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Preface

COPYING AND DISTRIBUTION POLICY
This document is part of a series of notes titled
"Maxima by Example" and is made available
via the author’s webpage http://www.csulb.edu/˜woollett /
to aid new users of the Maxima computer algebra system.

NON-PROFIT PRINTING AND DISTRIBUTION IS PERMITTED.

You may make copies of this document and distribute them
to others as long as you charge no more than the costs of printi ng.

Feedback from readers is the best way for this series of notesto become more helpful to new users of Maxima. All
comments and suggestions for improvements will be appreciated and carefully considered.

LOADING FILES
The defaults allow you to use the brief version load (dirac3) to load in the
Maxima file dirac3.mac, provided you have the file dirac3.m ac in your work
folder, say c:\work5, and you have a line like

file_search_maxima : append(["c:/work5/###.{mac,mc}"] ,file_search_maxima )$

in your startup file maxima-init.mac. (See Maxima by Exampl e, Ch. 1, for more
details about this startup file.)

Otherwise you need to provide a complete path in double quote s,
as in load("c:/work5/dirac3.mac"),

We always use the brief load version in our examples, which ar e generated
using the XMaxima graphics interface on a Windows XP compute r, and copied
into a fancy verbatim environment in a latex file which uses t he fancyvrb
and color packages.

Maxima.sourceforge.net. Maxima, a Computer Algebra Syste m. Version 5.36.1
http://maxima.sourceforge.net/

The author would like to thank Maxima developer Barton Willis for his initial suggestion to use the Maxima
code filesimplifying.lisp and his patient help in understanding how to make use of that code.The new
code has also been simplified (as compared with the rather long-winded code in version 1) by using a set of functions
shared by Barton Willis which are used in making decision branches. These functions are

mplusp, mtimesp, mnctimesp, mexptp, mncexptp.

(The “nc” additions refer to “non-commutative”). General expansions of multiple term arguments have been simplified
by using Barton Willis’ methods which combinelambda andxreduce .
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1 INTRODUCTION 5

1 Introduction

Both symbolic and explicit matrix Dirac algebra methods areavailable in this Dirac package. One can gain confidence in
an unexpected result by doing the same calculation in multiple ways.

Theexplicit (matrix) Dirac spinor methods, which use an explicit representation of the gamma matrices, are bug free, fast,
and the route to polarized amplitudes (rather that the square of polarized amplitudes). Moreover, summing the absolute
square of the polarized amplitudes over all helicity valuesleads quickly and reliably to the unpolarized cross sectionin
terms of the frame dependent kinematic variables such as scattering angle.

However the version available with this package is not a covariant method and is always frame dependent. Theexplicit
matrix methods using the Maxima functionmat_trace (or the equivalentm_tr function) are inherently less bug prone
and also are faster in execution than the purely symbolic methods.

However, thepurely symbolic contraction and trace methods available in this package arecapable of introducing the
kinematic invariants s, t, and u into the calculation in a simple way, or to reducing the types of four vector dot products to
two, leading to useful covariant results.

In the following examples, we use a variety of methods to arrive at the same answer. We generally start with a purely
symbolic method which allows the production of a frame independent result in terms of Mandelstam variables. This is
usually the most complicated method with more steps to the final result.

Faster methods to the final answer appear later, and the fastest methods to an unpolarized differential scattering cross
section are either thenc_tr plus mcon(expr, indices) method or else the explicit matrix methodm_tr plus mcon

method. So if you are looking for the fastest method to a framedependent solution, you should bear this in mind.

2 Kinematics and Mandelstam Variables

We use the same conventions as Peskin & Schroeder’sAn Introduction to Quantum Field Theory (see the References
section at the end). The diagonal elements of the metric tensor are(1,−1,−1,−1),

gµν = gµν =









1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1









(2.1)

with Greek indices running over0, 1, 2, 3.

We are using natural units in which the momentum vector~p, energyE and massM all have the same units, and the
velocity vector~v is dimensionless. Thus for a given particle with energyE, momentum vector~p, massm and velocity
vector~v

E = mγ, ~p = mγ~v, E2 = m2 + |~p|2, γ(v) =
1√

1− v2
(2.2)

If pa andpb are the four-momenta of two particles a and b, then the quantity

M2
ab = (pa + pb)

2 = (Ea + Eb)
2 − (~pa + ~pb)

2 , (2.3)

is called the effective mass squared of a and b. If a particleR decays to a and b, thenMab is the mass of the parent particle
R.
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2.1 1 + 2 → 3 + 4 Scattering for Non-Equal Masses

We can use Maxima and the author’sqdraw program (see Ch. 13) to make a diagram of2 → 2 scattering with our
notation conventions.

(%i19) qdraw(xr(-5,7),yr(-5,5), line(-4,-4,-2,0,lw(4) ),line(-2,0,-4,4,lw(4)),
line(4,-4,2,0,lw(4)),line(2,0,4,4,lw(4)),

arrowhead(-3,-2,63.43,0.4),arrowhead(-3,2,116.57,0. 4),
arrowhead(3,-2,116.57,0.4),arrowhead(3,2,63.43,0.4) ,
line(5.4,-2,5.4,2,lw(2),lc(blue)),arrowhead(5.4,2,9 0,0.4,lc(blue)),

label(["{/=18 P_{1}}",-4,-2],["{/=18 P_{3}}",-3.8,1.6 5],
["{/=18 P_{4}}",3.3,1.65],["{/=18 P_{2}}",3.5,-2],

["{/=12 t}",5.3,2.3]),circle(0,0,2.8,lc(black),fill( gray)), cut(all) )$

which produces the plot

Figure 1:2 → 2 Scattering

For the scattering event1 + 2 → 3 + 4, let the corresponding particles have massesM1,M2,M3, andM4 and four-
momentap1 = (E1; ~p1), p2 = (E2; ~p2), etc. Each four-momentum satisfiesp2a = pa · pa = M2

a . Conservation of total
four-momentump1 + p2 = p3 + p4 gives four component equations:

pµ
1
+ pµ

2
= pµ

3
+ pµ

4
, for µ = 0, 1, 2, 3. (2.4)

Recall that the four-vector scalar product is defined as (using the summation convention for repeated Lorentz indices)

a · b = aµ bµ = a0 b0 − ~a ·~b. (2.5)

We define the three Mandelstam variabless, t, andu (also making use of 4-momentum conservation)

s = (p1 + p2)
2 = (p3 + p4)

2, (2.6)

t = (p1 − p3)
2 = (p2 − p4)

2, (2.7)

u = (p1 − p4)
2 = (p2 − p3)

2. (2.8)

Only two of these three Mandelstam variables can be independent, but it is conventional to define the three variables for
the sake of symmetry. We have the identity.

s+ t+ u = M2
1 +M2

2 +M2
3 +M2

4 , (2.9)

since

s+ t+ u = (p1 + p2)
2 + (p1 − p3)

2 + (p1 − p4)
2

= 3p21 + p22 + p23 + p24 + 2p1 · p2 − 2p1 · p3 − 2p1 · p4
= p21 + p22 + p23 + p24 + 2p1 · (p1 + p2 − p3 − p4 = 0)

= p21 + p22 + p23 + p24

= M2
1 +M2

2 +M2
3 +M2

4 .
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Sinces, t, andu are Lorentz scalars, they do not change from frame to frame. They can be evaluated in any frame that is
convenient. The quantities s, t, and u are called Mandelstamvariables after Stanley Mandelstam who introduced them in
1958.

In the high energy limit, in which we can neglect all particlemasses compared to the particle energies,

s ≈ 2 p1 · p2 ≈ 2 p3 · p4
t ≈ −2 p1 · p3 ≈ −2 p2 · p4
u ≈ −2 p1 · p4 ≈ −2 p2 · p3
s+ t+ u ≈ 0.

All Lorentz-invariant combinations of the four momenta canbe expressed in terms of the Mandelstam variables. For
example, the Lorentz invariant 4-vector products of any twomomenta are

2 p1 · p2 = (p1 + p2)
2 − p21 − p22 = s−M2

1 −M2
2

2 p3 · p4 = (p3 + p4)
2 − p23 − p24 = s−M2

3 −M2
4

2 p1 · p3 = p21 + p23 − (p1 − p3)
2 = M2

1 +M2
3 − t

2 p2 · p4 = p22 + p24 − (p2 − p4)
2 = M2

2 +M2
4 − t

2 p1 · p4 = p21 + p24 − (p1 − p4)
2 = M2

1 +M2
4 − u

2 p2 · p3 = p22 + p23 − (p2 − p3)
2 = M2

2 +M2
3 − u.

Using these invariant products, you can show, for example, that for arbitrary masses

(p1 + p3) · (p2 + p4) = s− u. (2.10)

If we consider “elastic scattering” in the technical senseM1 = M3 = m andM2 = M4 = M , then the above invariant
products show that

p1 · p2 = p3 · p4,
p1 · p4 = p2 · p3
p2 · p4 = M2 −m2 + p1 · p3.

2.2 Mandelstam Variable Tools at Work

We show an example of the use of one of our Mandelstam variabletools here. We are using the xMaxima interface here
with display2d set equal tofalse at the end of the filedirac3.mac . Loadingdirac3.mac causes five other files to
also load.

(%i1) load(dirac3);
dirac3.mac
simplifying-new.lisp
dgtrace3.mac
dgcon3.mac
dgeval3.mac
dgmatrix3.mac
current symbol assignments

scalarL = [c1,c2,c3,c4,c5,c6,c7,c8,c9,c10]
indexL = [n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,la,mu,nu,rh, si,ta,al,be,ga,de,ep]

massL = [m,M]
Nlast = 0

reserved program capital letter name use:
Chi, Con, D, Eps, EpsL, G, G(1), G5, G5p
Gam, Gm, Gtr, KD, LI, Nlast, UI, P, S
Sig, Sigb, SIG, UU, VP, VV
I2, Z2, CZ2, I4, Z4, CZ4, RZ4, N1,N2,...
reserved array names: gmet, eps4, eps4L
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invar_flag = true
stu_flag = false

(%o1) "c:/work5/dirac3.mac"

The list invarR (R for “rules”) is initially empty.

(%i2) invarR;
(%o2) []

We will illustrate a case in which all four masses are distinct. The listmassL contains symbols which are to be recognised
as symbols for particle masses. The default are the symbolsmandM. We can add additional symbols to this list using the
functionMmass. We then interrogate the new contents of the listmassL.

(%i3) Mmass (m1,m2,m3,m4)$
(%i4) massL;
(%o4) [m,M,m1,m2,m3,m4]

We now populate the listinvarR with a set of identities which express 4-vector dot productsof 4-momentum vectors in
terms of the Mandelstam variables, using the package function set_invarR . This particular case can be simply pasted
in from code in the text filemandelstam.txt . We then interrogate the contents of the listinvarR .

(%i5) set_invarR (D(p1,p1) = m1ˆ2,
D(p1,p2) = (s - m1ˆ2 - m2ˆ2)/2,
D(p1,p3) = (m1ˆ2 + m3ˆ2 - t)/2,
D(p1,p4) = (m1ˆ2 + m4ˆ2 - u)/2,
D(p2,p2) = m2ˆ2,
D(p2,p3) = (m2ˆ2 + m3ˆ2 - u)/2,
D(p2,p4) = (m2ˆ2 + m4ˆ2 - t)/2,
D(p3,p3) = m3ˆ2,
D(p3,p4) = (s - m3ˆ2 - m4ˆ2)/2,
D(p4,p4) = m4ˆ2)$

(%i6) invarR;
(%o6) [D(p4,p4) = m4ˆ2,D(p3,p4) = (s-m4ˆ2-m3ˆ2)/2,D(p3,p 3) = m3ˆ2,

D(p2,p4) = ((-t)+m4ˆ2+m2ˆ2)/2,D(p2,p3) = ((-u)+m3ˆ2+m2ˆ 2)/2,
D(p2,p2) = m2ˆ2,D(p1,p4) = ((-u)+m4ˆ2+m1ˆ2)/2,
D(p1,p3) = ((-t)+m3ˆ2+m1ˆ2)/2,D(p1,p2) = (s-m2ˆ2-m1ˆ2)/ 2,
D(p1,p1) = m1ˆ2]

The list invarR now holds a list of “replacement rules” which allow some of our package functions to replace symbolic
4-vector dot productsD(pa,pb) with an expression depending on the masses and Mandelstam variables. For example,
our symbolic trace functiontr(expr) makes use of the listinvarR . Also the combined symbolic and non-covariant
trace functionnc_tr(expr) makes use of the listinvarR .

A third function which uses this list isev_Ds(expr) , which we will demonstrate here. (Theexpr can be a product and
or sum of sub-expressions containingD’s .)

(%i7) ev_Ds ( D(p1+p3, p2 + p4));
(%o7) s-u

This has reproduced the formula we found above:

(p1 + p3) · (p2 + p4) = s− u. (2.11)

The package functionev_Ds(expr) first callsDexpand(expr) , and then callsev(result,invarR) , and finally calls
expand on the last result.

(%i8) fundef (ev_Ds);
(%o8) ev_Ds(eeexpr):=(Dexpand(eeexpr),ev(%%,invarR), expand(%%))

If we instead worked this out step by step,
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(%i9) Dexpand ( D(p1+p3, p2 + p4) );
(%o9) D(p3,p4)+D(p2,p3)+D(p1,p4)+D(p1,p2)
(%i10) ev(%,invarR);
(%o10) ((-u)+m4ˆ2+m1ˆ2)/2+((-u)+m3ˆ2+m2ˆ2)/2+(s-m4ˆ2 -m3ˆ2)/2+(s-m2ˆ2-m1ˆ2)/2
(%i11) expand(%);
(%o11) s-u

we get the same result as the use ofev_Ds(expr) .

Our functionev_invar(expr) is equivalent toev(expr,invarR) .

(%i12) fundef(ev_invar);
(%o12) ev_invar(_expr%):=ev(_expr%,invarR)

The 4-vector product of a pair of 4-vectors is equivalent to acontraction process. Once the listinvarR has been created
(by usingset_invarR , for example), the symbolic contraction functionsCon andscon make use of the listinvarR to
simplify contractions of 4-momentum vectors. As shown here, it is easier to useev_Ds(expr) to get these simplified
results.

(%i13) Con(UI(p1,mu) * UI(p1,mu));
(%o13) m1ˆ2
(%i14) ev_Ds(D(p1,p1));
(%o14) m1ˆ2
(%i15) Con(UI(p1,mu) * UI(p2,mu));
(%o15) s/2-m2ˆ2/2-m1ˆ2/2
(%i16) ev_Ds(D(p1,p2));
(%o16) s/2-m2ˆ2/2-m1ˆ2/2
(%i17) Con(UI(p1,mu) * UI(p3,mu));
(%o17) (-t/2)+m3ˆ2/2+m1ˆ2/2
(%i18) Con(UI(p1,mu) * UI(p4,mu));
(%o18) (-u/2)+m4ˆ2/2+m1ˆ2/2

The symbolic contraction functionsCon andscon automatically contract on repeated Lorentz indices (depending on the
contents of the list indexL to recognise such indices), but you have the option of including explicit summation indices to
be summed over.

The process1 + 2 → 3 + 4 is known as thes-channelprocess becauses is the energy variable (equal toW 2, the square
of the center of momentum frame total energy). In the CM frame, ~p2 = −~p1, so

s = (p1 + p2)
2 = (E1 + E2)

2 − (~p1 + ~p2)
2 = (E1 + E2)

2 = W 2. (2.12)

We can also consider the correspondingt-channelprocess1 + 3̄ → 2̄ + 4, wheret is the energy variable, or the corre-
spondingu-channelprocess1 + 4̄ → 2̄ + 3, whereu is the energy variable. The antiparticle of3 is 3̄, etc. It turns out that
these three different processes are intimately related.

2.3 CM Frame Scattering Description

With the convention
~pi = ~p1, ~pf = ~p3, (2.13)

we set

p1 = (E1; 0, 0, pi) ,

p2 = (E2; 0, 0,−pi) ,

so the initial particles move in the z-direction. The final particles can scatter at some angle, so

p3 = (E3; ~pf ) ,

p4 = (E4;−~pf ) ,
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where~pf can be taken to be in thex− z plane,

~pf = (pf sin θ, 0, pf cos θ) . (2.14)

The angleθ is the CM scattering angle, andcos θ = p̂i · p̂f = p̂1 · p̂3. Thus, in the CM frame

s = (E1 + E2)
2 =

[

√

M2
1
+ p2i +

√

M2
2
+ p2i

]2

(2.15)

which can be solved (see below) forp2i ,

p2i =

[

s− (M1 +M2)
2
] [

s− (M1 −M2)
2
]

4 s
. (2.16)

In order to use Maxima’ssolve(eqn,var) function, we need to square the original equation enough times to remove
the square root functions, and finally arrive at a polynomialin the unknown. Thus we can, for example, proceed in steps,
lettingx representp2i , first expanding the squared term,

s = M2
1 + x+M2

2 + x+ 2
√

(

M2
1
+ x
) (

M2
2
+ x
)

(2.17)

then isolating the square root on one side

2
√

(

M2
1
+ x
) (

M2
2
+ x
)

= s−M2
1 −M2

2 − 2x (2.18)

then squaring both sides
4
(

M2
1 + x

) (

M2
2 + x

)

=
(

s−M2
1 −M2

2 − 2x
)2

(2.19)

and finally bringing all terms to the left hand side to allow for some cancellations

4
(

M2
1 + x

) (

M2
2 + x

)

−
(

s−M2
1 −M2

2 − 2x
)2

= 0. (2.20)

We letx representp2i in the following Maxima session.

