L™, and
(4.26) lim |u(z)]d(z, ps)™ 2 = 0.
T—p

Then Au = f on Br(pso)-

Proof. By the De Giorgi-Nash-Moser theorem, u is bounded and Hoélder continuous.
In our case, Goo(Poo, ) = Cd(peo, t)*™", so the proof goes exactly like the R™ case
(where the maximum principle is used). For details see [Lin]. O

Relation (4.23) implies the Colding-Minicozzi asymptotic formula, [CoMil], com-
pare [LiTW]. In fact, we rescale the manifold M" to get a sequence of manifolds that
converges to C(X), a tangent cone at infinity, see [ChCo2]. By Theorem 3.21, the
new (rescaled) Green’s functions converge to the Green’s function on C'(X).

Theorem 4.27 (Colding-Minicozzi). On a noncompact manifold M™ with Ricpm > 0
and (0.4) we have
(4.28) lim  d(x,p)" G(p,x) = (n —2)"'(n lim R Vol(Bg(p))) .

Note the tangent cones may not be unique; in collapsing case, a tangent cone might
not be a metric cone, [ChCo2], [Per].

5. HEAT KERNELS ON NONCOMPACT SPACES

We assume in this section, all the manifolds M™ are noncompact, satisfying (0.1).
On M", write H(z,y,t) for the heat kernel; we denote by Hg(z,y,t) the Dirichlet
heat kernel on the metric ball Br(p), put Hg = 0 outside Bg(p).

One technical issue is, the boundary OBr(p) = d~'(R) may not be smooth, here
d = d(p,-). However, we can approximate d by a Morse function d., see [Hir|, and
(assuming) R is not a critical value, etc. So in the sequel we always assume the
boundary are smooth.

Lemma 5.1. Assume Ricym > —(n — 1)A. Then there is a function €(t, A, R) with
limp o0 €(t, A, R) =0 fort >0, and

(5.2 | Hytd <)
M—Bg(z)
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Proof. By the Bishop-Gromov inequality, it’s easy to see
(5.3) Vol(B s(z)) < Ci(n, A, 1)e®>m A0 ol (B 4(y)).
Put s5(r) = (1/v/A) sinhv/Ar. We now use the Li-Yau estimate (1.16):

(/ H(z,y,t)dy
M—Bpg(z)

<C'(n, A, t) / Vol’l(B\/z(x))e*d(zvy)2/5tecz(n,A,t)d(x,y)

M~—Bg(z)

00 Vit
=C"(n, A, t) / 6_T2/5t602TA(7‘)S7\_1(T)d’l“// A(r)sh Y (r)dr
R 0

(5.4)

oo Vit
SC// er2/5t602’"s7\1(r)d7°// s (r)dr = €(t, A, R).
R 0

Here A(r)sh '(r) is the surface area element of dBg(x). We used the fact A(r) is
non-increasing (Bishop-Gromov inequality) and assumed, without lose of generality,

R > /. O
Lemma 5.5. Let (M™,p) be a noncompact complete manifold. Then
(5.6) lim Hg(z,-,t) = H(z,-,t).

R—o0

The convergence is uniform, and uniformly in L', on any finite interval t € [0, T).

Proof. Assume R > max{T,2d(z,p)}. Put

(5.7) M(R) = sup{H(z,y,)ly € 9Br(x),0 < t < T},

by (1.17) and volume comparison we have

(5.8) M(R) < sup C(n, A, Tt~ 1B /5tComADIR NG (B (p) 7Y,
0<t<

so limp_,oo M (R) Vol(Bgr(p)) = 0. By the maximum principle,

(5.9) H(z,y,t) = M(R) < Hg(z,y,t) < H(z,y,t).

Combining this with Lemma 5.1, we have

(5.10) |Hp(x,-,t) — H(x, -, t)||;r <e(n, A\, T, R),

and limg o €(n, A, T, R) = 0. O

Assume J; is the j-th Dirichlet eigenvalue of the Laplacian on Bg(p), ¢; is the
corresponding eigenfunction, ||@;||r2(p,p) = 1.

Lemma 5.11. There exists a constant C(n, A, R) such that
(5.12) C(n,A, R)"'R%k= < A\, < C(n, A, R)R %k,

Proof. Since R fixed, we have Vol(B,.(z)) > Cy(n, A, R)r" Vol(Bg(p)), for r < 2R and
B,(x) with nonempty intersection with Bg(p). Then since Hr < H, we can follow
the heat kernel argument as in page 178 of [SY] to get the lower bound of \y.

The upper bound follows from an argument of Cheng, see page 105 of [SY]. O
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Lemma 5.13. For any N > 0, there is a function €(N, A\, R,0) such that for any
fized R, lims_,oe(N, A, R,§) =0, And for k such that \y < N,

(5.14) / 62 < (N, A, R, ).
A(p,R—6,R)

Here A(p, R — 0, R) is the annulus {z|R — ¢ < d(p,z) < R}.
Proof. By (1.16) and the Bishop-Gromov inequality, when t = 1,

/ uf2 < e / H(z,2,1)da
A(p,R—0,R) A(p,R—06,R)

C(n, A\, R)
§eN/ — "2 dr <e(N,A\,R,0).
A(p,R—6,R) Vol(Bkg(p)) ( )

(5.15)

O

As before, assume M don M, in the pointed measured Gromov-Hausdorff sense,
M, is noncompact, satisfies (0.1). Write A;; for the j-th Dirichlet eigenvalue over
Br(pi) C M. ¢;, is the corresponding eigenvalue:

(5.16) Agji = i / ®;,i®ki = 0.

Br(p:)
Lemma 5.17. For fized j,k > 0, assume (for a subsequence of the eigenvalues),
Nji = Njoos Aki = Akoo- Then there is a subsequence (denoted also by ¢;i, dri) that
converges uniformly on compact subsets of Bgr, and also in L*(Bg), to two locally
Lipschitz functions ¢; o, P00 Moreover,

(518) A¢j,oo = )\j,oo(bj,om A¢k,oo - )\k,oo¢k,007 / ¢j,oo¢k,oo = Ojk-

Br(p)

Proof. The results is clear in view of Lemma 5.11, Lemma 1.14 and Lemma 3.17. The
L? convergence and the orthonormal property for the limit functions are implied by
locally uniform convergence and Lemma 5.13. 0

By Lemma 5.11, we can assume, after passing to a subsequence, that every eigen-
value and eigenfunction converge:

(519) Zli)rg) )\j,i = )\j,ooa le)rg} ¢j,i = ¢j,oo-

Write

(5.20) Hpoo =Y €90, o (2)00(y)-
j=1

For all fixed t, z, by Lemma 5.11 and Lemma 1.11, Lemma 1.14,
(521) HRJ'(.I,',ZS) — HR,oo($7‘>t)'

The convergence is in L?, and is locally uniform. Note we don’t know if Hg ., (and
®j.0os Njoo) is well defined. For the moment (before Lemma 5.40), we fix, by a diagonal
argument, one sequence R, — oo, and one subsequence {M;'} of {M]'} such that for
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each k, Hg,; — Hpg, . For simplicity, we just write { M} for this subsequence of
manifolds. So by the results on smooth manifolds, for R; < Ry,

C(TL A) fdey/E)t CAt
Voll/z(Bﬁ(fC)) Voll22(B 4 (y))

Thus we can also assume that the nondecreasing sequence Hp; o, converges pointwise
to some function H,,. We will prove that H,, is well defined.

By (5.9) and the locally uniform convergence of Hg; to Hp (5.21), the Li-Yau
estimate (1.16) is also true for H.:

(5.23) 0< Hoo(z,y,t) < C(n, N)e= T @v)/5tCAt
. < Hyo(z,y, —Voléé?(Bﬁ(x))voliéz(Bﬁ(y)).

Note we need to renormalize the measures whenever {M"} is collapsing. Clearly,
when Ricym > 0, we also have a lower bound of H, as in (1.18).