(%i1) assume(s>0,m1>0,m2>0);
(%o1) [s > 0,m1 > 0,m2 > 0]
(%i2) eqn : expand( 4 * (m1ˆ2+x) * (m2ˆ2+x) - (s-m1ˆ2-m2ˆ2-2 * x)ˆ2 );
(%o2) 4 * s* x-sˆ2+2 * m2ˆ2* s+2 * m1ˆ2* s-m2ˆ4+2 * m1ˆ2* m2ˆ2-m1ˆ4
(%i3) solve(eqn,x);
(%o3) [x = (sˆ2+((-2 * m2ˆ2)-2 * m1ˆ2) * s+m2ˆ4-2 * m1ˆ2* m2ˆ2+m1ˆ4)/(4 * s)]
(%i4) soln : rhs(%[1]);
(%o4) (sˆ2+((-2 * m2ˆ2)-2 * m1ˆ2) * s+m2ˆ4-2 * m1ˆ2* m2ˆ2+m1ˆ4)/(4 * s)
(%i5) solnf : factor(soln);
(%o5) ((s-m2ˆ2-2 * m1* m2-m1ˆ2) * (s-m2ˆ2+2 * m1* m2-m1ˆ2))/(4 * s)
(%i6) display2d:true$
(%i7) solnf;

2 2 2 2
(s - m2 - 2 m1 m2 - m1 ) (s - m2 + 2 m1 m2 - m1 )

(%o7) ---------------------------------------------- -----
4 s

which can be further simplified by hand to get agreement, or other brute force Maxima methods can be used, as shown
here:

(%i8) display2d:false$
(%i9) Nf : num(solnf);
(%o9) (s-m2ˆ2-2 * m1* m2-m1ˆ2) * (s-m2ˆ2+2 * m1* m2-m1ˆ2)
(%i10) Nf1 : part(Nf,1);
(%o10) s-m2ˆ2-2 * m1* m2-m1ˆ2
(%i11) Nf1ms : Nf1-s;
(%o11) (-m2ˆ2)-2 * m1* m2-m1ˆ2
(%i12) Nf1msf : factor(Nf1ms);
(%o12) -(m2+m1)ˆ2
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(%i13) Nf1 : Nf1msf + s;
(%o13) s-(m2+m1)ˆ2
(%i14) Nf2 : part(Nf,2);
(%o14) s-m2ˆ2+2 * m1* m2-m1ˆ2
(%i15) Nf2ms : Nf2 -s;
(%o15) (-m2ˆ2)+2 * m1* m2-m1ˆ2
(%i16) Nf2msf : factor(Nf2ms);
(%o16) -(m2-m1)ˆ2
(%i17) Nf2 : Nf2msf + s;
(%o17) s-(m2-m1)ˆ2
(%i18) solnf_new : Nf1 * Nf2/(4 * s);
(%o18) ((s-(m2-m1)ˆ2) * (s-(m2+m1)ˆ2))/(4 * s)
(%i19) display2d:true$
(%i20) solnf_new;

2 2
(s - (m2 - m1) ) (s - (m2 + m1) )

(%o20) ---------------------------------
4 s

We can then findE2
1 , and thenE1

(%i21) factor(m1ˆ2 + solnf_new);
2 2 2

(s - m2 + m1 )
(%o21) ----------------

4 s
(%i22) sqrt(%);

! 2 2!
!s - m2 + m1 !

(%o22) ---------------
2 sqrt(s)

Thus

E1 =

(

s+M2
1 −M2

2

)

2
√
s

. (2.21)

Likewise forE2,

(%i23) factor(m2ˆ2 + solnf_new);
2 2 2

(s + m2 - m1 )
(%o23) ----------------

4 s

Thus

E2 =

(

s+M2
2 −M2

1

)

2
√
s

. (2.22)

Similarly, from the equation

s = (E3 + E4)
2 =

[√

M2
3
+ p2f +

√

M2
4
+ p2f

]2

(2.23)

we can take over the previous solutions by the replacements

E1 → E3, E2 → E4, M1 → M3, M2 → M4, p
2
i → p2f (2.24)

to get

p2f =

[

s− (M3 +M4)
2
] [

s− (M3 −M4)
2
]

4 s
,

E3 =

(

s+M2
3 −M2

4

)

2
√
s

,

E4 =

(

s+M2
4 −M2

3

)

2
√
s

.
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The Mandelstam variablest andu involve the CM frame scattering angleθ.

t = (p1 − p3)
2

= M2
1 +M2

3 − 2 p1 · p3
= M2

1 +M2
3 − 2E1 E3 + 2 pi pf cos θ

and likewise

u = (p1 − p4)
2

= M2
1 +M2

4 − 2 p1 · p4
= M2

1 +M2
4 − 2E1 E4 − 2 pi pf cos θ.

An alternative way to write down the values ofp2i andp2f is based on the definition of a function

λ(a, b, c) = a2 + b2 + c2 − 2 (ab + ac+ bc), (2.25)

which is a symmetric function of its argumentsλ(b, a, c) = λ(a, b, c) etc. Using this function, we can write

p2i =
λ
(

s,M2
1 ,M

2
2

)

4s
(2.26)

p2f =
λ
(

s,M2
3 ,M

2
4

)

4s
(2.27)

We can check the equivalence, using Maxima, forp2i :

(%i1) lam(a,b,c) := aˆ2 + bˆ2 + cˆ2 -2 * (a * b + a* c + b * c)$
(%i2) val1 : expand (lam(s,m1ˆ2,m2ˆ2));
(%o2) sˆ2-2 * m2ˆ2* s-2 * m1ˆ2* s+m2ˆ4-2 * m1ˆ2* m2ˆ2+m1ˆ4
(%i3) val2 : expand( (s - (m1+m2)ˆ2) * (s - (m1-m2)ˆ2) );
(%o3) sˆ2-2 * m2ˆ2* s-2 * m1ˆ2* s+m2ˆ4-2 * m1ˆ2* m2ˆ2+m1ˆ4
(%i4) val1 - val2;
(%o4) 0
(%i5) is(equal(lam(b,a,c),lam(a,b,c)));
(%o5) true

From the above expressions forp2i andp2f , it is obvious that if we considerelasticscattering, in the sense thatm1 = m,
m3 = m, m2 = M , andm4 = M , thenpi = pf . Which implies that|~p1| = |~p3| and|~p2| = |~p4|.

If we expresscos θ in terms oft, we have

2pipf cos θ = t−M2
1 −M2

3 + 2E1E3

= t−M2
1 −M2

3 + 2

(

s+M2
1 −M2

2

)

2
√
s

(

s+M2
3 −M2

4

)

2
√
s

=
2s
(

t−M2
1 −M2

3

)

+
(

s+M2
1 −M2

2

) (

s+M2
3 −M2

4

)

2s

Using the abbreviations

λs12 ≡ λ
(

s,M2
1 ,M

2
2

)

,

λs34 ≡ λ
(

s,M2
3 ,M

2
4

)

we get for the cosine of the scattering angleθ in the CM frame:

cos θ =
2s
(

t−M2
1 −M2

3

)

+
(

s+M2
1 −M2

2

) (

s+M2
3 −M2

4

)

4spipf

=
2s
(

t−M2
1 −M2

3

)

+
(

s+M2
1 −M2

2

) (

s+M2
3 −M2

4

)

[λs12λs34]
1/2
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2.4 CM Frame Differential Scattering Cross Section for(AB) → (CD)

For the2 → 2 scattering process(AB) → (CD),

(M1, p1) + (M2, p2) → (M3, p3) + (M4, p4) (2.28)

the differential scattering cross section in the CM frame, for specified helicities of the non-scalar particles, is (see, for
example, Francis Halzen and Alan D. Martin, “Quarks and Leptons: An Introductory course ...,” Sec. 4.3, or Mark
Thomson, Modern Particle Physics, Sec. 3.5.1)

dσ

dΩ
(cms) =

1

64π2s

pf
pi

|Mfi|2. (2.29)

In the CM framepi ≡ |~p1| = |~p2| andpf ≡ |~p3| = |~p4|.

If we define a “reduced” amplitudeMr by
Mfi = −e2 Mr, (2.30)

and use
e2 = 4πα (2.31)

we can instead use the simpler formula :

dσ

dΩ
(cms) =

α2

4s

pf
pi

|Mr|2 = A |Mr|2, (2.32)

where

A =
α2

4s

pf
pi

. (2.33)

These formulas (2.29) and (2.32) assume the non-scalar particles have specified helicities.

An “unpolarized” differential cross section can be then found by averaging over the helicities of the incident particles,
and summing over the helicities of the final particles.

For elasticscattering, in the sense thatm1 = m, m3 = m, m2 = M , andm4 = M , we have the simplificationpf = pi.

2.5 Lab Frame Differential Scattering Cross Section for Elastic Scattering(AB) → (AB)

See Peter Renton, Electroweak Interactions, Eq. (4.34), and David Griffiths, Introduction to Elementary Particles, Prob.
6.10.

For the elastic scattering process in which particle B with massM is initially at rest, and particle A with massm, initial
energyE1, and initial 3-momentum magnitudep1 is scattered into solid angle elementdΩ with final energyE3, and final
3-momentum magnitudep3, the differential scattering cross section for specified helicities is

dσ

dΩ
=

1

64π2 M

(

p3
p1

) |Mfi|2
∣

∣

∣
E1 +M −

(

p1 E3

p3

)

cos θ
∣

∣

∣

, (2.34)

in which we have

p1 · p3 = p1 p3 cos θ

E2
1 = m2 + p21

E2
3 = m2 + p23

E3 < E1 +M

E3 (M + E1)− p1 p3 cos θ = E1M +m2
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This last relation follows from conservation of 4-momentumand can be used in principle to solve forp3 in terms ofp1.
Since(p1+p2)

µ = (p3+p4)
µ, the 4-vector dot products(p1+p2)

2 and(p3+p4)
2 are equal, which impliesp1 ·p2 = p3 ·p4.

Then, withp2 = 0, andp1 · p3 = p1 p3 cos θ, one obtains the relation desired.

If we define a “reduced” amplitudeMr by
Mfi = −e2 Mr, (2.35)

and use
e2 = 4πα (2.36)

we can instead use the formula :
dσ

dΩ
(cms) = Alab |Mr|2, (2.37)

where

Alab =
α2

4M

p3
p1

1
∣

∣

∣
E1 +M −

(

p1 E3

p3

)

cos θ
∣

∣

∣

(2.38)

In the limitm → 0, let p1 → k andp3 → k′. We then get

k′ =
k

[

1 + k
M (1− cos θ)

] . (2.39)

and

Alab =
α2

4M2

(

k′

k

)2

. (2.40)

2.6 Decay Rate for Two Body Decay

The total decay rate of an unstable particle is the sum of the decay rates for individual decay modes. Here we consider
one decay mode of particlea to two particles

a → 1 + 2. (2.41)

Sec. 3.3 of Thomson (Modern Particle Physics) derives the decay rate for any such two-body decay [see also Griffith
(Introduction to Elementary Paticles), pp. 194 - 198],

Γf i =
p∗

32π2 m2
a

∫

|Mf i|2 dΩ, (2.42)

in which p∗ is the center of momentum frame 3-momentum magnitude of eachof the final particles, (see our derivation
above in Sec. 2.3) given by [note Thomson’s 2015 3rd printinghas an extraneous, unmatched, parenthesis]

p∗ =
1

2ma

√

[m2
a − (m1 +m2)2] [m2

a − (m1 −m2)2]. (2.43)

As Griffith notes on p. 198, “ ...in the case of three or more particles in the final state, the integrals cannot be done until
we know the specific functional form ofMf i.”

3 Spin Sums

Let M(σ1, σ2, σ3, σ4) be the amplitude for each set of initial and final helicity states for the process (as a concrete
example)e+e− → µ+µ−. Quoting Mark Thomson, Modern Particle Physics, Section 6.2.1, “Spin Sums,”

. . . the processe+e− → µ+µ− consists of sixteen possibleorthogonalhelicity combinations, each of which
constitutes a separate physical process, for examplee+Re

−
R → µ+

Rµ
−
R ande+Re

−
R → µ+

Rµ
−
L , where R stands

for σ = 1 and L stands forσ = −1. Because the helicity states involved are orthogonal, the processes for
the different helicity configurations do not interfere, andthe matrix element squared for each of the sixteen
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possible helicity configurations can be considered independently.

For a particular initial-state spin configuration, the total e+e− → µ+µ− annihilation rate is given by the
sum of theratesfor the four possibleµ+µ− helicity states (each of which is a separate process). Therefore,
for a given initial-state helicity configuration, the cross section is obtained by taking the sum of the four
corresponding|M |2 terms. For example, for the case where the colliding electron and positron are both in
right-handed helicity states,

∑

|MRR|2 = |MRR→RR|2 + |MRR→RL|2 + |MRR→LR|2 + |MRR→LL|2. (3.1)

In moste+e− colliders, the colliding electron and positron beams are unpolarized, which means that there
are equal numbers of positive and negative helicity electrons/positrons present in the initial state. In this case,
the helicity configuration for a particular collision is equally likely to occur in any one of the four possible
helicity states of thee+e− initial state. This is accounted for by defining the spin-averaged summed matrix
element squared,

〈|Mfi|2〉 =
1

4

(

|MRR|2 + |MRL|2 + |MLR|2 + |MLL|2
)

=
1

4

(

|MRR→RR|2 + |MRR→RL|2 + . . . + |MRL→RR|2 + . . .
)

=
1

4

∑

σ1

∑

σ2

∑

σ3

∑

σ4

|M(σ1, σ2, σ3, σ4)|2

or more compactly as

〈|Mfi|2〉 =
1

4

∑

spins

|M |2, (3.2)

where the sum corresponds to all possible helicity configurations. . . . This sum can be performed in two ways.
One possibility is to use trace techniques . . . where the sum is calculated directly using the properties of the
Dirac spinors. The second possibility is to calculate each of the sixteen individual helicity amplitudes. This
direct calculation of the helicity amplitudes involves more steps, but has the advantages of being conceptually
simpler and of leading to a deeper physical understanding ofthe helicity structure of the QED interaction.

4 Spin 1
2

Examples

Reading and working through the worksheets in the first few examples will give the reader a quick overview of the use of
the Dirac3 package tools.

4.1 e− e+ → µ− µ+, ee-mumu-AE.wxm

We discuss this simple example in detail in two wxMaxima worksheets.

The high energy limiting case in which we can negect the masses of the electron and muon is discussed inee-mumu-HE.wxm .
The arbitrary energy case, in which we retain the mass of the electron m and the mass of the muonM is discussed in
ee-mumu-AE.wxm .

In all cases, we introduce what we call the “reduced amplitude” Mr by pulling out a factor−e2 from the amplitudeM:

M = −e2 Mr. (4.1)

We always interpret the Feynman rules as defining−iM, following the practice of David Griffiths (Introduction toEle-
mentary Particles, 1987) and Francis Halzen & Alan D. Martin(Quarks and Leptons, 1984).
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The reduced amplitude for the process

e−(p1, σ1) e
+(p2, σ2) → µ−(p3, σ3)µ

+(p4, σ4) (4.2)

is

Mr(σ1, σ2, σ3, σ4) =
(v2 γ

µ u1) (u3 γµ v4)

s
(4.3)

and in which, for example,u1 = u(p1, σ1), etc. and a sum over the Lorentz indexµ is understood (contraction of a
product). The denominators is the Mandelstam variable

s = (p1 + p2) · (p1 + p2) . (4.4)

4.2 e− µ− → e− µ−, e-mu-scatt.wxm

We discuss this simple scattering example in detail in one wxMaxima worksheet,e-mu-scatt.wxm .

We neglect the mass of the electronmand retain the mass of the muonM. The “reduced amplitude”Mr is defined by
pulling out a factor−e2 from the amplitudeM:

M = −e2 Mr. (4.5)

We always interpret the Feynman rules as defining−iM, following the practice of David Griffiths (Introduction toEle-
mentary Particles, 1987) and Francis Halzen & Alan D. Martin(Quarks and Leptons, 1984).

The reduced amplitude for the process

e−(p1, σ1)µ
−(p2, σ2) → e−(p3, σ3)µ

−(p4, σ4) (4.6)

is

Mr(σ1, σ2, σ3, σ4) =
(u3 γ

µ u1) (u4 γµ u2)

t
(4.7)

and in which, for example,u1 = u(p1, σ1), etc. and a sum over the Lorentz indexµ is understood (contraction of a
product). The denominatort is the Mandelstam variable

t = (p1 − p3) · (p1 − p3) . (4.8)

4.3 e− e− → e− e− (Moller Scattering), em-em-scatt-AE.wxm

We discuss this Moller scattering example in detail in two wxMaxima worksheets,em-em-scatt-HE.wxm for the high
energy limiting case, andem-em-scatt-AE.wxm for the arbitrary energy case.

The “reduced amplitude”Mr is defined by pulling out a factor−e2 from the amplitudeM:

M = −e2 Mr. (4.9)

We always interpret the Feynman rules as defining−iM, following the practice of David Griffiths (Introduction toEle-
mentary Particles, 1987) and Francis Halzen & Alan D. Martin(Quarks and Leptons, 1984).

The reduced amplitude for the process

e−(p1, σ1) e
−(p2, σ2) → e−(p3, σ3) e

−(p4, σ4) (4.10)

is

Mr(σ1, σ2, σ3, σ4) =
(u3 γ

µ u1) (u4 γµ u2)

t
− (u4 γ

µ u1) (u3 γµ u2)

u
(4.11)

and in which, for example,u1 = u(p1, σ1), etc. and a sum over the Lorentz indexµ is understood (contraction of a
product). The denominatort is the Mandelstam variable

t = (p1 − p3) · (p1 − p3) . (4.12)

and the denominatoru is the Mandelstam variable

u = (p1 − p4) · (p1 − p4) . (4.13)
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4.4 e− e+ → e− e+ (Bhabha Scattering), em-ep-scatt.AE.wxm

We discuss this Bhabha scattering example in detail in two wxMaxima worksheets,em-ep-scatt-HE.wxm for the high
energy limiting case, andem-ep-scatt-AE.wxm for the arbitrary energy case.

The “reduced amplitude”Mr is defined by pulling out a factor−e2 from the amplitudeM:

M = −e2 Mr. (4.14)

We always interpret the Feynman rules as defining−iM, following the practice of David Griffiths (Introduction toEle-
mentary Particles, 1987) and Francis Halzen & Alan D. Martin(Quarks and Leptons, 1984).

The reduced amplitude for the process

e−(p1, σ1) e
+(p2, σ2) → e−(p3, σ3) e

+(p4, σ4) (4.15)

is

Mr(σ1, σ2, σ3, σ4) =
(u3 γ

µ u1) (v2 γµ v4)

t
− (v2 γ

µ u1) (u3 γµ v4)

s
(4.16)

and in which, for example,u1 = u(p1, σ1), etc. and a sum over the Lorentz indexµ is understood (contraction of a
product). The denominatort is the Mandelstam variable

t = (p1 − p3) · (p1 − p3) . (4.17)

and the denominators is the Mandelstam variable

s = (p1 + p2) · (p1 + p2) . (4.18)

5 Theorems for Physical External Photons

5.1 Photon Real Linear Polarization 3-Vector Theorems: photon1.wxm

In the wxMaxima worksheetphoton1.wxm we prove two theorems that hold for sets of real linear polarization vectors
for physical photons.

Letek s be a real photon polarization 3-vector which is transverse to the initial photon 3-momentumk, with s = 1 being
parallel to the scattering plane, ands = 2 being perpendicular to the scattering plane.