Corollary 5.24.

(5.25) y Hoo(x,2,8)Hoo(2,y,t — s)dz = Hyo(z,y,1).

Proof. By (5.21), (5.25) is true for Hp . Write Hy(z,2,8) = Hrool, 2, 5) + €h(2),
similarly Hoo(z,y,t — ) = Hroo(2,y,t — 5) + €5(2), here Hg o, = 0 outside Br(ps),
€k, €% > 0 are two functions. In view of Lemmas 5.1, 5.5, (5.21) and (5.23),

(5.26) hgljup(”eR(Z)HLl +ller(2)ll) =0, lleg(2)llz= + lleg(2) [z < C(t, 5, Mw)-

Now (5.25) is clear. O
Corollary 5.27.

(5.28) Hoo(z,y,t)dy = 1.
Moo
Proof. By (5.21), Lemmas 5.1 and 5.5. O
Lemma 5.29. For any Lipschitz function f with compact support,
(5.30) | [ Hreolz,y,t) f(y)dy — f(z)] < €(t, || fllr, Lipf).
Moo

Here for any F, L > 0, lim;_,g€(t, F, L) = 0. The conclusion is also true for H,.

Proof. By an argument similar to those given in Lemma 5.1 and Lemma 5.5. Note on
smooth manifolds, when ¢ — 0, the integral of Hg is smaller than, but almost equal
to 1, and tends to concentrate on smaller and smaller balls centered at x. In view of
(5.21) and the Li-Yau estimate (5.23), we easily get (5.30). O

Let the Sobolev space I(}LQ(BR(pOO)) be defined as in [Ch3], i.e. the H; 5 closure of
the set of Lipschitz functions supported in the interior of Br(ps),

Lemma 5.31. The space Hi(Br(pso)) is contained in ®, the L*-linear span of
functions ¢; o. In particular, any Lipschitz function with support in Br_s lies in ®.
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Proof. If not, by approximation, we have a Lipschitz function f,, with compact sup-
port and an € > 0 such that
(532 S fdie)? < =39l
j=1 Br(pso)
Using Lemma 1.8, we can transplant f., back to a Lipschitz function, f;, on M, with

compact support which is close to fo in L°°, such that the energy of f; is close to
that of f,.. Write

N 00
(5.33) fi= Z aji®ji + By, Rni= Z 519y
j=1 J=N+1
Notice,
(5.34) hrn 0 / Joo®j,00-

So by the min-max principle and Lemma 5.11, lim; . ||V fi||z2 = oo, we get a con-
tradiction to the construction of f;, Lemma 1.8. U

Remark, it is not clear if we have ¢; . € H1 .
Now for Lipschitz functions f; with compact support in Bg(p;) C M (i = 1,2, ..., 00),
fi = foo uniformly, we have

(5.35) f=>atsn a / fidy
J=1

So Aj; = Qjoo- Clearly,

e ¢

(530 [ Huiow 05wy = Y0 e ay00,4(0)
Br(p:) j=1

We say h(z,t) is a locally strong solution, if h continuous, Lipschitz in x, ?9? exists,

continuous on M x R, and when ¢ fixed, —Ah = %i‘, ie.

(5.37) / V— +/ < dzh,dp) >=0,
Q 8t Q

for all Lipschitz functions 1 with compact support.
By Lemma 5.11, Lemma 1.11 and 1.14,

(5.38) lim Z et (2)dyo;(y)] = 0.

k—o00

So Hp; is a locally strong solution of the heat equation. Similarly the function,
Br

is also a locally strong solution. Note for the case i« = oo we used also Lemma 5.17.
For locally strong solutions on M, there is also a weak maximum principle:
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Lemma 5.40. Assume h is a locally strong solution on Bag x [0,T + 1], then if
(5.41) h|Bpxioy <0, hlapgxpom < 0.

Then h <0 on Bg x [0,T].