Letek′ r be a real photon polarization 3-vector which is transverse to the final photon 3-momentumk′ with r = 1 being

parallel to the scattering plane, andr = 2 being perpendicular to the scattering plane. Then we have the relations

2
∑

s=1

(ek s · ek′ r)
2 = 1−

(

k̂ · ek′ r

)2

(5.1)

2
∑

s,r=1

(ek s · ek′ r)
2 = 1+ cos2 θ (5.2)
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5.2 Photon Circular Polarization 4-Vectors, photon2.wxm

In the wxMaxima worksheetsphoton2.wxm andphoton2.wxmx we construct explicit photon polarization 4-vectors
for several common cases. The derivations involve startingwith normalized and mutually perpendicular real linear polar-
ization 3-vectorse1 ande2 such thate1 × e2 = k̂, wherek̂ is a unit 3-vector in the direction of propagation of the photon.

We then construct a complex positive helicity (right-handed) polarization 3-vectoreR according to (See, for example,
Mark Thompson, Modern Particle Physics, pp. 527 - 528, Peskin and Schroeder, Quantum Field Theory, p. 804, and
Halzen and Martin, Quarks and Leptons, p. 135, Eq (6.69) ):

eR = − 1√
2

(e1 + i e2) (5.3)

and a complex negative helicity (left-handed) polarization 3-vectoreL according to:

eL =
1√
2

(e1 − i e2). (5.4)

BotheR andeL are orthogonal tôk and have the properties

eR · eR∗ = 1

eL · eL∗ = 1

eR · eL∗ = 0.

A “transverse gauge” complex positive helicity (right-handed) polarization 4-vectoreR has components given by

eR = (0, eR) (5.5)

and the negative helicity (left-handed) polarization 4-vector eL has the components

eL = (0, eL) . (5.6)

Define the (real) four vectork with components

k =
(

0, k̂
)

. (5.7)

Then, we have the properties (in our choice of metric), in terms of the 4-vector (scalar) dot product, (the second through
fifth lines reflect the Lorentz gauge condition)

k · k = −1

k · eR = 0

k · e∗R = 0

k · eL = 0

k · e∗L = 0

eR · e∗R = −1

eL · e∗L = −1

eR · e∗L = 0.

6 Examples for Spin1/2 and External Photons

6.1 e− e+ → γ γ, ee-gaga-AE.wxm

We discuss this pair annihilation example in detail in two wxMaxima worksheets,ee-gaga-HE.wxm for the high energy
limiting case, andee-gaga-AE.wxm for the arbitrary energy case.
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The “reduced amplitude”Mr is defined by pulling out a factor−e2 from the amplitudeM:

M = −e2 Mr. (6.1)

We always interpret the Feynman rules as defining−iM, following the practice of David Griffiths (Introduction toEle-
mentary Particles, 1987) and Francis Halzen & Alan D. Martin(Quarks and Leptons, 1984).

The reduced amplitude for the process

e−(p1, σ1) e
+(p2, σ2) → γ(k1, λ1) γ(k2, λ2) (6.2)

is
Mr(σ1, σ2, λ1, λ2) = M1 +M2, (6.3)

where

M1 = −(v2 ǫ/
∗
2 (p/1 − k/1 +m) ǫ/∗1 u1)

t−m2

M2 = −(v2 ǫ/
∗
1 (p/1 − k/2 +m) ǫ/∗2 u1)

u−m2

and in whichu1 = u(p1, σ1) andv2 = v(p2, σ2).

t andu are Mandelstam variables

t = (p1 − k1) · (p1 − k1)

u = (p1 − k2) · (p1 − k2) .

6.2 γ e− → γ e−, compton1.wxm, compton-CMS-HE.wxm

We discuss Compton scattering in detail in two wxMaxima worksheets:compton-CMS-HE.wxm for the high energy
limiting case in the center of momentum frame, andcompton1.wxm for the arbitrary energy case in the frame in which
the initial electron is at rest.

In the high energy center of momentum frame worksheet, we include the calculation of helicity amplitudes.

The “reduced amplitude”Mr is defined by pulling out a factor−e2 from the amplitudeM:

M = −e2 Mr. (6.4)

We always interpret the Feynman rules as defining−iM, following the practice of David Griffiths (Introduction toEle-
mentary Particles, 1987) and Francis Halzen & Alan D. Martin(Quarks and Leptons, 1984).

The reduced amplitude for the process

e−(p1, σ1) γ(k1, λ1) → γ(k2, λ2) e
+(p2, σ2) (6.5)

is
Mr(σ1, λ1, σ2, λ2) = M1 +M2, (6.6)

where

M1 = −(u2 ǫ/1 (p/1 − k/2 +m) ǫ/∗2 u1)

u−m2

M2 = −(u2 ǫ/
∗
2 (p/1 + k/1 +m) ǫ/1 u1)

s−m2

and in whichu1 = u(p1, σ1) andu2 = u(p2, σ2).

s andu are Mandelstam variables

s = (p1 + k1) · (p1 + k1)

u = (p1 − k2) · (p1 − k2) .
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6.3 Covariant Physical External Photon Polarization 4-Vectors - A Review

Instead of using explicit circular polarization 4-vectors(as we have in the above examples), one can instead use the fol-
lowing formalism for covariant physical photon polarization 4-vectors which are 4-orthogonal to the photon 4-momentum
vector. This formalism (Sterman, p. 220, De Wit/Smith, p.141, Schwinger, p. 73 and pp. 291 - 294, Jauch/Rohrlich, p.
440) uses gauge freedom within the Lorentz gauge.

The two physical polarization states of real external photons corresond toλ = 1, 2, and forµ, ν = 0, 1, 2, 3,

P µ ν(k) =
∑

λ=1,2

eµ
k λ e

ν∗
k λ = −gµ ν +

(k µ k̄ ν + k ν k̄ µ)

k · k̄ , (6.7)

where there exists a reference frame in which ifk µ = (k0,k) thenk̄ µ = (k0,−k).

Let nµ be a unit timelike 4-vector which is 4-orthogonal toeµ
k λ. Then define

k̄ µ = −k µ + 2nµ (k · n). (6.8)

In an arbitrary frame,k · k = 0, k̄ · k̄ = 0, k · ek λ = 0, k̄ · ek λ = 0, n · ek λ = 0, n · n = +1, k · k̄ = 2 (k · n)2 and

e∗k λ · ek λ′ = −δλλ′, λ, λ′ = 1, 2 (6.9)

An alternative but less compact form of the physical photon polarization tensorP µν(k) is

P µ ν(k) =
∑

λ=1,2

eµ
k λ e

ν∗
k λ = −g µ ν − k µ k ν

(k · n)2 +
(k µ nν + k ν nµ)

k · n (6.10)

We can always identify the unit timelike 4-vectornµ with either the total 4-momentum vector (thus working in theCM
frame) or the 4-momentum of a particular particle (thus working in the rest frame of that particle).

Thus if in a chosen frame,{pµ} = {m, 0, 0, 0}, we identifynµ = pµ/m, so that{nµ} = {1, 0, 0, 0}, then in that
framek̄0 = k0 andk̄j = −kj .

Thenn · ek λ = 0 implies thate0k λ = 0, and thenk · ek λ = 0 reduces tok · ek λ = 0 (for λ = 1, 2), and the two
polarization 3-vectorsek λ must be chosen perpendicular tok and to each other:e∗k 1

· ek 2 = 0.

7 Examples Which Involve Scalar Particles

These examples will familiarize the reader with the use of the functionsset_invarR , ev_Ds , and the listinvarR . We
write the cross section in a frame independent way in terms ofthe Mandelstam variables s, t, and u, and then specialize to
the center of momentum frame.

Recall the definitions of the Mandelstam variables appropriate to the processp1 + p2 → p3 + p4.

s = (p1 + p2)
2 = (p3 + p4)

2, (7.1)

t = (p1 − p3)
2 = (p2 − p4)

2, (7.2)

u = (p1 − p4)
2 = (p2 − p3)

2. (7.3)

The Feynman rules for scalar electrodynamics are discussedin:
(See the reference list at end of chapter 12)
G/R, QED, p. 434 ff, Renton, p.180 ff, I/Z, p. 282 ff,
B/D, RQM, p. 195, Aitchison, p. 51 ff, A/H, p. 158 ff,
Kaku, p. 158 ff, Quigg, p. 49, Schwinger, p. 284 ff,
H/M, Ch. 4.
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7.1 π+K+ → π+K+

We calculate the differential scattering cross section in the center of momentum frame for the elastic scattering of a pion
by a kaon in the wxMaxima worksheetpiKaon.wxm .

We ignore the finite size and quark content (and potential strong interaction effects in small impact parameter collisions)
in this example and only take into account the electromagnetic interactions of these spinless bosons (thus treated as point
particles).

We interpret the Feynman diagram rules to produce an expression for −iMfi, following the convention of Griffiths and
Halzen/Martin.

The Lorentz invariant amplitude for the process

π+(m, p1) +K+(M,p2) → π+(m, p3) +K+(M,p4) (7.4)

is, using the Feynman diagram rules, (external spinless boson legs each produce a factor of1)

Mfi = −e2
(p1 + p3) · (p2 + p4)

(p1 − p3)
2

, (7.5)

and we let
Mfi = −e2 Mr, (7.6)

thus defining a “reduced” amplitudeMr.

We use the symbolic notationD(pa,pb) in our package to represent the 4-momentum dot product, andD is declared to be
a symmetric function of its arguments. We can then writeMr in terms ofD’s, and later use the Dirac3 package function
ev_Ds(expr) , which makes use of the listinvarR .

7.2 π+π+ → π+π+

We calculate the differential scattering cross section in the center of momentum frame for the elastic scattering of a posi-
tive pion by a positive pion in the wxMaxima worksheetpi-pi-scatt.wxm .

We ignore the finite size and quark content (and potential strong interaction effects in small impact parameter collisions)
in this example and only take into account the electromagnetic interactions of these spinless bosons (thus treated as point
particles).

We interpret the Feynman diagram rules to produce an expression for −iMfi, following the convention of Griffiths and
Halzen/Martin.

The Lorentz invariant amplitude for the process,

π+(p 1) + π+(p 2) → π+(p 3) + π+(p 4) (7.7)

is, using our conventions,Mfi = −e2Mr, where the “reduced” amplitudeMr = M1 + M2, in which the “t-channel
photon” diagram corresponds to the (reduced) amplitude

M1 =
(p 1 + p 3) · (p 2 + p 4)

t
, (7.8)

and the “u-channel photon” diagram corresponds to the (reduced) amplitude

M2 =
(p 1 + p 4) · (p 2 + p 3)

u
. (7.9)
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The Mandelstam variables used here aret = (p1 − p3)
2 andu = (p1 − p4)

2.

We first express the reduced amplitude in terms of the symbolic 4-vector dot productD(pa,pb) symbols.
The fastest path to the cross section is to then usecomp_def to define the frame dependent 4-momenta and then
noncov_ratio(expr) to make use of the definitions provided by first usingcomp_def .

We then follow the longer and more involved path in which we write the amplitude in terms of the Mandelstam variables.
This path requires the use ofset_invarR , ev_Ds , sub_stu , andVP. (Of course also needed iscomp_def , but this was
already used in the first method.)

7.3 e−π+ → e−π+

We calculate the differential scattering cross section in the center of momentum frame for the elastic scattering of an
electron (massm) by a positive pion (massM), the process

e−(p 1) + π+(p 2) → e−(p 3) + π+(p 4), (7.10)

in the wxMaxima worksheetsePi-HE.wxm andePi-AE.wxm .

We ignore the finite size and quark content (and potential strong interaction effects in small impact parameter collisions)
in this example and only take into account the electromagnetic interactions of the pion with the electron.

We interpret the Feynman diagram rules to produce an expression for −iMfi, following the convention of Griffiths and
Halzen/Martin.

For elastic scattering, in the sense thatM1 = m, M3 = m, M2 = M , andM4 = M , the magnitude of the initial
3-momentum is equal to the magnitude of the final 3-momentum.

The differential scattering cross section in CM frame for our case, when summing over the spin of the final electron
(4-momentump3) and averaging over the spin of the initial electron (4-momentump1) is

dσ

dΩ
(cms) =

1

64π2s

〈

|Mfi|2
〉

, (7.11)

in which
〈

|Mfi|2
〉

=
1

2

∑

σ1

∑

σ3

|Mfi (σ1, σ3) |2 (7.12)

which becomes (usinge2 = 4πα in natural units)

〈

|Mfi|2
〉

=

(

4πα

t

)2

LµνT
µν . (7.13)

The “lepton tensor”Lµν (see A/H, p. 182)

Lµν =
1

2
Tr {(p/3 +m) γµ (p/1 +m) γν} (7.14)

is a matrix product, summed over diagonal elements (i.e., atrace), and the “pion tensor” is

T µν = (p2 + p4)
µ (p2 + p4)

ν . (7.15)

We letL represent the lepton tensor andT represent the pion tensor in our wxMaxima worksheet.

The helicity specific amplitude referred to above is, using our conventions,

Mfi (σ1, σ3) =
e2

t
(u (p3, σ3) γ

µ u (p1, σ1)) (p2 + p4)µ , (7.16)

in which t = (p1 − p3)
2 ande2 = 4π α.
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7.4 γ π+ → γ π+

We calculate the differential scattering cross section forthe scattering of a photon by a positive pion in the rest frameof
the initial pion

γ(k1, λ1) + π+(p 1) → γ(k2, λ2) + π+(p 2), (7.17)

in the wxMaxima worksheetcompton0.wxm .

The differential cross sections are first calculated for specific photon helicitiesλ1 andλ2, and these results are then turned
into the unpolarized differential cross section.

See Peter Renton, Electroweak Interactions, Fig. 4.10 (p. 181) and the bottom of p. 184 and following for details of the
lowest order amplitude for this process.

There are three diagrams, and the amplitude is written in terms of the photon polarization 4-vectorsε1 andε2 and the
massm of the pion:

M = M1 +M2 +M3, (7.18)

where

M1 =
e2

s−m2
ε1 · (p1 + q) ε∗2 · (p2 + q) , (7.19)

in which s = (p1 + k1)
2, q = p1 + k1, ε1 = ε (k1, λ1), andε2 = ε (k2, λ2).

We also then have

M2 =
e2

u−m2
ε∗2 ·

(

p1 + q′
)

ε1 ·
(

p2 + q′
)

, (7.20)

in whichu = (p1 − k2)
2, q′ = p1 − k2. The third term is

M3 = −2 e2 ε∗2 · ε1. (7.21)

The photon polarization 4-vectors are constructed (inphoton2.wxm ) to satisfy the Lorentz gauge conditionsk1 · ε1 = 0
andk2 · ε2 = 0 soM1 andM2 can be simplified to (after usingp1 + k1 = p2 + k2)

M1 =
4 e2

s−m2
ε1 · p1 ε∗2 · p2, (7.22)

M2 =
4 e2

u−m2
ε∗2 · p1 ε1 · p2. (7.23)

We use gauge freedom within the Lorentz gauge to use a “transverse gauge”, such thatε01 = 0 andε02 = 0.
Thenεµ

1
= [0, ǫ (k1,λ1) andεµ

2
= [0, ǫ (k2,λ2).

We are working in the lab frame of the initial pion, for whichpµ
1
= [m, 0, 0, 0], sop1 · ε1 = 0 andp1 · ε∗2 = 0, so only

termM3 contributes, and
M = −2 e2 ε∗2 · ε1. (7.24)

Using explicit circular polarization vectors worked out inphoton2.wxm , we can use this to evaluate the four possible
photon helicity amplitudes for the casesR → R, R → L, L → R, andL → L.

8 Electroweak Unification Examples

8.1 W-boson Decay

Our reference for this section is Mark Thomson, Modern Particle Physics, Sec. 15.1.1, and the details of the calculation
are given in the wxMaxima worksheetW-decay.wxm . Quoting Thomson (with some minor editing and additions):
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The calculation of the W-boson decay rate provides a good illustration of the use of polarization four-vectors
in matrix element calculations. The lowest-order Feynman diagram for theW− → e− νe decay is shown in
Figure 15.1.

The figure referred to consists of a single vertex diagram with three external legs.

The matrix element for the decay is obtained using the appropriate Feynman rules. The final-state elec-
tron and antineutrino are written respectively as the adjoint particle spinoru (p3, σ3) and the antiparti-
cle spinorv (p4, σ4). The polarization state of the initialW− is ǫµ (p1, λ), in which λ = 0,±1. If
~p1 = |~p1| ẑ, thenǫµ (p1, ±1) describes the states|S, Sz >= |1,±1 >, andǫµ (p1, 0) describes the state
|S, Sz >= |1, 0 >. Explicit 4-vector expressions forǫµ (p1, λ) for this case are derived in the worksheet
massive-spin1-pol.wxm .

Finally, the vertex factor for the weak charged-current is the usual V - A interaction

−i
gW√
2

1

2
γµ
(

1− γ5
)

. (8.1)

Using these Feynman rules, the matrix element forW− → e− νe is given by

−iMf i = ǫµ (p1, λ) u (p3, σ3)

[

−i
gW√
2

1

2
γµ
(

1− γ5
)

]

v (p4, σ4) , (8.2)

and therefore
Mf i =

gW√
2
ǫµ (p1, λ) u (p3, σ3) γ

µ S(−1) v (p4, σ4) , (8.3)

where the “chiral projection operator”S used here is defined as

S(σ) =
1

2

(

1 + σ γ5
)

. (8.4)

A neutrino is left-handed (negative helicity) (and massless), and an antineutrino is right-handed (positive helicity), so in
this calculation we must takeσ4 = 1.

Quoting Thomson, Sec. 6.4,

Any Dirac spinor (whether representing a massive or massless particle) can be decomposed into left- and
right-handed chiral components using the “chiral projection operators”,PL andPR, defined by

PR = S(1)

PL = S(−1)

Using the properties of theγ5 matrix, it is straightforward to show thatPR andPL behave as needed for
quantum mechanical projection operators:

PR + PL = 1, PR PR = PR, PL PL = PL, PL PR = 0. (8.5)

9 Dirac Gamma Matricesγµ and γ5

We use the same notation conventions as P/S (Peskin and Schroeder) and Maggiore, the diagonal elements of the metric

tensorgµν are(1,−1,−1,−1),

gµν = gµν =









1 0 0 0

0 −1 0 0
0 0 −1 0
0 0 0 −1









(9.1)
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with Greek indices running over0, 1, 2, 3. We also have

gµν = δµν =

{

1 if µ = ν

0 otherwise,
(9.2)

ǫ0123 = +1, the electromagnetic units are Heaviside-Lorentz, and natural units are used, soe2 = 4πα.

The only exception is that we interpret the Feynman rules as an expression for the quantity−iM , following the conven-
tions of Griffiths, and Halzen/Martin.