Proof. Define

(5.42) m(s) = sup{h(x, s)|z € Bg, %(w, s) <0},

Since h, %(x, s) are continuous functions, it’s easy to show that m is nonincreasing
and m(0) = 0 implies m(s) < 0 for all s > 0. Now by the weak maximum principle
for Poisson equations (see [GT], [Ch3] or (5.37)), we have, when s fixed,

(5.43) sup{h(z, s)|z € Br} =m(s) <0.
U

Now we can address the uniqueness of H,,. Recall that (M;,p;) — (M>,ps).
Assume for R > 0, we got two limits H 4(2700, H ﬁgm through different subsequences of
manifolds.

Theorem 5.44. For x,y € Br(p), t < T, there is an €(R) > 0 such that

(5.45) lim €(R) =0,

R—o0
5.46 Y )< H t) + (R
( : ) 4R,oo<x7y> >< 4R,oo(x7y7 )+€( )

Proof. We can assume R > T? > t? and R > 4. Assume (5.46) is not true, then there
is a point @ € Br(ps) and 0 < r < 1 such that

(5.47) H o (w,y,t) > H (2,y,t) + e(R),

for y € Bs.(a). We then construct a test function f > 0 such that, f Lipschitz,
supported in B, (a),

(5.48) ; / £ > Vol(B,(a)) sup f.
Br(a) B,,.(a)
Clearly, for R < oo, the functions,
(5.49) Fi(z,s) = / ( )Hig}w(z,y, s)f(y)dy, (k=1,2),
are locally strong solutions of the heat equation, and (by the construction of f),
R
(5.50) Fi(x,t) > Fy(x,t) + ¢ f > F(x,t)+ %VOI(BT(CL)) sup f.
Br(a) By (a)
For a point z near 0Bag(pss), say d(z,p) = 2R, d(a, z) > R,

C(n) —R?/5s_CR
— ¢ e“Tsup f, (k=1,2).
Vol(B,(2)) Br(a)

By a standard argument of the Bishop-Gromov inequality,

(5.51) Fi(z,s) < Vol(B,(a))

VOI(BT(G/)) _n 7R2 !
5.52 Fi(z,8) < Cy(n) ———n2s 2o BB R qup £ (k= 1,2).
652)  Flas) < g s . (h=12)
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Next we consider the case that s is small. Since f is fixed, by (5.30), F}, — f uniformly
on Byg(p) when s — 0.

In view of the weak maximum principle on Byg(peo) X [0, 7] (Lemma 5.40), clearly
we should choose €(R) such that that for 0 < s < T,
Ci(n) —5 o R?/5s ,O'R _ e(R)

5 o

Vol(Bi(p))~ c 1

by the maximum principle we got a contradiction to (5.50). O

(5.53)

Theorem 5.54. H,, is well defined. For fizedt > 0, x; — Zoo, we have Hy(x;, -, t) —
Hoo(Too, -, t) in LY. When Hy, is continuous, this convergence is also uniform.

Proof. By the previous theorem and the construction of Hy, (compare (5.9)), we see
H, is independent of the choice of subsequences, so well defined.
We already know, by (5.9), (5.21), (5.23), that locally H; — H,, in L'. The proof
of global L' convergence is similar with Lemma 5.1, Lemma 5.5, using (1.18), (5.23).
Recall (see [SY] Chapter 4), there is a Harnack inequality

t d?(y1,
(555 Hi{w.nh) < Hw e (2 exp( W82 4 o a)t, - 1)),

t1 4(ty — t1)
for 0 < t; < to. If Hy is continuous, then locally H,, is uniformly continuous
(especially, with respect to t), clearly by (5.55) the convergence H; — H,, must be
uniform, compare with (5.23). O

We now want to interpret the meaning of H.,. Recall from [ChCo4] and [Ch3], A
is a positive self-adjoint operator. So —A generates a semigroup e 2.
Assume f; is supported in By (p;) C Bgr(p;). Use the notation in (5.35), define

o0

(556) WR,i (t)fz(l‘) = Z Qi COS( )\j,it)qu,i'

j=1

By the finite speed of propagation (see [Ta]), when ¢ is fixed and R > K +t, Wg,(t) f
is independent of R. We write W;(t) f for Wg,(t)f with R big. For i < oo,

(5.57) e A fi(x) = . Hi(x,y,t) fi(y)dy = / 6_82/4tﬂ/,~(3)fi(:r)ds,

see [CGT], [Tal]. Define
(5.58) Wi (t) foo () =) 00 €08(1/Ajool) Bjco-
Jj=1

We notice that Wx; (i = 1,2,...,00) does not increase L? norm, and we should use
Lemma 1.8 and approximation to construct C? functions f; on M that converges to
foo- Clearly, Wr;fi = Wgoofso in L?. We remark that generally, we don’t know if
Wh o is well defined.

Theorem 5.59. If the limit My, is a smooth manifold, and the limit measure is the
canonical measure on M, then Hy, 1s the heat kernel on M.
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Proof. In the noncollapsing case, by Colding’s theorem [Co], the limit measure is the
canonical measure on M: when M., = RF for some k, the limit measure is also a
multiple of the standard Lebesgue measure on R*, see [ChCo2]. In these cases, the
Laplacian we defined on M, is the same one from the original smooth structure of
M.

Pick any C§° function f supported in Bpg, So

(5.60) / (A0 = O [ 010 = i)t

Since (A*)f € C§°, we have for all k, lim;_,00()\j )"0 = 0. By Lemma 5.11, we
have for all k, lim;_,. jkajm = 0. So Wgo(t)f is a classical solution of the wave
equation, when R is big enough, Wg o (t)f = W (t) f is independent of R. Since M,
is a smooth manifold,

1
At

In view of (5.57), combined with the fact W, does not increase L? norm and H;(x,y, t)
converges uniformly to Hy(x,y,t), we have

(5.61) e B f(x) = / h e MW (s) f(z)ds.

(5.62) et f(z) = /M ooy, ) f(y)dy.

That concludes the proof. 0]

6. LAPLACIAN ON METRIC CONES

In this section, we assume M eligy) (X) where C'(X) is a metric cone; Ricym > 0,
M} is complete noncompact and satisfies (0.4) uniformly, n > 3.
Write po, for the pole of C'(X), define r(z) = d(z, po)-

Theorem 6.1. If M, = C(X), then H,, is the integral kernel of the semigroup e~*2.

Proof. In view of (5.23), (5.25) and the Young’s inequality, one can define a semigroup
E(t) on L*(M,,) by

(6.2) E@)f(x)= [  Helz,y,1)f(y)dy.

Moo

We want to compare E(t) with e~**. First, by Theorem 3.21, (1.18) and (5.23), one
easily get

(6.3) Goolz,y) = /000 Hoo(z,y,t)dt.

Pick any L? function f with compact support. Write

(6.4) F(z) = /M Gool,9) £ (9)dy.
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We compute

w / ”?‘/’ /m/ Hoo(y, 2, 8)f(2)dsdzdy
(6.5) ——/w/ Haoo(z, 2, 8) [ (2)dsdz
_ _2/0 /Mm Hoo(, 2, ) f(2)dzds.

So by (0.4), (5.23), (5.30) and the Young’s inequality we have

(6.6) limw — —f.

t—0
in L? and L.
Now we use the assumption that M, = C(X) is a noncollapsed cone. Recall the

results in Section 4, we can construction a function ¢ = ¢(r) such that ¢ is a smooth
function of r, where r(z) = d(ps, x) is the distance from the pole, and

(6.7) p(ry=1ifr <R, ¢(r)=0ifr > R+2, Vo < Cy\/9.

So on My, = C(X) we have A¢p = —¢” — (n — 1)¢’/r. This function can serve as a
cut off function.
We prove, if F, f = AF € L? have compact support, then

(6.8) F*=Z%mGw@zwf@ﬁ@

In fact, assume {fz} is a sequence of Lipschitz functions, f; — f in L?, and all f;
together with f, F' are supported in the ball Bx(ps). So the function

(6.9) ﬂ:Am@mmﬁ@w

satisfies AF}, = f;, by the discussion in Section 3. Consider the equation A(Fy —F) =
fr =1, ie.