The helicity (chiral) representation is used for explicit matrix methods; in this representation, the Dirac gamma ma-

trices (in2 × 2 block form) are

γ0 =

(

0 1
1 0

)

, γj =

(

0 σj

−σj 0

)

, γ5 =

(

−1 0
0 1

)

, (9.3)

in whichσj for j = 1, 2, 3 are the2 × 2 Pauli matrices

σ1 =

(

0 1
1 0

)

, σ2 =

(

0 −i
i 0

)

, σ3 =

(

1 0
0 −1

)

. (9.4)

The above form forγ5 is equivalent to the matrix product

γ5 = i γ0 γ1 γ2 γ3. (9.5)

Again using2 × 2 block form, the4 × 4 unit matrix is denoted by

1 =

(

0 1
1 0

)

. (9.6)

The curly bracket denotes the anticommutator:

{A,B} ≡ AB + BA. (9.7)

The gamma matrices satisfy the anticommutation relations

{γµ, γν} = 2 gµν1, {γ5, γµ} = 0, µ = 0, 1, 2, 3, (9.8)
in which0 is the4× 4 zero matrix.

The second anticommutator relation above implies

γ5 γµ = −γµ γ5, for µ = 0, 1, 2, 3. (9.9)

A† is the hermitian conjugate ofA, AT is the transpose ofA, andA∗ is the complex conjugate ofA.

A† ≡ (AT)
∗
. (9.10)

γ0 is both real and symmetric and hence hermitian.
(

γ0
)∗

= γ0,
(

γ0
)T

= γ0, (9.11)
(

γ0
)†

= γ0, γ0 γ0 = 1, (9.12)

(γr)† = −γr, γr γr = −1, r = 1, 2, 3, (9.13)
(

γ5
)†

= γ5, γ5 γ5 = 1. (9.14)
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10 Lepton Spinoru(p, σ) Conventions

If p refers to the particle momentum four-vectorpµ, the lepton Dirac spinor is the four element column matrixu(p, σ)

whereσ = +1 picks out positive helicityh = +1/2 andσ = −1 picks out negative helicityh = −1/2. We also have

the basic property

p/ u(p, σ) = mu(p, σ), (10.1)

where the Feynman slashed momentum symbol is (using the summation convention)

p/ ≡ γµ p
µ. (10.2)

The corresponding barred particle spinor is a four element row matrix

ū(p, σ) ≡ u(p, σ)† γ0. (10.3)

The component̄ua is then defined by (using the summation convention for repeated matrix indices)

ūa = u∗
b γ

0
ba. (10.4)

The lepton Dirac spinor normalization is

ū(p, σ) u(p, σ′) = 2mδσ σ′, σ, σ′ = ±1, (10.5)

and we also have the “projection matrix” relation
∑

σ=±1

u(p, σ) ū(p, σ) = p/+m, (10.6)

in which the4× 4 identity matrix1 is understood to be multiplying the scalar mass symbolm, and againp/ = pµ γ
µ.

11 Anti-Lepton Spinor v(p, σ) Conventions

Theantilepton Dirac spinor is the four element column matrixv(p, σ) in whichσ = +1 picks out the positive helicity

h = +1/2 antiparticle state andσ = −1 picks out negative helicityh = −1/2 antiparticle state, and is defined (with

P/S phase choice) via

v(p, σ) = −γ5 u(p,−σ) (11.1)

with the basic property

p/ v(p, σ) = −mv(p, σ). (11.2)

The corresponding barred antiparticle spinor is a four element row matrix

v̄(p, σ) ≡ v(p, σ)† γ0 (11.3)

and the normalization is

v̄(p, σ) v(p, σ′) = −2mδσ σ′ σ, σ′ = ±1. (11.4)

We also have the “projection matrix” relation
∑

σ

v(p, σ) v̄(p, σ) = p/−m (11.5)
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12 Polarized→ Unpolarized, Traces

Calculation of unpolarized cross sections requires summing the absolute value squared of a polarized amplitude over the

helicities of the final particles and averaging over the helicities of the initial particles. The result can be written asthe

matrix trace of a4× 4 matrix. Here is an example. We use a compressed notation in which, for example

u1 ≡ u(p1, σ1), u2 ≡ u(p2, σ2). (12.1)

Recall thatA∗ is the complex conjugate ofA, and ū ≡ u† γ0. If u is a column matrix, then bothu† anduT are row
matrices. LetΓ be anarbitrary 4× 4 matrix.

One can show that

(ū2 Γu1)
∗ = ū1 Γ̄u2 (12.2)

in which

Γ̄ ≡ γ0 Γ† γ0. (12.3)

Thus, making use of the reality and symmetry ofγ0, and displaying matrix indices and using the summation convention

for those matrix indices)

(ū2 Γu1)
∗ =

(

ū2 Γ γ0 γ0 u1

)∗

=
{

ū2a

(

Γ γ0 γ0
)

ab
u1b

}∗

=
{(

u∗
2c γ

0
ca

) (

Γ γ0 γ0
)

ab
u1b

}∗

=
{

u∗
2c γ

0
ca Γad γ

0
de γ

0
eb u1b

}∗

= u∗
1b γ

0
be γ

0
ca Γ

∗
ad γ

0
de u2c

= ū1e γ
0
ed Γ

†
da γ

0
ac u2c

= ū1e Γ̄ec u2c

= ū1 Γ̄ u2.

We made no use of the properties of the lepton spinors in the above manipulation, so a similar identity holds for any pair
w1 andw2 of four-element column vectors.

We can now use this result as follows:
∑

σ1 σ2

|ū2 Γu1|2 =
∑

σ1 σ2

ū2 Γu1 ū1 Γ̄u2 (12.4)

We use the sum overσ1 to replaceu1 ū1 by (p/1 +m), and are left with

∑

σ2

ū2 Γ̂u2, Γ̂
.
= Γ (p/1 +m) Γ̄. (12.5)

Writing out the matrix indices explicitly, the sum becomes (using the summation convention for repeated matrix indices)
∑

σ2

ū2 a Γ̂a b u2 b = Γ̂a b

∑

σ2

u2 b ū2 a = Γ̂a b (p/2 +m)b a = Trace{Γ̂ (p/2 +m)} (12.6)
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Note thatTrace(AB) = Trace (BA). We then have
∑

σ1 σ2

|ū2 Γu1|2 = Trace{(p/2 +m) Γ (p/1 +m) Γ̄}. (12.7)

in which (to repeat ourselves)

Γ̄ = γ0 Γ† γ0. (12.8)

13 Symbolic Methods vs. Explicit Matrix Methods

Loading the Dirac package is accomplished by the commandload("dirac3.mac") (or just load(dirac3) if you
have set up your init file as recommended in Maxima by Example,Chapter 1). Thedirac3.mac file itself then loads five
package files:simplifying-new.lisp , dgtrace3.mac , dgcon3.mac , dgeval3.mac , anddgmatrix3.mac .

Here is the information displayed when you first loaddirac3.mac . (You can comment out the sections, indirac3.mac ,
which display this information, to avoid having to deal withit each time you load the package.)

For interactive examples in this pdf document, we prefer to use the Xmaxima interface to Maxima, since production of
a pdf via Xmaxima input and output (Tex to dvi to ps to pdf) is somuch easier than if we were to show sections of the
wxMaxima input and output ( requiring a painful Tex editing process). We have restored thedisplay2d:true setting
for better matrix displays.

Maxima 5.36.1 http://maxima.sourceforge.net
using Lisp SBCL 1.2.7
Distributed under the GNU Public License. See the file COPYI NG.
Dedicated to the memory of William Schelter.
The function bug_report() provides bug reporting informat ion.

maxima_userdir = c:/work5

(%i1) load(dirac3);
dirac3.mac
simplifying-new.lisp
dgtrace3.mac
dgcon3.mac
dgeval3.mac
dgmatrix3.mac
current symbol assignments

scalarL = [c1,c2,c3,c4,c5,c6,c7,c8,c9,c10]
indexL = [n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,la,mu,nu,rh, si,ta,al,be,ga,de,ep]

massL = [m,M]
Nlast = 0

reserved program capital letter name use:
Chi, Con, D, Eps, EpsL, G, G(1), G5, G5p
Gam, Gm, Gtr, KD, LI, Nlast, UI, P, S
Sig, Sigb, SIG, UU, VP, VV
I2, Z2, CZ2, I4, Z4, CZ4, RZ4, N1,N2,...
reserved array names: gmet, eps4, eps4L

invar_flag = true
stu_flag = false

(%o1) c:/work5/dirac3.mac

Note from the last two printouts, thatinvar_flag = true andstu_flag = false (our defaults).

The fact thatinvar_flag = true means that the symbolic trace functiontr will automatically make use of the list
invarR (produced by the functionset_invarR ) which defines the replacements forD(pa,pb) in terms of the Man-
delstam variabless, t , u. (After the package loads,invarR has the default value[] , an empty list.)

The fact thatstu_flag = false means that the functionnoncov will not automatically replace the Mandelstam vari-
abless, t, u , by s_th, t_th, and u_th .
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The file dgfunctions3.txt has an alphabetical listing of theDirac3 package symbols with the name of the file
(* .mac ) in which the definition or Maxima code for that symbol will befound.

One should then go to that file (load into your text editor: I use notepad++ ) and use a name search for the symbol. Near
the top and/or bottom of many of the Maxima function codes will be notes on syntax, purpose, functions which call it,
and (for the most important functions) some explicit examples of use and output. Once the program is loaded into either
Xmaxima or wxMaxima, you can experiment with calls to any of these functions, using the interactive mode.

Symbols for Lorentz indices need to be declared using the function Mindex , such as

Mindex(n11,n12);

However, a set of default Lorentz index symbols has been defined indirac3.mac with the command:
Mindex (n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,la,mu,nu,rh,s i,ta,al,be,ga,de,ep)$ ,
and the package listindexL will show you the current Lorentz index symbols recognised.There is a functionunindex

which allows you to remove recognised Lorentz index symbolsfrom the listindexL . The Lorentz indices such asn1 or
mu, nu,... take values{0,1,2,3} .

dirac3.mac also assigns two default symbols to be recognised as symbolsfor particle masses, using the command:
Mmass (m,M)$ ( for “make mass”). The package listmassL will show you the current list of recognised mass symbols.
For example, if you want to also use the symbolsm1andm2 for masses, you use the commandMmass (m1,m2); (we
show this example below). The listmassL is then updated to contain four recognised mass symbols.

The launch filedirac3.mac also defines a default set of scalars, using the command:
Mscalar (c1,c2,c3,c4,c5,c6,c7,c8,c9,c10)$ (for “make scalars”). You can see the current list of recognised
scalars in the package listscalarL . (There is a functionunscalar which both removes symbols from the listscalarL

and also removes thescalar property).

An atom (like p1 or a) which is not a recognised Lorentz index symbol, not a recognised mass symbol, and not a recog-
nised declared scalar, is treated as a 4-momentum (or Feynman slashed momentum, depending on the context) symbol.

Purely symbolic entities include the symbolic metric tensor Gm (mu,nu) corresponding togµ ν (or gµ ν depending on
the context) , the symbolic dot product of four vectorsD(p1,p2) corresponding top1 · p2, the symbolic four dimensional
“antisymmetric” tensorEps(mu,nu,rh,si) corresponding toǫµν ρσ. (Eps however is not treated as antisymmetric
until conversion (usingnoncov ) to the numerical arrayeps4[n1,n2,n3,n4] occurs).

A new feature of version 3 is the symbolEpsL(mu,nu,rh,si) corresponding toǫµ ν ρ σ. (EpsL however is not treated
as antisymmetric until conversion (usingnoncov ) to the numerical arrayeps4L[n1,n2,n3,n4] occurs).

A symbolic contravariant four vector component is described with the notationUI(p,mu) , corresponding topµ, and
is converted to the array componentp[mu] by noncov (see below). The covariant componentpµ is described by
LI(p,mu) . With our metric convention,p0 = p0.

Our metric convention (more details later) for lowering indices, etc., is

gµν = gµν =









1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1









(13.1)

with Lorentz indices running over0, 1, 2, 3.
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We use the same notation conventions as P/S (Peskin and Schroeder) and Maggiore,ǫ0123 = +1, the electromagnetic
units are Heaviside-Lorentz, and natural units are used, soe2 = 4πα.

The only exception is that we interpret the Feynman rules as an expression for the quantity−iM , following the conven-
tions of Griffiths, and Halzen/Martin.

13.1 Symbolic Contractions of Symbolic Products of Dirac matrices

We useG (A,B,C,...) for the symbolic representation of a product of a combination of Dirac gamma matrices and
slashed 4-momentum matrices.

The expressionG(mu) representsγµ. The expressionG(1) represents the4× 4 unit matrix1. Don’t confuse the product
of two dirac matricesG(mu,nu) with the symbol for the metric tensorGm(mu,nu) representinggµν .

The expressionG(mu,p,nu,q) , for example, represents the purely symbolic product of four matricesγµ p/ γν q/, in
which the Feynman slashed matrixp/ = pα γα (using the summation convention).

G5 is the symbol that stands forγ5, itself a product of the fundamental Dirac matrices (we discuss our conventions in
more detail later).

γ5 = i γ0 γ1 γ2 γ3, (13.2)

although our program doesn’t explicitly recognize this equation if we use(is(equal..))

(%i2) is(equal(G5,%i * G(0) * G(1) * G(2) * G(3)));
(%o2) unknown

and the symbols are just that for now (they don’t evaluate to anything):

(%i3) G(1);
(%o3) G(1)
(%i4) G(mu);
(%o4) G(mu)
(%i5) G5;
(%o5) G5
(%i6) G(mu,p,nu,q);
(%o6) G(mu, p, nu, q)
(%i7) Gm(mu,nu);
(%o7) Gm(mu, nu)
(%i8) Gm(0,0);
(%o8) Gm(0, 0)

However, the filedirac3.mac declares that the symbolic four-vector dot productD(p,q) is symmetric, as is the sym-
bolic metric tensorGm(mu,nu) , as an aid in automatic simplification of expressions.

(%i9) D(p,q);
(%o9) D(p, q)
(%i10) D(q,p);
(%o10) D(p, q)
(%i11) Gm(mu,nu);
(%o11) Gm(mu, nu)
(%i12) Gm(nu,mu);
(%o12) Gm(mu, nu)

Contraction of an expression with contravariant indices, two of which are equal, involves lowering one of the indices
and summing the resulting expression over the four values ofthe repeated index.
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“Product rules” or “contraction rules” for the Dirac matrices are (using the summation convention)

γµγ
µ = 4 · 1

γµγ
νγµ = −2γν

γµ a/ γ
µ = −2a/

γµ a/ γ
µb/ = −2a/ b/

γµ a/ γ
µγν = −2a/ γν

Our contraction functionCon has the syntax forms:Con(expr) or Con(expr,index) , orCon(expr,index1,index2) ,
etc. In the following five examples, we use the first form, letting the program find the sole contraction index on its own.

(%i13) Con (G(mu,mu));
(%o13) 4 G(1)
(%i14) Con (G(mu,nu,mu));
(%o14) - 2 G(nu)
(%i15) Con (G(mu,p1,mu));
(%o15) - 2 G(p1)
(%i16) Con( G(mu,p1,mu,p2));
(%o16) - 2 G(p1, p2)
(%i17) Con( G(mu,p1,mu,nu));
(%o17) - 2 G(p1, nu)

Likewise, we have

γµγ
νγλγµ = 4 gνλ 1

γµ a/ b/ γ
µ = 4(a · b)1

Recall that the symbol for the metric tensor isGm(mu,nu) representinggµν .

(%i18) Con(G(mu,nu,la,mu));
(%o18) 4 G(1) Gm(la, nu)
(%i19) grind(%)$
4* G(1) * Gm(la,nu)$
(%i20) Con(G(mu,a,b,mu));
(%o20) 4 G(1) D(a, b)
(%i21) grind(%)$
4* G(1) * D(a,b)$

in which D(p1,p2) is the symbol we use for the four-vector dot product (scalar product) of the four-momentum vectors
p1 andp2.

(%i22) noncov(D(a,b));
(%o22) (- a b ) - a b - a b + a b

3 3 2 2 1 1 0 0
(%i23) grind(%)$
(-a[3] * b[3])-a[2] * b[2]-a[1] * b[1]+a[0] * b[0]$

The package functionnoncov assumes we have defined reference frame dependent four vector arrays to represent the 4-
momenta (most easily done with the functioncomp_def , more about this later). Note that youdon’t need to tell Maxima
that a andb are symbols for 4-vectors. Theexplicit expression for the invariant dot product of two 4-vectors can be
immediately achieved by usingVP (“vector product”):

(%i24) VP(a,b);
(%o24) (- a b ) - a b - a b + a b

3 3 2 2 1 1 0 0
(%i25) grind(%)$
(-a[3] * b[3])-a[2] * b[2]-a[1] * b[1]+a[0] * b[0]$

The superfluous parentheses on the first term of the output here is an artifact of a minor bug in the version of Maxima we
are using, which doesn’t interfere with the mathematical correctness of an expression.
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Continuing with contraction of products of Dirac matrices,we have

γµγ
νγλγσγµ = −2γσγλγν

γµ a/ b/ c/ γ
µ = −2 c/ b/ a/

(%i26) Con( G(mu,nu,la,si,mu));
(%o26) - 2 G(si, la, nu)
(%i27) Con( G(mu,a,b,c,mu));
(%o27) - 2 G(c, b, a)

The Dirac gamma matrices should satisfy the anticommutation relations ( note{A,B} = AB +BA):

{γµ, γν} = 2 gµν1 {γ5, γµ} = 0. (13.3)

Our symbolic products do not exhibit the latter property:

(%i28) is(equal(G(G5,mu),-G(mu,G5)));
(%o28) unknown

but our explicit matrix products (see next section) do.

13.2 Explicit Dirac Matrices in the Helicity (Chiral) Repre sentation and mcon

In addition to using symbolic Dirac matrix products, as shown above, we also useexplicit matrix definitions (defined in
dgmatrix3.mac ) in a chosen representation.