(610) / < dF} — dF, du > —/ (fk—f)u:O,
c(X) c(X)

for any u € Hys. We set u = ¢(F, — F), so du = dé(Fy — F) + ¢(dF}, — dF). By the
Schwartz inequality,
IN/¢d(Fy, — F)|I32 = Coll(Fx — F)larreo |2V ed(Fr — F)|ar ra2 |2

= [[(fe = OlBecllez | (Fx — F)|Bgllz2 <0,

here A(R, R+2) is the annulus {z|R < r(z) < R+2}. Note we have a definite bound
for || Fx|p|lz2 by (1.19) and the Young’s inequality. Note also by (1.19) we get, for
R>K,

(6.11)

1(Fx — ) arre) |2 = | Felarreo) 2 < C(n, || fllp) (R RHV2

6.12
012 = C(n, || fll)RE™72 < C(n, [|fll),
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since n > 3. So first, we get that ||d(F — F)||zz < oo by letting R — oco. Then by
letting k& — oo, we have ||d(Fy — F)||p2 — 0, since we can choose R in (6.11) such
that ||\/§_f)d<F]€ — F)|A(R,R+2) ||L2 small.

Now by the (2, 2)-Poincare inequality, (0.4), (1.19) and Young’s inequality, F}, — F
in L? on compact sets. Also notice, on any compact sets, the right hand side of (6.9)
converges to the right hand side of (6.8) in L?, by the Young inequality (however, in
view of (1.19), these convergences might not be globally L?). That’s enough to imply
(6.8).

Next we compute, for f = AF, F, f € L2,
(6.13) |A(PF) — fllre < |[FAQ|2 + [[(¢ — 1) fll2 + 2| < d, dF > || 2
' < CM)|Flarrsollee + | flagriz ez + ColldF| ar ri2) |2

Similar to (6.11), one shows ||dF| 2 < co. So if R — oo, we have ¢F' — F and
A(¢F) — f = AF in L?. Moreover, by (6.8),

(6.14) oFw) = [ Gulr)MGP W)y

C(X)
So the computation (6.5) is valid for the functions ¢F and A(¢F):
(6.15) £%w = —A(¢F)

in L?. We already know E(t) in (6.2) is a semigroup, its infinitesimal generator is a
closed operator (see [Ta]). So by the above computations, this infinitesimal generator
must be the self-adjoint operator —A on C(X). O

By the discussion in the beginning of Section 4, we have an eigenfunction expansion
of Laplacian on the unit cross section X. We denote by ¢; (j = 0,1,2,...) the
renormalized eigenfunctions with eigenvalues p; > 0, note ¢y = Vol(X )12, fj — 00
when j — oo.

Put d = Diam X. Using an argument of Gromov (see [Gr|, and Theorem 4.8 of
[Ch3]), we have a more precise estimate of y;:

(6.16) wi > C(r, k) 'd %%

On the other hand, on each ball B,.(zy) of radius r = d/2(j + 2) on X, we define a
Lipschitz function v, supported in B, (z) using MacShane’s lemma ([Ch3], [ChCo3]):

(6.17) Vi(w) =7, Yu(0B,(xy)) = 0, Lipyy =1,
so we can follow the argument of Cheng (see p.105 of [SY]), and get
(6.18) p; < C(k)j*d .

Now we can use Moser iteration, |¢;| is bounded by a definite power of j:
(6.19) 6] < C(d, 5, 7).

Moreover, ¢; is Holder continuous, see [GT], [Lin].
Write v; = \/p; +a?, here m = n—1, a = (1 —m)/2. We write z,y in polar
coordinates, x = (r1,21),y = (9, T2).
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Theorem 6.20.

o

(6:21) = () Yo )e DAL (20, (01) .0, (2)

7=0
Here I,,; are the modified Bessel functions:

o0

(6.22) L6 =G 6™

v+k+1)2

In our case A is a self-adjoint operator on the whole cone C'(X), namely, including
the pole py. By Corollary 4.25, the separation of variable formula (4.16) works for
u = f(r)g(z) on the whole C'(X) if u and Au are bounded on C(X) \ {px}. So
the heat kernel on M, has the expression as on the right hand side of (6.21); the
proof goes exactly like the classical case, see [Chl], [Ch2]| page 592, [ChTal] and [Ta]
chapter 8, we omit the details. By Theorem 6.1, we have (6.21).

By Stirling’s formula, (6.16) and (6.18), we see the series (6.21) converges uni-
formly, when t is bounded away from 0 and 7, ry stay bounded. In particular, H., is
continuous, so by Theorem 5.54 we have H; — H., uniformly.

If one of the two points x and y, say, y, is the pole p.., then there is only one term
n (6.21). Note vy = —a=(m—1)/2, m=n—1,

(6.23) Heoo(Poo, 1) = (

L \n a 21 1
ymrokic )/ (n/Q)(Vol(X)) :

As a corollary, we get a new proof of Li’s asymptotic formula for heat kernels [Lil]:

Corollary 6.24 (Li). Assume M™ is a complete noncompact manifold satisfying
(0.4), Ricpm > 0. Then

(6.25) lim Vol(B.;(p)) H (p,y.1) = (47) ",
wy, s the volume of the unit ball in R™.

Proof. Notice,

(6.26) lim Vol(B_;(p))t ™ = vy = n~" Vol(X).

t—o00

So we need to show,

(6.27) lim /2 Vol(X)H (p,y,t) = (47) " *nw,.

t—o00

Assume t; — oo, M = (M™, p,t;  dz?) dary C(X) for some metric cone C'(X); see
[ChCol]. The heat kernel H;(p,z,t) on M is

(6.28) Hi(p,y,1) = t"*H(p,y,1).

Here we identify p,xz € M} with p,x € M, however, dyr(p, ) = ti_l/QdM(p,x), Ve
is the distance on M. In particular, dyn(p, ) — 0 as i — oo. Since M}’ don C(X),
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by Theorem 5.54 and (6.23) we have
lim t"2Vol(X)H (p,y,t) = Vol(X) lim H,(p,z,1)
—00 11— 00

(6.29)

VOl(X) o (e 1) = (d7) 22
= VO oo \Poos Poos = (am 7 JoN "
et [(n/2)
We just need to recall nw, = 27"/%(I'(n/2))~" (see [Ta] Chapter 3).
Finally in view of the almost rigidity theorem [ChCol], we see the above results
holds for all sequences t; — oo. This suffices to complete the proof. O

Similarly, we get the asymptotic formula for heat kernels in [LiTW]:

Corollary 6.30 (Li-Tam-Wang). Assume M™ is a complete noncompact manifold
satisfying (0.4), Ricym > 0. Then forp € M", and any R, T > 0,

. 2p—2y _ Wn
(631) d(]}il)riooVOI(BR_ld(p,CE)(p>>H<p7':U7Td(p7 .’17) R ) - (47TT)TL/26R2/4T'

Proof. We use the same argument as in Corollary 6.24. For x; with d(p, z;) — oo, we
study the heat kernels on the sequence M = (M", p, R*d(p, x;) " *dxz?). O

We can similarly get a local asymptotic formula for H,.

7. EIGENVALUES ON COMPACT LIMIT SPACES

We assume M don Moo, with Ricpyn > —(n—1)A, My, compact. A point z € M
is said to be regular, z € Ry, if all tangent cones at z equal to R¥; see [ChCo2].