The helicity (chiral) representation is used for explicit matrix methods; in this representation, the Dirac gamma matrices

(in 2 × 2 block form) are

γ0 =

(

0 1

1 0

)

, γj =

(

0 σj

−σj 0

)

, γ5 =

(

−1 0

0 1

)

, (13.4)

in whichσj for j = 1, 2, 3 are the2 × 2 Pauli matrices

σ1 =

(

0 1

1 0

)

, σ2 =

(

0 −i

i 0

)

, σ3 =

(

1 0

0 −1

)

. (13.5)

The above form forγ5 is equivalent to the matrix product

γ5 = i γ0 γ1 γ2 γ3. (13.6)

The elements of the arrayGam[mu], defined formu = 0,1,2,3,5 , are4 x 4 Maxima matrices:

(%i29) Gam[0];
[ 0 0 1 0 ]
[ ]
[ 0 0 0 1 ]

(%o29) [ ]
[ 1 0 0 0 ]
[ ]
[ 0 1 0 0 ]

(%i30) Gam[1];
[ 0 0 0 1 ]
[ ]
[ 0 0 1 0 ]

(%o30) [ ]
[ 0 - 1 0 0 ]
[ ]
[ - 1 0 0 0 ]
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(%i31) Gam[2];
[ 0 0 0 - %i ]
[ ]
[ 0 0 %i 0 ]

(%o31) [ ]
[ 0 %i 0 0 ]
[ ]
[ - %i 0 0 0 ]

(%i32) Gam[3];
[ 0 0 1 0 ]
[ ]
[ 0 0 0 - 1 ]

(%o32) [ ]
[ - 1 0 0 0 ]
[ ]
[ 0 1 0 0 ]

(%i33) Gam[5];
[ - 1 0 0 0 ]
[ ]
[ 0 - 1 0 0 ]

(%o33) [ ]
[ 0 0 1 0 ]
[ ]
[ 0 0 0 1 ]

(%i34) Gam[4];
(%o34) Gam

4
(%i35) grind(%)$
Gam[4]$

The explicitPauli Matrices are available as the matricesSig[i] , defined indgmatrix3.mac .

(%i36) Sig[1];
[ 0 1 ]

(%o36) [ ]
[ 1 0 ]

(%i37) grind(%)$
matrix([0,1],[1,0])$
(%i38) Sig[2];

[ 0 - %i ]
(%o38) [ ]

[ %i 0 ]
(%i39) Sig[3];

[ 1 0 ]
(%o39) [ ]

[ 0 - 1 ]
(%i40) Sig[1] . Sig[1];

[ 1 0 ]
(%o40) [ ]

[ 0 1 ]
(%i41) is(equal(Sig[1] . Sig[2], %i * Sig[3]));
(%o41) true

The gamma matrices satisfy the anticommutation relations

{γµ, γν} = 2 gµν {γ5, γµ} = 0, (13.7)

in which the unit4 × 4 matrix is understood to be multiplying the right hand side ofboth equations. We can check this
using our explicit gamma matricesGam[mu], and using our explicit matrix anticommutator functionacomm(A,B) , and
our explicit4× 4 zero matrixZ4 and our explicit4× 4 unit matrix I4 .

(%i2) acomm(A,B);
(%o2) B . A + A . B
(%i3) test(i,j) := acomm(Gam[i],Gam[j]) - 2 * gmet[i,j] * I4$
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(%i4) test(0,0);
[ 0 0 0 0 ]
[ ]
[ 0 0 0 0 ]

(%o4) [ ]
[ 0 0 0 0 ]
[ ]
[ 0 0 0 0 ]

(%i5) Z4;
[ 0 0 0 0 ]
[ ]
[ 0 0 0 0 ]

(%o5) [ ]
[ 0 0 0 0 ]
[ ]
[ 0 0 0 0 ]

(%i6) for i:0 thru 3 do
for j:i thru 3 do

print(i,j," ",is(equal(test(i,j),Z4)))$
0 0 true
0 1 true
0 2 true
0 3 true
1 1 true
1 2 true
1 3 true
2 2 true
2 3 true
3 3 true
(%i7) I4;

[ 1 0 0 0 ]
[ ]
[ 0 1 0 0 ]

(%o7) [ ]
[ 0 0 1 0 ]
[ ]
[ 0 0 0 1 ]

The second anticommutator relation implies

γ5 γµ = −γµ γ5, for µ = 0, 1, 2, 3, (13.8)

and we again useacommas a check of this property

(%i8) for mu:0 thru 3 do
print (mu," ",is(equal(acomm (Gam[5], Gam[mu]),Z4)))$

0 true
1 true
2 true
3 true

In the filedgmatrix3.mac , you can also find the definitions of the explicit Dirac particle spinor (4-component col-
umn vector)UU, and the explicit Dirac anti-particle spinor (also a 4-component column vector)VV, (both defined using
Maxima’smatrix function) and having a concrete form which is generated fromthe specified 4-momentum and helicity
of the particle or anti-particle. Many examples of explicitmatrix methods (based ondgmatrix3.mac code) will be found
in the wxMaxima worksheets.

The filedirac3.mac includes some definitions of useful utility functions, and also defines the explicit numerical metric
tensor arraygmet[mu,nu]

(%i2) arrayinfo (gmet);
(%o2) [complete, 2, [3, 3]]
(%i3) listarray (gmet);
(%o3) [1, 0, 0, 0, 0, - 1, 0, 0, 0, 0, - 1, 0, 0, 0, 0, - 1]
(%i4) gmet[0,0];
(%o4) 1
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and the explicit four dimensional completely antisymmetric tensor array components for
eps4[mu,nu,rh,si] andeps4L[mu,nu,rh,si] . (The Lorentz indicesmu, nu,... take values0,1,2,3 .)

13.2.1 Use of noncov

The functionnoncov convertsEps(mu,nu,rh,si) to eps4[mu,nu,rh,si] (with the convention thatǫ01 23 = 1),
and convertsEpsL(mu,nu,rh,si) to eps4L[mu,nu,rh,si] (with the convention thatǫ01 23 = −1).

(%i5) noncov(Eps(mu,nu,la,si));
(%o5) eps4

la, mu, nu, si
(%i6) grind(%)$
eps4[la,mu,nu,si]$
(%i7) noncov(EpsL(mu,nu,la,si));
(%o7) eps4L

la, mu, nu, si
(%i8) eps4[0,1,2,3];
(%o8) 1
(%i9) eps4L[0,1,2,3];
(%o9) - 1

Likewise,noncov convertsGm(mu,nu) to gmet[mu,nu] , convertsUI(p,mu) to p[mu] , and convertsLI(p,mu) to
sum (gmet[mu,nu] * p[nu],nu,0,3) . For exampleLI (p,0) --> p[0], LI (p,1) --> -p[1] .

(%i10) noncov(Gm(mu,nu));
(%o10) gmet

mu, nu
(%i11) grind(%)$
gmet[mu,nu]$
(%i12) noncov(UI(p,mu));
(%o12) p

mu
(%i13) grind(%)$
p[mu]$

Notice that withdisplay2d = true , the position of the indexmu is technically incorrect. We have not embedded our
program into Maxima’s tensor packages, which would have provided the correct placement of contravariant indices. We
must simply remember thatp[mu] is a contravariant component ofp.

The conversion of a covariant component of the 4-vectorp, usingnoncov , is:

(%i14) noncov(LI(p,mu));
(%o14) p gmet + p gmet + p gmet + p gmet

3 3, mu 2 2, mu 1 1, mu 0 0, mu
(%i15) grind(%)$
p[3] * gmet[3,mu]+p[2] * gmet[2,mu]+p[1] * gmet[1,mu]+p[0] * gmet[0,mu]$
(%i17) noncov( LI(p,0));
(%o17) p

0
(%i18) noncov( LI(p,1));
(%o18) - p

1

The functionnoncov also convertsD(p,q) into sum (sum (gmet[mu,nu] * p[mu] * q[nu],nu,0,3),mu,0,3) , which
reduces to the single sumsum (gmet[mu,mu] * p[mu] * q[mu],mu,0,3) , which becomes the explicit sum
p[0] * q[0] - p[1] * q[1] - p[2] * q[2] - p[3] * q[3] .

(%i19) noncov(D(p,q));
(%o19) (- p q ) - p q - p q + p q

3 3 2 2 1 1 0 0
(%i20) grind(%)$
(-p[3] * q[3])-p[2] * q[2]-p[1] * q[1]+p[0] * q[0]$
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The functionnoncov doesnothing to G(...) .

(%i21) noncov(G(mu,nu,al,be));
(%o21) G(mu, nu, al, be)

13.2.2 The Use of compdef

The reference frame dependent functioncomp_def (p(Ep,px,py,pz)) creates anarray with the namep whose
elements can be viewed usinglistarray (p) and whose elements can be accessed by usingp[0] to get the valueEp,
usingp[1] to get the valuepx , etc.

(%i22) comp_def(p1(E,p * sin(th),0,p * cos(th)));
(%o22) done
(%i23) listarray(p1);
(%o23) [E, p sin(th), 0, p cos(th)]
(%i24) p1[0];
(%o24) E

The symbolic trace of a product of gamma matrices is usually carried out using thetr function. Thus the syntax
tr(mu,nu,rh,si) carries out the trace of a product of four Dirac gamma matrices.

13.2.3 The Use of mattrace and m tr

The same calculation can be carried out using explicit Maxima matrices using the syntax:
mat_trace (Gam[mu] . Gam[nu] . Gam[rh] . Gam[si]);

(although one must supply definite values for the Lorentz index symbolsmu, nu, rh, si to get a simple result from
the explicit matrix method ).

A simpler-to-use function for the trace of explicit matrix expressions ism_tr . For example,m_tr (mu,p,q,nu) uses
the exact same syntax astr but internally translates this into
mat_trace (Gam[mu] . sL(p) . sL(q) . Gam[nu]) .

13.2.4 The Use of mcon for Contraction of Explicit Matrix Expressions

To obtain useful frame-dependent expressions from the explicit matrix methods, one should first usecomp_def to define
the frame dependent components of relevant 4-momenta, thenuse either them_tr or mat_trace syntax for the trace, and
then usemcon (not Con) for contraction. The correct syntax formcon (“m” for matrix) always includes the contraction
indices to be summed over, as inmcon(expr, mu, nu,...) , otherwise no contraction will occur.

13.2.5 Symbolic Traces of Expressions which includeγ5

S A symbolic trace involving a gamma5 matrix, such astr (G5,p,nu,rh,si) generates expressions proportional to
(for example)LI(p,N1) * Eps (N1,nu,rh,si) , in which N1 is an unsummed “dummy index” created by the code.
(The sum over that dummy index is done by the later use ofnoncov .) The global symbolNlast will always tell you
what the last dummy symbol created is.

(%i25) mytr : tr (G5,p,nu,rh,si);
(%o25) - 4 %i LI(p, N1) Eps(N1, nu, rh, si)
(%i26) Nlast;
(%o26) 1

The symbolictr code creates these dummy indices in the orderN1,N2,... and establishesindexp anddummypat-
tributes, so that, for example,indexp (N1) --> true anddummyp (N1) --> true .
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(%i27) indexp (N1);
(%o27) true
(%i28) dummyp (N1);
(%o28) true

13.2.6 Using Gtr to Convert G(a,b,c) into tr(a,b,c)

An expression or sum of terms involvingG(a,b,c,..)’s can be converted into an expression (or sum of such) in which
eachG(...) is replace bytr (...) by using the symbolic functionGtr .
ThusGtr (G(a,b,c,d)) --> tr (a,b,c,d) .

The symbolic trace functiontr automatically contracts on repeated Lorentz indices, such as intr (mu,p,q,mu) , be-
fore using the actual trace algorithms. The package function Gtr performs a symbolic trace on an expression containing
a factorG(a,b,...) by replacingGby tr (see below).

Symbolic contraction (without the trace) on repeated indices in a symbolic product of gamma matrices can be done using
Con, which recognises a symbolic case and then calls our packagefunction scon . Examples in whichscon (“s” for
“symbolic”) is called byCon are:Con (G (mu,p,q,mu)) (equivalent toscon(G(mu,p,q,mu)))

and
Con (G (mu,G5,mu)) (equivalent toscon(G(mu,G5,mu))) .

(%i2) mytr : tr (mu, p, q, mu);
(%o2) 16 D(p, q)
(%i3) Con (G (mu,p,q,mu));
(%o3) 4 G(1) D(p, q)
(%i4) Con (G (mu,p,q,mu), mu);
(%o4) 4 G(1) D(p, q)
(%i5) Gtr (%);
(%o5) 16 D(p, q)
(%i6) mytr : tr (mu,G5,mu);
(%o6) 0
(%i7) Con (G(mu,G5,mu));
(%o7) - 4 G(G5)
(%i8) Gtr(%);
(%o8) 0
(%i9) fundef(Gtr);
(%o9) Gtr(expr) := (subst(’tr, G, expr), ev(%%), expand(%% ))

13.2.7 Comparison of Con, scon and mcon

Con (andscon ) automatically contract on all repeated Lorentz indices unless the user explicitly supplies the desired con-
traction indices.

For example,Con (G(mu,nu,p,q,nu,mu),mu,nu) (or the same withCon --> scon ) will carry out symbolic con-
traction on bothmuandnu and produce the same answer asCon (G(mu,nu,p,q,nu,mu)) .
But Con (G(mu,nu,p,q,nu,mu),nu) will only contract onnu.

When usingexplicit Dirac gamma matrices and Maximamatrix methods, it is preferable to use
mcon (expr, index1, index2, ...) for contraction (i.e., you must always supply the desired contraction indices),
although callingCon instead should in principle recognise the matrix characterof the expression and callmcon. You must
always supply the desired contraction indices toCon (which will recognise the explicit matrix case and callmcon with
the desired contraction indices). For example,
Con (mat_trace (Gam[mu] . sL(p) . sL(q) . Gam[mu]), mu) or the same withCon --> mcon .
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(%i10) mcon (mat_trace (Gam[mu] . sL(p) . sL(q) . Gam[mu]), m u);
(%o10) (- 16 p q ) - 16 p q - 16 p q + 16 p q

3 3 2 2 1 1 0 0
(%i11) Con (mat_trace (Gam[mu] . sL(p) . sL(q) . Gam[mu]), mu );
(%o11) (- 16 p q ) - 16 p q - 16 p q + 16 p q

3 3 2 2 1 1 0 0

A frequent case met with in the examples worked out is the symbolic contraction of a product of symbolic traces each
produced bytr . The most efficient symbolic method is to first convert each ofthe symbolic trace expressions into
expressions depending oneps4 , gmet , and 4-momentum components likep[1] by usingnoncov before the contraction.

13.2.8 Use of nctr

This is such a common approach, that the package functionnc_tr is defined to immediately applynoncov to each trace
result returned from the functiontr1 (controlled bysimp_tr1 via simplifying-new.lisp ) called byTR1, which is
called bytr .

One then needs the contraction of products of such expressions, which should be carried out usingmcon.

The explicit metric tensor, represented by the arraygmet[mu,nu] , has, of course, definite values for the components.
Here we use bothmcon andCon for contaction of the metric tensor in the explicit array form gmet[mu,nu] .

(%i2) listarray (gmet);
(%o2) [1, 0, 0, 0, 0, - 1, 0, 0, 0, 0, - 1, 0, 0, 0, 0, - 1]
(%i3) gmet[0,0];
(%o3) 1
(%i4) mcon( gmet[mu,mu], mu);
(%o4) 4
(%i5) Con ( gmet[mu,mu], mu);
(%o5) 4

We can also use the Maxima functionsum. Note that

gµµ =
∑

ν

gµνg
µν ,

(

�
�
�

∑

µ

)

, (13.9)

so
∑

µ

gµµ =
∑

µν

gµνg
µν = 4, (13.10)

which can be calculated in Maxima as

(%i6) sum ( sum (gmet[i,j] * gmet[i,j],j,0,3),i,0,3);
(%o6) 4

13.3 Some Symbolic Contraction Examples

The symbolic contraction functionsscon or Con call the functionscon11(expr, index) , which can be called directly.
The functionscon11(expr,index) assumesexpr is a single term, and performs symbolic contraction with respect to
the supplied index symbol.

As an example of symbolic contraction of the expression−pµqµrν/3 with respect to the Lorentz indexµ,

−1

3
pµqµrν → −1

3
rν

µ=3
∑

µ=0

pµqµ, (13.11)
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we use firstscon11 with the required contraction index supplied, and thenscon , with and without the contraction index,
and thenCon, with and without the contraction index.

We expect the answer

−1

3
rνp · q. (13.12)

13.3.1 UI(p,mu) andpµ

The symbolUI(p,mu) (“upper index”) is used to stand forpµ, and the symbolD(p,q) is used to stand for the four-vector
productp · q.

If the contraction index is not explicitly supplied, when using eitherCon or scon , the program assumes there is one
repeated Lorentz index in each term of the supplied expression, and automatically contracts with respect to the single
repeated Lorentz index found in each term.

(%i2) scon11(-UI(p,mu) * UI(q,mu) * UI(r,nu)/3,mu);
D(p, q) UI(r, nu)

(%o2) - -----------------
3

(%i3) scon(-UI(p,mu) * UI(q,mu) * UI(r,nu)/3,mu);
D(p, q) UI(r, nu)

(%o3) - -----------------
3

(%i4) scon(-UI(p,mu) * UI(q,mu) * UI(r,nu)/3);
D(p, q) UI(r, nu)

(%o4) - -----------------
3

(%i5) Con(-UI(p,mu) * UI(q,mu) * UI(r,nu)/3,mu);
D(p, q) UI(r, nu)

(%o5) - -----------------
3

(%i6) Con(-UI(p,mu) * UI(q,mu) * UI(r,nu)/3);
D(p, q) UI(r, nu)

(%o6) - -----------------
3

As an example of usingscon or Con for an expression containing more than one term, we considerthe contraction

pνqνrµ + pµqνrν → rµp · q + pµq · r. (13.13)

(%i7) scon(UI(p,nu) * UI(q,nu) * UI(r,mu) + UI(p,mu) * UI(q,nu) * UI(r,nu));
(%o7) D(p, q) UI(r, mu) + UI(p, mu) D(q, r)
(%i8) Con(UI(p,nu) * UI(q,nu) * UI(r,mu) + UI(p,mu) * UI(q,nu) * UI(r,nu));
(%o8) D(p, q) UI(r, mu) + UI(p, mu) D(q, r)

As an example of usingscon or Con for an expression containing more than one contraction index, we consider the
contraction

pµqµrνsν → p · q r · s. (13.14)

(%i9) scon(UI(p,mu) * UI(q,mu) * UI(r,nu) * UI(s,nu),mu,nu);
(%o9) D(p, q) D(r, s)
(%i10) scon(UI(p,mu) * UI(q,mu) * UI(r,nu) * UI(s,nu));
(%o10) D(p, q) D(r, s)
(%i11) Con(UI(p,mu) * UI(q,mu) * UI(r,nu) * UI(s,nu),mu,nu);
(%o11) D(p, q) D(r, s)
(%i12) Con(UI(p,mu) * UI(q,mu) * UI(r,nu) * UI(s,nu));
(%o12) D(p, q) D(r, s)
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13.3.2 LI(p,mu) andpµ

The covariant momentum four-vectorpµ is represented by the symbolLI(p,mu) (“lower index”). Some contraction
examples are:

−1

3
pµqµr

ν → −1

3
rν

µ=3
∑

µ=0

pµqµ. (13.15)

(%i13) Con(-LI(p,mu) * LI(q,mu) * UI(r,nu)/3);
D(p, q) UI(r, nu)

(%o13) - -----------------
3

(%i14) Con(LI(p,mu) * LI(q,mu));
(%o14) D(p, q)

pµqµrνsν → p · q r · s. (13.16)

(%i15) Con(LI(p,mu) * LI(q,mu) * LI(r,nu) * LI(s,nu));
(%o15) D(p, q) D(r, s)

and
pνqνr

µ + pµqνrν → rµp · q + pµq · r. (13.17)

(%i16) Con(LI(p,nu) * LI(q,nu) * UI(r,mu) + UI(p,mu) * LI(q,nu) * LI(r,nu));
(%o16) D(p, q) UI(r, mu) + UI(p, mu) D(q, r)

An example of contraction of our symbolic metric tensor can be carried out in our package using eitherCon or scon (“s”
for symbolic), either specifying the contraction index, ornot:

(%i17) Con (Gm(mu,mu));
(%o17) 4
(%i18) Con (Gm(mu,mu),mu);
(%o18) 4
(%i19) scon (Gm(mu,mu));
(%o19) 4
(%i20) scon (Gm(mu,mu),mu);
(%o20) 4

Our symbolic quantityD(pa,pb) stands for the 4-momentum invariant productpa · pb. Our UI(p,mu) stands forpµ.
Likewise,LI(p,mu) stands forpµ

(%i21) Con(UI(p1,mu) * UI(p1,mu));
(%o21) D(p1, p1)
(%i22) Con(UI(p1,mu) * UI(p2,mu));
(%o22) D(p1, p2)
(%i23) Con(UI(p1,mu) * Gm(mu,nu));
(%o23) UI(p1, nu)
(%i24) Con(LI(p1,mu) * Gm(mu,nu));
(%o24) LI(p1, nu)
(%i25) Con(LI(p1,mu) * Gm(mu,nu),mu);
(%o25) LI(p1, nu)

Contraction ofsymbolicexpressions does not require specifying the contraction index; the repeated contraction indexmu

in the expression is understood to mean summing over that index.
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14 Survey of Some Dirac Package Functions

14.1 Unit Four Tensorδµν , KD, kron delta, Con

The unit four tensorδµν satisfies the condition
δµν A

ν = Aµ, (14.1)

for any four vectorAν and has the definition

δµν = gµν =

{

1 if µ = ν

0 otherwise.
(14.2)

Its trace is
δµµ = 4. (14.3)

The symbolKD(n1,n2) is used to execute contractions which involve the unit tensor.

(%i2) Con(UI(p,n1) * KD(n1,n2));
(%o2) UI(p, n2)
(%i3) Con(UI(p,n1) * KD(n1,n2),n1);
(%o3) UI(p, n2)
(%i4) Con(KD(n1,n5) * Eps(n1,n2,n3,n4));
(%o4) Eps(n5, n2, n3, n4)
(%i5) Con(KD(n1,n5) * Eps(n1,n2,n3,n4),n1);
(%o5) Eps(n5, n2, n3, n4)

The symbolKDhas no numerical values or properties, and can be converted into the core Maxima constantkron_delta

using our package functionconvertKD .

(%i6) kron_delta(1,0);
(%o6) 0
(%i7) kron_delta(1,1);
(%o7) 1
(%i8) KD(1,0);
(%o8) KD(1, 0)
(%i9) convertKD(%);
(%o9) 0
(%i10) KD(1,1);
(%o10) KD(1, 1)
(%i11) convertKD(%);
(%o11) 1
(%i12) KD(n,m);
(%o12) KD(n, m)
(%i13) convertKD(%);
(%o13) kron_delta(m, n)

14.2 p/1 = γµ p
µ
1 , sL(p1)

Using our explicit gamma matrices, we can construct an explicit 4× 4 matrix representingp/1 ≡ γµ p
µ
1

using our package
function sL(p1) ( sL for “slash”). Here,p1 stands for a four-vector, andsL assumes that the components of that four-
vector have been defined either as elements of a list or elements of a hashed array, so thatp01 is given byp1[0] , andp11 is
given byp1[1] , etc.
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Since we have not defined these quantities, they are just written as symbols here:

(%i9) sL(p1);
[ 0 0 p1 - p1 %i p1 - p1 ]
[ 0 3 2 1 ]
[ ]
[ 0 0 (- %i p1 ) - p1 p1 + p1 ]
[ 2 1 3 0 ]

(%o9) [ ]
[ p1 + p1 p1 - %i p1 0 0 ]
[ 3 0 1 2 ]
[ ]
[ %i p1 + p1 p1 - p1 0 0 ]
[ 2 1 0 3 ]

(%i10) grind(%)$
matrix([0,0,p1[0]-p1[3],%i * p1[2]-p1[1]],[0,0,(-%i * p1[2])-p1[1],p1[3]+p1[0]],

[p1[3]+p1[0],p1[1]-%i * p1[2],0,0],[%i * p1[2]+p1[1],p1[0]-p1[3],0,0])$

We can use our functioncomp_def (“components-definition”) to create one or more hashed (zero-based) arrays contain-
ing the components of the four-momentumpµ

1
, and other four vectors. The syntax

comp_def ( p1(E1, p1x,p1y,p1z));

is used, or for more than one 4-vector, for example two:

comp_def ( p1(E1, p1x,p1y,p1z), p2(E2, p2x,p2y,p2z) );

You can have an arbitrary number of arguments tocomp_def .

Here we assume the relativistic energy of a free particle with 4-momentumpµ
1

is E, the magnitude of the 3-momentum
of the particle is represented by the symbolp, and the 3-momentum vector~p1 lies in the z-x plane, making an angleθ
(represented by the symbolth ) with the z-axis. The symbolI4 is a predefined4× 4 unit matrix.

(%i11) comp_def (p1 (E,p * sin(th),0,p * cos(th)))$
(%i12) listarray(p1);
(%o12) [E, p sin(th), 0, p cos(th)]
(%i13) p1[0];
(%o13) E

We can now show the result of the invariant 4-vector dot product functions, symbolicDand explicitVP, when the args are
4-vectors with explicitly defined components:

(%i14) D(p1,p1);
(%o14) D(p1, p1)
(%i15) noncov(%);

2 2
(%o15) E - p
(%i16) VP(p1,p1);

2 2
(%o16) E - p
(%i17) sL(p1);

[ 0 0 E - p cos(th) - p sin(th) ]
[ ]
[ 0 0 - p sin(th) E + p cos(th) ]

(%o17) [ ]
[ E + p cos(th) p sin(th) 0 0 ]
[ ]
[ p sin(th) E - p cos(th) 0 0 ]

(%i18) sL(p1) + m * I4;
[ m 0 E - p cos(th) - p sin(th) ]
[ ]
[ 0 m - p sin(th) E + p cos(th) ]

(%o18) [ ]
[ E + p cos(th) p sin(th) m 0 ]
[ ]
[ p sin(th) E - p cos(th) 0 m ]
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14.3 Dirac Spinors and Helicity Operators

14.3.1 Lepton Spinors,u(p, σ), UU

If we let p temporarily stand for the particle momentum four-vectorpµ, the lepton Dirac spinor is the four element column
matrixu(p, σ) whereσ = +1 picks out positive helicityh = +1/2 andσ = −1 picks out negative helicityh = −1/2.
We also have the basic property

p/u(p, σ) = mu(p, σ). (14.4)

The corresponding barred particle spinor is a four element row matrix

ū(p, σ) = u(p, σ)† γ0 (14.5)

in which the dagger symbol† indicates the hermitian conjugate operation, and the lepton Dirac spinor normalization is

ū(p, σ) u(p, σ′) = 2mδσ σ′, σ, σ′ = ±1, (14.6)

and we also have the “projection matrix” relation
∑

σ=±1

u(p, σ) ū(p, σ) = p/+m, (14.7)

in which the4× 4 identity matrix is understood to be multiplying the scalar mass symbolm, andp/ = pµ γ
µ with use of

the summation convention.

We generate anexplicit Dirac “spinor”, a four element columnmatrix , denoted symbolically byu(p1, σ), corresponding
to a lepton withfour momentum pµ

1
= (E, ~p), using the functionUU(E,p,theta,phi,sv) which descibes a spin

1/2 particle with relativistic energyE, 3-momentum magnitudep, whose 3-vector momentum direction is described by
spherical polar angles(theta,phi) , where0 <= theta <= %pi and0 <= phi <= 2 * %pi , and whose helic-
ity quantum numbersv is 1 for helicity +1/2 andsv is -1 for helicity -1/2 .

(%i2) UU(E,p,th,phi,1);
[ th ]
[ cos(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ %i phi th ]
[ %e sin(--) sqrt(E - p) ]
[ 2 ]

(%o2) [ ]
[ th ]
[ cos(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ %i phi th ]
[ %e sin(--) sqrt(E + p) ]
[ 2 ]

(%i3) UU(E,p,th,phi,-1);
[ - %i phi th ]
[ - %e sin(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ th ]
[ cos(--) sqrt(E + p) ]
[ 2 ]

(%o3) [ ]
[ - %i phi th ]
[ - %e sin(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ th ]
[ cos(--) sqrt(E - p) ]
[ 2 ]



14 SURVEY OF SOME DIRAC PACKAGE FUNCTIONS 44

Thus for arbitrary angles

u(E, p, θ, φ, σ = 1) =









√
E − p cos(θ/2)√

E − p sin(θ/2) eiφ√
E + p cos(θ/2)√

E + p sin(θ/2) eiφ









(14.8)

and

u(E, p, θ, φ, σ = −1) =









−√
E + p sin(θ/2) e−iφ
√
E + p cos(θ/2)

−√
E − p sin(θ/2) e−iφ
√
E − p cos(θ/2)









(14.9)

We can use our explicit spinors to show the property

p/u(p, σ) = mu(p, σ) (14.10)

or, expressed differently,

(p/−m 1)u(p, σ) =









0
0
0
0









(14.11)

To show an explicit example of this property, using our explicit spinors, we make use of our package function
trigcrunch(expr,angle) as well as our package functionpsq_to_Esq(expr,p,E,m) , first for the row 1 element,
and then for the matrix column all at once. The latter method makes use of the core Maxima functionmatrixmap , as
well as the anonymouslambda function.

(%i4) comp_def(p1(E,p * sin(th) * cos(phi),p * sin(th) * sin(phi),p * cos(th)))$
(%i5) listarray (p1);
(%o5) [E, p cos(phi) sin(th), p sin(phi) sin(th), p cos(th)]
(%i6) up1_plus : UU(E,p,th,phi,1)$
(%i7) mprod : (sL(p1) - m * I4) . up1_plus;

%i phi th
(%o7) matrix([%e sin(--) (%i p sin(phi) sin(th) - p cos(phi) sin(th))

2
th th

sqrt(E + p) - m cos(--) sqrt(E - p) + cos(--) sqrt(E + p) (E - p cos (th))],
2 2

th
[cos(--) ((- %i p sin(phi) sin(th)) - p cos(phi) sin(th)) sqr t(E + p)

2
%i phi th %i phi th

- m %e sin(--) sqrt(E - p) + %e sin(--) sqrt(E + p)
2 2

th
(E + p cos(th))], [(- m cos(--) sqrt(E + p))

2
%i phi th

+ %e sin(--) (p cos(phi) sin(th) - %i p sin(phi) sin(th)) sqrt (E - p)
2

th
+ cos(--) sqrt(E - p) (E + p cos(th))],

2
%i phi th th

[(- m %e sin(--) sqrt(E + p)) + cos(--)
2 2

(%i p sin(phi) sin(th) + p cos(phi) sin(th)) sqrt(E - p)
%i phi th

+ %e sin(--) sqrt(E - p) (E - p cos(th))])
2
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(%i8) grind(mprod)$
matrix([%eˆ(%i * phi) * sin(th/2) * (%i * p* sin(phi) * sin(th)-p * cos(phi) * sin(th))

* sqrt(E+p)
-m* cos(th/2) * sqrt(E-p)+cos(th/2) * sqrt(E+p) * (E-p * cos(th))],

[cos(th/2) * ((-%i * p* sin(phi) * sin(th))-p * cos(phi) * sin(th)) * sqrt(E+p)
-m* %eˆ(%i * phi) * sin(th/2) * sqrt(E-p)
+%eˆ(%i * phi) * sin(th/2) * sqrt(E+p) * (E+p * cos(th))],

[(-m * cos(th/2) * sqrt(E+p))+%eˆ(%i * phi) * sin(th/2)

* (p * cos(phi) * sin(th)
-%i * p* sin(phi) * sin(th)) * sqrt(E-p)

+cos(th/2) * sqrt(E-p) * (E+p * cos(th))],
[(-m * %eˆ(%i * phi) * sin(th/2) * sqrt(E+p))

+cos(th/2) * (%i * p* sin(phi) * sin(th)+p * cos(phi) * sin(th)) * sqrt(E-p)
+%eˆ(%i * phi) * sin(th/2) * sqrt(E-p) * (E-p * cos(th))])$

This is a four element column matrix. (Note that Xmaxima displays the output(%o7) using
matrix ([row one],[row two],...) despitedisplay2d = true for this large structure.) Let’s concentrate on
the top element of this column matrix (row one, column one) formally, and call itmp1.

14.3.2 Use of trigcrunch, rootcrunch and matrixmap

We first usetrigcrunch and thenpsq_to_Esq on this element.

(%i2) fundef (trigcrunch);
(%o2) trigcrunch(expr, x) := (trigsimp(expand(demoivre( expr))), to_ao2(%%, x),

rootcrunch(%%))
(%i3) fundef (rootcrunch);
(%o3) rootcrunch(_x%) := (expand(_x%), expand(%% conj(%% )), rootscontract(%%),

factor(%%))

(%i9) mp1 : mprod[1,1];
%i phi th

(%o9) %e sin(--) (%i p sin(phi) sin(th) - p cos(phi) sin(th)) sqrt(E + p)
2

th th
- m cos(--) sqrt(E - p) + cos(--) sqrt(E + p) (E - p cos(th))

2 2
(%i10) trigcrunch(mp1,th);

2 th 2 2 2 2 2
(%o10) - cos (--) (E - p) (2 m sqrt(E - p ) - E + p - m )

2
(%i11) psq_to_Esq(%,p,E,m);
(%o11) 0

We can now work on the whole column matrix at once, usingmatrixmap . Here is the basic behavior we use:

(%i12) M : matrix([a1],[a2],[a3],[a4]);
[ a1 ]
[ ]
[ a2 ]

(%o12) [ ]
[ a3 ]
[ ]
[ a4 ]

(%i13) matrixmap(’f,M);
[ f(a1) ]
[ ]
[ f(a2) ]

(%o13) [ ]
[ f(a3) ]
[ ]
[ f(a4) ]

We first maptrigcrunch on all four elements, via thelambda function method, and then mappsq_to_Esq on all four
elements via the same method, which yields a column vector all of whose elements are zero.



14 SURVEY OF SOME DIRAC PACKAGE FUNCTIONS 46

(%i14) mprodA : matrixmap(lambda([x],trigcrunch (x,th)) , mprod);
2 th 2 2 2 2 2

(%o14) matrix([- cos (--) (E - p) (2 m sqrt(E - p ) - E + p - m )],
2

2 2 2 th
[- (sin (phi) + cos (phi)) sin (--) (E - p)

2
2 2 2 2 2 2 th

(2 m sqrt(E - p ) - E + p - m )], [- cos (--) (E + p)
2

2 2 2 2 2 2 2 2 th
(2 m sqrt(E - p ) - E + p - m )], [- (sin (phi) + cos (phi)) sin (--)

2
2 2 2 2 2

(E + p) (2 m sqrt(E - p ) - E + p - m )])
(%i15) mprodB : matrixmap(lambda([x],psq_to_Esq(x,p,E, m)),mprodA);

[ 0 ]
[ ]
[ 0 ]

(%o15) [ ]
[ 0 ]
[ ]
[ 0 ]

We normally describe scattering in thez-x plane, and if the 3-vector~p makes an angle0 ≤ θ ≤ π with the positivez
axis and we are describing a “positive” helicity (sv = 1 ) (or “righthanded, R”) case, we would use the syntax
up1 : UU(E,p,th,0,1) .

(%i16) up1 : UU(E,p,th,0,1);
[ th ]
[ cos(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ th ]
[ sin(--) sqrt(E - p) ]
[ 2 ]

(%o16) [ ]
[ th ]
[ cos(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ th ]
[ sin(--) sqrt(E + p) ]
[ 2 ]

If the same lepton were instead moving in thez-x plane in theopposite directionand with the same energyE, momentum
magnitudep, and positive helicity, we would use the syntaxup1 : UU (E,p,%pi - th, %pi, 1) .

(%i17) up1 : UU (E,p,%pi - th, %pi, 1);
[ th ]
[ sin(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ th ]
[ - cos(--) sqrt(E - p) ]
[ 2 ]

(%o17) [ ]
[ th ]
[ sin(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ th ]
[ - cos(--) sqrt(E + p) ]
[ 2 ]

Note that we have settrigexpand:true in dirac3.mac , so that we have the behavior:
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(%i18) cos((%pi-th)/2);
%pi - th

(%o18) cos(--------)
2

(%i19) expand(%);
th

(%o19) sin(--)
2

and the last step in the definition ofUUis to applyexpand to the column matrix.

For anegative helicity lepton, in both cases, we would usesv = -1 .
For the case of a lepton with four-momentump1, moving in thez-x plane, using some temporary notation, letup1_plus

be the positive helicity case andup1_minus be thesame lepton with the same energy and thesamedirection of 3-
momentum, but withnegativehelicity.

14.3.3 Lepton Helicity OperatorH, H, Σ, SIG

If we arbitrarily define thehelicity operator applicable to alepton H as

H u(p, σ) = σ u(p, σ), with σ = ±1 (14.12)

then we use

H = Σ · p̂, where p̂ =
~p

| ~p | , (14.13)

and fork = 1, 2, 3

Σk =

[

σk 0

0 σk

]

(14.14)

are available as our4 × 4 matricesSIG[k] , defined in terms of the Pauli matrices. In the following calculations,
to_ao2(expr, angle) is our own function which uses trig identies to replace an expression involvingangle with
an equivalent expression involvingangle/2 .