Lemma 7.1. If x € R, C M, then
(7.2) lim Hoo (, x,t)t? = (47) "2,
t—0

|3

Proof. Use a similar argument as the one in Corollary 6.24. 0

Theorem 7.3. Assume M don My, Ricyr > —(n —1)A, and for some vy > 0,
Vol(M]*) > vy. Then

3

(7.4) lim =% \jso = 4wr(g 1) o (Moo)™

j—0o0

Proof. In this case we don’t need to renormalize the volume on M} (see [ChCo2]).
Note for some D we have Diam M < D, ¢ = 1,2,...,00, by the Bishop-Gromov
inequality and (1.16), we get

(7.5) t> Ho(z,z,t) < C(n, A\, D, v).
Moreover, almost every point of M, is in R,,. Now by Corollary 7.1, for x € R,,
t2 Hyo(x,z,t) — (47)~"/% when t — 0. By the dominated convergence theorem,

(7.6) lim ¢ / Hao (2,7, )z = (47) % poc (Moo,
Moo

t—0
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Finally, by applying the Karamata Tauberian theorem (see [Ta] Chapter 8), we have

(7.7) Jim ATEN() = 1o (M) T (5 +1) 7 (4m) 75,
— 00

where N (M) is the number of eigenvalues smaller than A. Clearly this implies the

Weyl asymptotic formula (7.4). O

When the limit space M, is collapsed, at present our results are less satisfactory.
Recall the notion of Minkowski dimensions; see [Ma]. Assume Z is a metric space.
For d > 0, let N(Z,¢) € Z be the minimal integer such that Z can be covered by
N(Z,€) many balls of radius e. Put

(7.8) vy (Z) = lim inf ¢'N(Z,e),
e—
(7.9) vl (Z) = limsup €?N(Z,¢).
e—0
Here v3(M,,) can be co. The upper (lower) Minkowski dimension is defined by
(7.10) dimsing(Z) (dim s, (2)) = inf{dJvy (2) = 0 (v7 (2) = 0)}.

Lemma 7.11. There exist E1(n), E2(n) > 0 such that for any d > 0,

. d
(7.12) limsup ¢2 Hoo(z,z,t)dz < Fyvj (M),
t—0 Moo
and if, in addition, Ricyr > 0, then

(7.13) Eyvg (M) < lim ] ionft% Hoo(z, 2, t)dx.
Moo

Proof. Let UlgjgN(Moo,\/i)B\/i(xj) be a covering of My, by a minimal set of balls of
radius v/t. We add up the integrals of Hs, on these ball an use Corollary 2.7 to get

the estimates (7.12), (7.13). O
Lemma 7.14. If v] (M) < ¢ < 0o, then there exist C' such that

(7.15) Ajno > Cji.

Proof. We can follow an argument of Gromov (see [Gr] or Theorem 4.8 in [Ch3]).
Here we use the assumption v} (M) < ¢ < 0o to estimate the number of balls that
is needed to cover M. O

Lemma 7.16. Ifv; (M) > ¢ > 0, then there exist C' depending on n,c, such that
(7.17) Ao < Cji.

If k is the maximal integer such that Ry C My is not empty, then

(7.18) oo < C(Mso)(4)F.
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Proof. For r > 0, M contains j = C(n,c)r~® many disjoint balls of radius r for i
big enough. The result follows by a well known argument of Cheng [Cheng]; see page
105 of [SY].

If k£ is the maximal integer such that Ry C M is not empty, then the k-Hausdorff
measure of M is positive (see [ChCo3] or [Ch3]). So v, (X) > 0. By (7.17) we get

(7.18). O
If one can also prove for any d > k,
. a - oot _ 1 a .
(7.19) 11_{1&152 ; e = %1_{%252 - Hoo(z,x,t)dx =0,

then by Lemma 7.11, dj; (M), the Minkowski dimension of M, is no more than k.
Combine with the results in [ChCo3] and [Ch3], dy (M) = k. However, at present
we don’t know how to get (7.19). One related question is,

Question: Is there an €(n) > 0, such that for any M" with Ricy» > 0, any
eigenfunction ¢ of A and any set E with Vol(E) < e Vol(M), we have

(7.20) /n_E »? > %/M &7
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