(%i2) up1_plus : UU(E,p,th,0,1);
[ th ]
[ cos(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ th ]
[ sin(--) sqrt(E - p) ]
[ 2 ]

(%o2) [ ]
[ th ]
[ cos(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ th ]
[ sin(--) sqrt(E + p) ]
[ 2 ]

(%i3) H : sin(th) * SIG[1] + cos(th) * SIG[3];
[ cos(th) sin(th) 0 0 ]
[ ]
[ sin(th) - cos(th) 0 0 ]

(%o3) [ ]
[ 0 0 cos(th) sin(th) ]
[ ]
[ 0 0 sin(th) - cos(th) ]
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(%i4) H_up1_plus : H . up1_plus;
[ th th ]
[ sin(--) sin(th) sqrt(E - p) + cos(--) cos(th) sqrt(E - p) ]
[ 2 2 ]
[ ]
[ th th ]
[ cos(--) sin(th) sqrt(E - p) - sin(--) cos(th) sqrt(E - p) ]
[ 2 2 ]

(%o4) [ ]
[ th th ]
[ sin(--) sin(th) sqrt(E + p) + cos(--) cos(th) sqrt(E + p) ]
[ 2 2 ]
[ ]
[ th th ]
[ cos(--) sin(th) sqrt(E + p) - sin(--) cos(th) sqrt(E + p) ]
[ 2 2 ]

(%i5) H_up1_plus : to_ao2 (%, th);
[ th ]
[ cos(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ th ]
[ sin(--) sqrt(E - p) ]
[ 2 ]

(%o5) [ ]
[ th ]
[ cos(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ th ]
[ sin(--) sqrt(E + p) ]
[ 2 ]

(%i6) is(equal(H_up1_plus,up1_plus));
(%o6) true
(%i7) up1_minus : UU(E,p,th,0,-1);

[ th ]
[ - sin(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ th ]
[ cos(--) sqrt(E + p) ]
[ 2 ]

(%o7) [ ]
[ th ]
[ - sin(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ th ]
[ cos(--) sqrt(E - p) ]
[ 2 ]

(%i8) H_up1_minus : to_ao2( H . up1_minus, th);
[ th ]
[ sin(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ th ]
[ - cos(--) sqrt(E + p) ]
[ 2 ]

(%o8) [ ]
[ th ]
[ sin(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ th ]
[ - cos(--) sqrt(E - p) ]
[ 2 ]

(%i9) is(equal(H_up1_minus,-up1_minus));
(%o9) true
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A barred lepton spinor (a row matrix), corresponding to the column matrix u(p, σ) has the definition

ū(p, σ) = u(p, σ)† γ0. (14.15)

Using our package functionsbar , which has the Maxima code definition

sbar (_uu%) := hc (_uu%) . Gam[0]$

in which hc is the package defined hermitian conjugate function, we can use either of the equivalent routes

up1_plus_bar : sbar (UU(E,p,th,0,1))

or

up1_plus_bar : sbar (up1_plus)

to generate the explicitbarred spinor corresponding to an explicit given Dirac spinor.

We can check thenormalization (14.6) of our lepton Dirac spinor definition here. We first show that

ū(p,+1) u(p,+1) = 2m, (14.16)

using several different paths to arrive at the same answer2m. We useup1_plus andup1_minus already defined above.

(%i10) up1_plus_bar : sbar(up1_plus);
[ th ] [ th ]

(%o10) Col 1 = [ cos(--) sqrt(E + p) ] Col 2 = [ sin(--) sqrt(E + p) ]
[ 2 ] [ 2 ]

[ th ] [ th ]
Col 3 = [ cos(--) sqrt(E - p) ] Col 4 = [ sin(--) sqrt(E - p) ]

[ 2 ] [ 2 ]
(%i11) grind(%)$
matrix([cos(th/2) * sqrt(E+p),sin(th/2) * sqrt(E+p),cos(th/2) * sqrt(E-p),

sin(th/2) * sqrt(E-p)])$
(%i12) ubu : up1_plus_bar . up1_plus;
(%o12) 2 * sin(th/2)ˆ2 * sqrt(E-p) * sqrt(E+p)+2 * cos(th/2)ˆ2 * sqrt(E-p) * sqrt(E+p)

14.3.4 Use of uvsimp

The simplest way to simplify this expression is to use our function uv_simp , defined indirac3.mac with the code

(%i13) fundef (uv_simp);
(%o13) uv_simp(%expr, %p, %E, %m) := trigsimp(uv_simp1(%e xpr, %p, %E, %m))
(%i14) fundef (uv_simp1);
(%o14) uv_simp1(%expr, %p, %E, %m) := (trigsimp(%expr), ro otscontract(%%),

psq_to_Esq(%%, %p, %E, %m))

which gives us our desired answer:

(%i15) uv_simp(ubu,p,E,m);
(%o15) 2 m

Instead of that fast method, it may be more educational to do this massaging one step at a time, for example:

(%i16) ubu1 : trigsimp(ubu);
(%o16) 2 sqrt(E - p) sqrt(E + p)
(%i17) ubu2 : rootscontract(ubu1);

2 2
(%o17) 2 sqrt(E - p )

At this stage there are several ways one can proceed:
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(%i18) ubu2, E = sqrt(pˆ2 + mˆ2);
(%o18) 2 m
(%i19) ratsubst (m, sqrt(Eˆ2 - pˆ2), ubu2);
(%o19) 2 m
(%i20) psq_to_Esq (ubu2,p,E,m);
(%o20) 2 m
(%i21) Esq_to_psq (ubu2,p,E,m);
(%o21) 2 m

In the last two steps, we used the package functionpsq_to_Esq which replaces the symbol for the square of 3-momentum
in terms of the energy symbol and the mass symbol, and then thepackage functionEsq_to_psq which replaces the sym-
bol for the square of the energy in terms of the momentum symbol and the mass symbol. The definitions indirac3.mac

are:
psq_to_Esq (expr,%p,%E,%m) :=

expand (ratsubst (%Eˆ2 - %mˆ2, %pˆ2, expr))$
Esq_to_psq (expr,%p,%E,%m) :=

expand (ratsubst (%mˆ2 + %pˆ2 , %Eˆ2, expr))$

Recall thatratsubst (a,b,c) substitutesa for b in c .

We next show that

ū(p,+1) u(p,−1) = 0. (14.17)
usingup1_plus_bar andup1_minus defined above:

(%i22) up1_plus_bar . up1_minus;
(%o22) 0

We next check the “projection matrix” relation in Eq. (14.7). In order to calculate the right hand side, we need to use
comp_def to assign values to the array componentsp1[j] for j = 0, 1,2,3 .

(%i23) comp_def(p1(E,p * sin(th),0,p * cos(th)))$
(%i24) listarray (p1);
(%o24) [E, p sin(th), 0, p cos(th)]
(%i25) p1[0];
(%o25) E

We can then create the explicit matrixsL(p1) which corresponds top/1, and then letRHSstand for the righthand side of
Eq (14.7), namely:p/1 +m. In the following,I4 is a predefined4× 4 unit matrix.

(%i26) RHS : sL(p1) + m * I4;
[ m 0 E - p cos(th) - p sin(th) ]
[ ]
[ 0 m - p sin(th) E + p cos(th) ]

(%o26) [ ]
[ E + p cos(th) p sin(th) m 0 ]
[ ]
[ p sin(th) E - p cos(th) 0 m ]

We now construct the sumuub_sum on the lefthand side of Eq (14.7). The expressionRHSdepends oncos(th) and
sin(th) , and the Dirac spinors depend oncos(th/2) andsin(th/2) .

14.3.5 Use of frao2

Our package functionfr_ao2(expr, th) uses trig identities to convert trig functions ofth/2 to equivalent functions
of th .
(%i27) up1_minus_bar : sbar (up1_minus);

[ th ] [ th ]
(%o27) Col 1 = [ - sin(--) sqrt(E - p) ] Col 2 = [ cos(--) sqrt(E - p ) ]

[ 2 ] [ 2 ]
[ th ] [ th ]

Col 3 = [ - sin(--) sqrt(E + p) ] Col 4 = [ cos(--) sqrt(E + p) ]
[ 2 ] [ 2 ]
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(%i28) grind(%)$
matrix([-sin(th/2) * sqrt(E-p),cos(th/2) * sqrt(E-p),-sin(th/2) * sqrt(E+p),

cos(th/2) * sqrt(E+p)])$
(%i29) uub_sum :

uv_simp (up1_plus . up1_plus_bar + up1_minus . up1_minus_b ar, p,E,m);
[ m ] [ 0 ]
[ ] [ ]
[ 0 ] [ m ]
[ ] [ ]
[ 2 th ] [ th th ]

(%o29) Col 1 = [ E + 2 p cos (--) - p ] Col 2 = [ 2 p cos(--) sin(--) ]
[ 2 ] [ 2 2 ]
[ ] [ ]
[ th th ] [ 2 th ]
[ 2 p cos(--) sin(--) ] [ E - 2 p cos (--) + p ]
[ 2 2 ] [ 2 ]

[ 2 th ] [ th th ]
[ E - 2 p cos (--) + p ] [ - 2 p cos(--) sin(--) ]
[ 2 ] [ 2 2 ]
[ ] [ ]
[ th th ] [ 2 th ]

Col 3 = [ - 2 p cos(--) sin(--) ] Col 4 = [ E + 2 p cos (--) - p ]
[ 2 2 ] [ 2 ]
[ ] [ ]
[ m ] [ 0 ]
[ ] [ ]
[ 0 ] [ m ]

(%i30) uub_sum1 : fr_ao2 (uub_sum, th);
[ m 0 E - p cos(th) - p sin(th) ]
[ ]
[ 0 m - p sin(th) E + p cos(th) ]

(%o30) [ ]
[ E + p cos(th) p sin(th) m 0 ]
[ ]
[ p sin(th) E - p cos(th) 0 m ]

(%i31) is(equal(uub_sum1,RHS));
(%o31) true

14.3.6 Anti-Lepton Spinors,v(p, σ), VV

Theantilepton Dirac spinor is the four element column matrixv(p, σ) in whichσ = +1 picks out the positive helicity

h = +1/2 antiparticle state andσ = −1 picks out negative helicityh = −1/2 antiparticle state, and is defined (with

P/S phase choice) via

v(p, σ) = −γ5 u(p,−σ) (14.18)

with the basic property

p/ v(p, σ) = −mv(p, σ). (14.19)

The corresponding barred antiparticle spinor is a four element row matrix

v̄(p, σ) = v(p, σ)† γ0 (14.20)

and the normalization is

v̄(p, σ) v(p, σ′) = −2mδσ σ′ σ, σ′ = ±1. (14.21)

We also have the “projection matrix” relation
∑

σ

v(p, σ) v̄(p, σ) = p/−m (14.22)

For the case of an antilepton with four-momentump1, moving in thez-x plane, using some temporary notation, let
vp1_plus be the positive helicity case andvp1_minus be thesameantilepton with the same energy and thesame
direction of 3-momentum, but withnegativehelicity.
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14.3.7 Antilepton Helicity Operator Hv, Hv

If we arbitrarily define thehelicity operator applicable to ananti-lepton Hv as

Hv v(p, σ) = σ v(p, σ), with σ = ±1 (14.23)

then we need to use the definition

Hv = −Σ · p̂, where p̂ =
~p

| ~p | , (14.24)

and fork = 1, 2, 3

Σk =

[

σk 0

0 σk

]

(14.25)

are available as our4 × 4 matricesSIG[k] , defined in terms of the Pauli matrices. In the following calculations,
to_ao2(expr, angle) is our own function which uses trig identies to replace an expression involvingangle with
an equivalent expression involvingangle/2 .

We generate anexplicit antilepton Dirac “spinor”, a four element columnmatrix , denoted symbolically byv(p1, σ), cor-
responding to an antilepton withfour momentum pµ

1
= (E, ~p), using the functionVV(E,p,theta,phi,sv) which

descibes a spin1/2 antilepton with relativistic energyE, 3-momentum magnitudep, whose 3-vector momentum direction
is described by spherical polar angles(theta,phi) , where0 <= theta <= %pi and0 <= phi <= 2 * %pi ,
and whose helicity quantum numbersv is 1 for helicity +1/2 andsv is -1 for helicity -1/2 .

For arbitrary angles (subject to the above), our conventions give

(%i2) VV(E,p,th,phi,1);
[ - %i phi th ]
[ - %e sin(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ th ]
[ cos(--) sqrt(E + p) ]
[ 2 ]

(%o2) [ ]
[ - %i phi th ]
[ %e sin(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ th ]
[ - cos(--) sqrt(E - p) ]
[ 2 ]

(%i3) VV(E,p,th,phi,-1);
[ th ]
[ cos(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ %i phi th ]
[ %e sin(--) sqrt(E - p) ]
[ 2 ]

(%o3) [ ]
[ th ]
[ - cos(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ %i phi th ]
[ - %e sin(--) sqrt(E + p) ]
[ 2 ]
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Thus for arbitrary angles

v(E, p, θ, φ, σ = 1) =









−√
E + p sin(θ/2) e−iφ
√
E + p cos(θ/2)√

E − p sin(θ/2) e−iφ

−
√
E − p cos(θ/2)









(14.26)

and

v(E, p, θ, φ, σ = −1) =









√
E − p cos(θ/2)√

E − p sin(θ/2) eiφ

−√
E + p cos(θ/2)

−√
E + p sin(θ/2) eiφ









(14.27)

We normally describe scattering in thez-x plane, and if the 3-vector~p makes an angleθ ≤ π with the positivez axis and
we are describing a “positive” helicity (sv = 1 ) (or “righthanded, R”) case, we would use the syntax
vp1 : VV(E,p,th,0,1) .

(%i4) vp1 : VV(E,p,th,0,1);
[ th ]
[ - sin(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ th ]
[ cos(--) sqrt(E + p) ]
[ 2 ]

(%o4) [ ]
[ th ]
[ sin(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ th ]
[ - cos(--) sqrt(E - p) ]
[ 2 ]

If the same particle were instead moving in thez-x plane in theopposite directionand with the same energy, momentum
magnitude, and positive helicity, we would use the syntaxvp1 : VV (E,p,%pi - th, %pi, 1) .

(%i5) vp1 : VV (E,p,%pi - th, %pi, 1);
[ th ]
[ cos(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ th ]
[ sin(--) sqrt(E + p) ]
[ 2 ]

(%o5) [ ]
[ th ]
[ - cos(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ th ]
[ - sin(--) sqrt(E - p) ]
[ 2 ]

For a negative helicity antilepton, in both cases, we would usesv = -1 .

For the case of an antilepton with four-momentump1, moving in thez-x plane, using some temporary notation, let
vp1_plus be the positive helicity case andvp1_minus be thesameparticle with the same energy and thesamedirection
of 3-momentum, but withnegativehelicity. We let the symbolHv stand for the antilepton helicity operatorHv, bearing
in mind thatp̂ = x̂ sin(th) + ẑ cos(th).
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(%i6) vp1_plus : VV(E,p,th,0,1);
[ th ]
[ - sin(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ th ]
[ cos(--) sqrt(E + p) ]
[ 2 ]

(%o6) [ ]
[ th ]
[ sin(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ th ]
[ - cos(--) sqrt(E - p) ]
[ 2 ]

(%i7) Hv : -sin(th) * SIG[1] - cos(th) * SIG[3];
[ - cos(th) - sin(th) 0 0 ]
[ ]
[ - sin(th) cos(th) 0 0 ]

(%o7) [ ]
[ 0 0 - cos(th) - sin(th) ]
[ ]
[ 0 0 - sin(th) cos(th) ]

(%i8) Hv_vp1_plus : to_ao2( Hv . vp1_plus, th );
[ th ]
[ - sin(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ th ]
[ cos(--) sqrt(E + p) ]
[ 2 ]

(%o8) [ ]
[ th ]
[ sin(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ th ]
[ - cos(--) sqrt(E - p) ]
[ 2 ]

(%i9) is(equal(Hv_vp1_plus, vp1_plus));
(%o9) true
(%i10) vp1_minus : VV(E,p,th,0,-1);

[ th ]
[ cos(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ th ]
[ sin(--) sqrt(E - p) ]
[ 2 ]

(%o10) [ ]
[ th ]
[ - cos(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ th ]
[ - sin(--) sqrt(E + p) ]
[ 2 ]
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(%i11) Hv_vp1_minus : to_ao2( Hv . vp1_minus, th );
[ th ]
[ - cos(--) sqrt(E - p) ]
[ 2 ]
[ ]
[ th ]
[ - sin(--) sqrt(E - p) ]
[ 2 ]

(%o11) [ ]
[ th ]
[ cos(--) sqrt(E + p) ]
[ 2 ]
[ ]
[ th ]
[ sin(--) sqrt(E + p) ]
[ 2 ]

(%i12) is(equal(Hv_vp1_minus, -vp1_minus));
(%o12) true

Here we check the normalization of the antilepton spinors (simplifying the result usinguv_simp (expr, p, E, m) )
as well as checking the orthogonality of antilepton spinorsof opposite helicity.

(%i13) vp1_plus_bar : sbar(vp1_plus);
[ th ] [ th ]

(%o13) Col 1 = [ sin(--) sqrt(E - p) ] Col 2 = [ - cos(--) sqrt(E - p ) ]
[ 2 ] [ 2 ]

[ th ] [ th ]
Col 3 = [ - sin(--) sqrt(E + p) ] Col 4 = [ cos(--) sqrt(E + p) ]

[ 2 ] [ 2 ]
(%i14) grind(%)$
matrix([sin(th/2) * sqrt(E-p),-cos(th/2) * sqrt(E-p),-sin(th/2) * sqrt(E+p),

cos(th/2) * sqrt(E+p)])$
(%i15) vbv : vp1_plus_bar . vp1_plus;

2 th
(%o15) (- 2 sin (--) sqrt(E - p) sqrt(E + p))

2
2 th

- 2 cos (--) sqrt(E - p) sqrt(E + p)
2

(%i16) uv_simp(vbv,p,E,m);
(%o16) - 2 m
(%i17) vp1_plus_bar . vp1_minus;
(%o17) 0

We next check the projection matrix relation (14.22). Afterusing comp_def to define the arrayp1[j] , we can then
create the explicit matrixsL(p1) which corresponds top/1 andRHSwhich correponds to the righthand side of (14.22)
p/1 −m. In the following,I4 is a predefined4× 4 unit matrix.

(%i18) comp_def(p1(E,p * sin(th),0,p * cos(th)))$
(%i19) listarray(p1);
(%o19) [E, p sin(th), 0, p cos(th)]
(%i20) RHS : sL(p1) - m * I4;

[ - m 0 E - p cos(th) - p sin(th) ]
[ ]
[ 0 - m - p sin(th) E + p cos(th) ]

(%o20) [ ]
[ E + p cos(th) p sin(th) - m 0 ]
[ ]
[ p sin(th) E - p cos(th) 0 - m ]

We now construct the sumvvb_sum on the lefthand side of (14.22). Our package functionfr_ao2(expr, angle)

uses trig identities to convert explicit functions ofθ/2 to equivalent functions ofθ.
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(%i21) vp1_minus_bar : sbar (vp1_minus);
[ th ] [ th ]

(%o21) Col 1 = [ - cos(--) sqrt(E + p) ] Col 2 = [ - sin(--) sqrt(E + p) ]
[ 2 ] [ 2 ]

[ th ] [ th ]
Col 3 = [ cos(--) sqrt(E - p) ] Col 4 = [ sin(--) sqrt(E - p) ]

[ 2 ] [ 2 ]
(%i22) grind(%)$
matrix([-cos(th/2) * sqrt(E+p),-sin(th/2) * sqrt(E+p),cos(th/2) * sqrt(E-p),

sin(th/2) * sqrt(E-p)])$
(%i23) vvb_sum :

uv_simp (vp1_plus . vp1_plus_bar + vp1_minus . vp1_minus_b ar, p,E,m);
[ - m ] [ 0 ]
[ ] [ ]
[ 0 ] [ - m ]
[ ] [ ]
[ 2 th ] [ th th ]

(%o23) Col 1 = [ E + 2 p cos (--) - p ] Col 2 = [ 2 p cos(--) sin(--) ]
[ 2 ] [ 2 2 ]
[ ] [ ]
[ th th ] [ 2 th ]
[ 2 p cos(--) sin(--) ] [ E - 2 p cos (--) + p ]
[ 2 2 ] [ 2 ]

[ 2 th ] [ th th ]
[ E - 2 p cos (--) + p ] [ - 2 p cos(--) sin(--) ]
[ 2 ] [ 2 2 ]
[ ] [ ]
[ th th ] [ 2 th ]

Col 3 = [ - 2 p cos(--) sin(--) ] Col 4 = [ E + 2 p cos (--) - p ]
[ 2 2 ] [ 2 ]
[ ] [ ]
[ - m ] [ 0 ]
[ ] [ ]
[ 0 ] [ - m ]

(%i24) vvb_sum1 : fr_ao2(vvb_sum, th);
[ - m 0 E - p cos(th) - p sin(th) ]
[ ]
[ 0 - m - p sin(th) E + p cos(th) ]

(%o24) [ ]
[ E + p cos(th) p sin(th) - m 0 ]
[ ]
[ p sin(th) E - p cos(th) 0 - m ]

(%i25) is(equal(vvb_sum1,RHS));
(%o25) true

14.4 Spin Projection Matrix S(p, σ), P(sv), P(sv, Sp)

14.4.1 Right-Handed Spin 4-Vectorsµ
R
(p), Sp

We define the4× 4 spin projection matrixS(p, σ).

S(p, σ) =
1

2
(1+ σ γ5 s/R(p)) for σ = ±1, (14.28)

in which1 stands for the4×4 unit matrix and in whichs/R(p) = sRµ γ
µ, and the right handed spin 4-vectorsµR generated

by the 4-vectorp has the components

sµR(p) =

( |~p|
m

,
E

m
p̂

)

(14.29)

in whichE =
√

m2 + p2.

The spin 4-vectorsµR has the properties

sR(p) · sR(p) = −1, and sR(p) · p = 0. (14.30)
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In our code, we usually use a symbol likeSp1 for the spin vector associated with the 4-vectorp1. Here is an example of
the above constraints (in addition top1 · p1 = m2) being satisfied:

(%i2) comp_def (p1(E,p * sin(th),0,p * cos(th)), Sp1(p/m,E * sin(th)/m,0,E * cos(th)/m))$
(%i3) listarray (p1);
(%o3) [E, p sin(th), 0, p cos(th)]
(%i4) VP (p1,p1);

2 2
(%o4) E - p
(%i5) psq_to_Esq(%,p,E,m);

2
(%o5) m
(%i6) listarray (Sp1);

p sin(th) E cos(th) E
(%o6) [-, ---------, 0, ---------]

m m m
(%i7) VP (Sp1, Sp1);

2 2
p E

(%o7) -- - --
2 2

m m
(%i8) psq_to_Esq(%,p,E,m);
(%o8) - 1
(%i9) VP (Sp1, p1);
(%o9) 0

and we can also show that
p/ γ5 s/R(p) = γ5 s/R(p) p/. (14.31)

(%i10) is(equal(trigsimp (sL(p1) . Gam[5] . sL(Sp1)), trig simp( Gam[5] . sL(Sp1) . sL(p1))));
(%o10) true

The relation (14.31) implies thatp/ commutes withS(p, σ). To show this directly we can use the explicit spin projection
matrix P. The explicit spin projection matrix has the syntaxP(sv) or P(sv,Sp) , for the massless and massive case
respectively.

(%i11) A : sL(p1) . P(1,Sp1)$
(%i12) B : P(1,Sp1) . sL(p1)$
(%i13) is(equal(uv_simp(A,p,E,m), uv_simp(B,p,E,m)));
(%o13) true
(%i14) A : sL(p1) . P(-1,Sp1)$
(%i15) B : P(-1,Sp1) . sL(p1)$
(%i16) is(equal(uv_simp(A,p,E,m), uv_simp(B,p,E,m)));
(%o16) true

In trace calculations, the spin projection matrixS(p, σ) is represented symbolically by the symbolS(sv) or S(sv,Sp) ,
for the massless and massive case respectively, wheresv takes on values+/- 1 , andSp represents the right-handed spin
4-vector defined by the 4-momentum of the particle. Note the order of the arguments (of our code symbols) in the massive
case.

Theexplicit spin projection matrix is given byP(sv) or P(sv,Sp) , for the massless and massive case respectively.

For massivem > 0 leptons, we have the identity

u(p, σ) ū(p, σ) = S(p, σ) (p/+m) = (p/+m)S(p, σ). (14.32)

We can use explicit matrices to check this equation form > 0 leptons:

(%i17) up1_plus : UU(E,p,th,0,1)$
(%i18) up1_minus : UU(E,p,th,0,-1)$
(%i19) up1_plus_bar : sbar(up1_plus)$
(%i20) up1_minus_bar : sbar (up1_minus)$
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First forσ = 1,

(%i21) A : up1_plus . up1_plus_bar$
(%i22) A : uv_simp(A,p,E,m)$
(%i23) A : fr_ao2(A,th)$
(%i24) display2d:false$
(%i25) A : trigsimp(A);
(%o25) matrix([(m * cos(th)+m)/2,(m * sin(th))/2,((cos(th)+1) * E-p * cos(th)-p)/2,

(sin(th) * E-p * sin(th))/2],
[(m * sin(th))/2,-(m * cos(th)-m)/2,(sin(th) * E-p * sin(th))/2,

-((cos(th)-1) * E-p * cos(th)+p)/2],
[((cos(th)+1) * E+p* cos(th)+p)/2,(sin(th) * E+p* sin(th))/2,

(m* cos(th)+m)/2,(m * sin(th))/2],
[(sin(th) * E+p* sin(th))/2,-((cos(th)-1) * E+p* cos(th)-p)/2,

(m* sin(th))/2,-(m * cos(th)-m)/2])
(%i26) B : P(1,Sp1) . (sL(p1) + m * I4)$
(%i27) B : uv_simp(B,p,E,m)$
(%i28) B : trigsimp(B);
(%o28) matrix([(m * cos(th)+m)/2,(m * sin(th))/2,((cos(th)+1) * E-p * cos(th)-p)/2,

(sin(th) * E-p * sin(th))/2],
[(m * sin(th))/2,-(m * cos(th)-m)/2,(sin(th) * E-p * sin(th))/2,

-((cos(th)-1) * E-p * cos(th)+p)/2],
[((cos(th)+1) * E+p* cos(th)+p)/2,(sin(th) * E+p* sin(th))/2,

(m* cos(th)+m)/2,(m * sin(th))/2],
[(sin(th) * E+p* sin(th))/2,-((cos(th)-1) * E+p* cos(th)-p)/2,

(m* sin(th))/2,-(m * cos(th)-m)/2])
(%i29) is(equal(A,B));
(%o29) true

and next forσ = −1,

(%i30) A : up1_minus . up1_minus_bar$
(%i31) A : uv_simp(A,p,E,m)$
(%i32) A : fr_ao2(A,th)$
(%i33) A : trigsimp(A);
(%o33) matrix([-(m * cos(th)-m)/2,-(m * sin(th))/2,-((cos(th)-1) * E+p* cos(th)-p)/2,

-(sin(th) * E+p* sin(th))/2],
[-(m * sin(th))/2,(m * cos(th)+m)/2,-(sin(th) * E+p* sin(th))/2,

((cos(th)+1) * E+p* cos(th)+p)/2],
[-((cos(th)-1) * E-p * cos(th)+p)/2,-(sin(th) * E-p * sin(th))/2,

-(m * cos(th)-m)/2,-(m * sin(th))/2],
[-(sin(th) * E-p * sin(th))/2,((cos(th)+1) * E-p * cos(th)-p)/2,

-(m * sin(th))/2,(m * cos(th)+m)/2])
(%i34) B : P(-1,Sp1) . (sL(p1) + m * I4)$
(%i35) B : uv_simp(B,p,E,m)$
(%i36) B : trigsimp(B);
(%o36) matrix([-(m * cos(th)-m)/2,-(m * sin(th))/2,-((cos(th)-1) * E+p* cos(th)-p)/2,

-(sin(th) * E+p* sin(th))/2],
[-(m * sin(th))/2,(m * cos(th)+m)/2,-(sin(th) * E+p* sin(th))/2,

((cos(th)+1) * E+p* cos(th)+p)/2],
[-((cos(th)-1) * E-p * cos(th)+p)/2,-(sin(th) * E-p * sin(th))/2,

-(m * cos(th)-m)/2,-(m * sin(th))/2],
[-(sin(th) * E-p * sin(th))/2,((cos(th)+1) * E-p * cos(th)-p)/2,

-(m * sin(th))/2,(m * cos(th)+m)/2])
(%i37) is(equal(A,B));
(%o37) true

For massivem > 0 antileptons, we have the identity

v(p, σ) v̄(p, σ) = S(p, σ) (p/−m) = (p/−m)S(p, σ) (14.33)

In the case of zero mass leptons

u(p, σ) ū(p, σ) =
1

2
(1 + σ γ5) p/ (14.34)

and for zero mass antileptons

v(p, σ) v̄(p, σ) =
1

2
(1− σ γ5) p/. (14.35)
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14.4.2 Unpolarized Cross Section using the Trace Operation

Calculation of unpolarized cross sections requires summing the absolute value squared of a polarized amplitude over the
helicity quantum numbers of the particles involved, and theresult can be written as the matrix trace of a4× 4 matrix. A
simple example follows. We use a compressed notation in which, for example,u1 stands foru(p1, σ1) andu2 stands for
u(p2, σ2). LetΓ be an arbitrary4× 4 matrix.

One can show that

(ū2 Γu1)
∗ = ū1 Γ̄u2 (14.36)

in which

Γ̄ = γ0 Γ† γ0. (14.37)

Then
∑

σ1 σ2

|ū2 Γu1|2 =
∑

σ1 σ2

ū2 Γu1 ū1 Γ̄u2 (14.38)

We use the sum overσ1 to replaceu1 ū1 by (p/1 +m), and are left with
∑

σ2

ū2 Γ̂u2, Γ̂
.
= Γ (p/1 +m) Γ̄. (14.39)

Writing out the matrix indices explicitly, the sum becomes (using the summation convention for repeated matrix indices)
∑

σ2

ū2 a Γ̂a b u2 b = Γ̂a b

∑

σ2

u2 b ū2 a = Γ̂a b (p/2 +m)b a = Trace{Γ̂ (p/2 +m)} (14.40)

Note thatTrace(AB) = Trace (BA). We then have
∑

σ1 σ2

|ū2 Γu1|2 = Trace{(p/2 +m) Γ (p/1 +m) Γ̄}. (14.41)

14.5 The Levi-Civita Tensor

14.5.1 ǫλµνσ, Eps(la,mu,nu,si), eps4[la,mu,nu,si]

The Levi-Civita tensorǫλµνσ is the totally antisymmetric tensor, using the convention that ǫ0123 = +1 and this implies
that

ǫ1230 = −1, ǫ0123 = −1 (14.42)

and
ǫµνλσ = −ǫµνλσ. (14.43)

See Ch. 1, Sect. 6, “Four Vectors”, of The Classical Theory ofFields, 4th Rev. Ed., Landau and Lifshitz, for the defini-
tions and properties used here.

We letEps[la,mu,nu,si] andeps4[la,mu,nu,si] stand forǫλµνσ , and in the filedirac3.mac we have the code

declare (eps4,antisymmetric)$
tellsimpafter ( eps4[0,1,2,3], 1 )$

which results in the behavior

(%i2) eps4[0,1,2,3];
(%o2) 1
(%i3) eps4[1,0,2,3];
(%o3) - 1
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There is no corresponding definition forEps, which is just a symbolic place holder. The functionnoncov can be used to
convertEps(...) into eps4[....] .

(%i4) Eps(0,1,2,3);
(%o4) Eps(0, 1, 2, 3)
(%i5) Eps(1,0,2,3);
(%o5) Eps(1, 0, 2, 3)
(%i6) noncov (Eps(0,1,2,3));
(%o6) 1
(%i7) noncov (Eps(1,0,2,3));
(%o7) - 1
(%i8) noncov (Eps(n1,n2,n3,n4));
(%o8) eps4

n1, n2, n3, n4
(%i9) grind(%)$
eps4[n1,n2,n3,n4]$

14.5.2 ǫλµνσ, EpsL(la,mu,nu,si), eps4L[la,mu,nu,si]

We let EpsL[la,mu,nu,si] andeps4L[la,mu,nu,si] stand forǫλµνσ, and in the filedirac3.mac we have the
code

declare (eps4L,antisymmetric)$
tellsimpafter ( eps4L[0,1,2,3], -1 )$

which results in the behavior

(%i10) eps4L[0,1,2,3];
(%o10) - 1
(%i11) eps4L[1,0,2,3];
(%o11) 1

The is no corresponding definition forEpsL , which is just a symbolic place holder. The functionnoncov can be used to
convertEpsL(...) into eps4L[....] .

(%i12) EpsL(0,1,2,3);
(%o12) EpsL(0, 1, 2, 3)
(%i13) EpsL(1,0,2,3);
(%o13) EpsL(1, 0, 2, 3)
(%i14) noncov (EpsL(0,1,2,3));
(%o14) - 1
(%i15) noncov (EpsL(1,0,2,3));
(%o15) 1
(%i16) noncov (EpsL(n1,n2,n3,n4));
(%o16) eps4L

n1, n2, n3, n4
(%i17) grind(%)$
eps4L[n1,n2,n3,n4]$

14.5.3 Contraction of a Product of Two Levi-Civita Tensors,Con, mcon

Four index contraction

Four index contraction of common indices using the summation convention, of a product of two Levi-Civita tensors in
the usual notation is written

ǫµνλσ ǫµνλσ = −24, (14.44)

and is carried out with the dirac package usingCon, scon , andmcon, provided you supply the four contraction indices
at the end of the command.
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Con, scon, mcon

The package contraction functionsCon, scon , andmcon can be used for contraction of indices, withCon being a general
starting point, butmcon being usually faster if provided the right args. The generalcontraction functionCon callsscon if
the elements to be contracted are all known symbolic entities, callsmcon if all the elements are explicit arrays or matrices,
and callsecon for intermediate cases.

Contraction ofKD(n,n) should produce the number4:

(%i18) Con(KD(n,n),n);
(%o18) 4
(%i19) Con(KD(n1,n1));
(%o19) 4
(%i20) scon(KD(n,n),n);
(%o20) 4
(%i21) mcon(KD(n,n),n);
(%o21) 4

More examples of contraction involvingKD.

14.5.4 indexL

For symbolic contraction,Con and scon can find repeated indices if the index symbols appear on the list indexL .
However, you can supply any explicit contraction index for contraction and the package then doesn’t care about the
indexL list.

(%i22) indexL;
(%o22) [n1, n2, n3, n4, n5, n6, n7, n8, n9, n10, la, mu, nu, rh, s i, ta, al,

be, ga, de, ep]
(%i23) Con(KD(n1,n1));
(%o23) 4
(%i24) Con(KD(n,n));

scon: no repeated index symbols supplied or found

(%o24) KD(n, n)
(%i25) Con(KD(n,n),n);
(%o25) 4
(%i26) Con(Gm(n1,n2) * KD(n1,n3));
(%o26) Gm(n2, n3)
(%i27) Con(Gm(n1,n2) * KD(n1,n3),n1);
(%o27) Gm(n2, n3)
(%i28) scon(Gm(n1,n2) * KD(n1,n3));
(%o28) Gm(n2, n3)
(%i29) scon(Gm(n1,n2) * KD(n1,n3),n1);
(%o29) Gm(n2, n3)

But when usingmcon, you must supply the contraction indices.

(%i30) mcon(gmet[n1,n2] * KD(n1,n3),n1);
(%o30) gmet

n3, n2
(%i31) grind(%)$
gmet[n3,n2]$
(%i32) mcon(gmet[n1,n2] * KD(n1,n3));
find_eps4_prod: no symbolic contraction indices found

mcon: fatal error
(%o32) done

Returning to the four index contraction of a product of antisymmetric tensors, ifCon detects a term which includes both
Eps andEpsL , or botheps4 andeps4L , Con will transfer the contraction job tomcon, after being sure the right argu-
ments are in place.

Contraction of a product of Levi-Civita tensors is then ultimately done bymcon. You must supply the contraction indices
with the call toCon to getmcon to do the job.
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(%i33) trace(mcon);
(%o33) [mcon]
(%i34) Con(Eps(n1,n2,n3,n4) * EpsL(n1,n2,n3,n4),n1,n2,n3,n4);
1 Enter mcon [eps4 eps4L , n1, n2, n3, n4]

n1, n2, n3, n4 n1, n2, n3, n4
1 Exit mcon - 24
(%o34) - 24
(%i35) Con(eps4[n1,n2,n3,n4] * eps4L[n1,n2,n3,n4],n1,n2,n3,n4);
1 Enter mcon [eps4 eps4L , n1, n2, n3, n4]

n1, n2, n3, n4 n1, n2, n3, n4
1 Exit mcon - 24
(%o35) - 24
(%i36) Con(Eps(n1,n2,n3,n4) * EpsL(n1,n2,n3,n4));
1 Enter mcon [eps4 eps4L ]

n1, n2, n3, n4 n1, n2, n3, n4
find_eps4_prod: no symbolic contraction indices found

mcon: fatal error
1 Exit mcon done
(%o36) done
(%i37) untrace();
(%o37) [mcon]
(%i38) mcon(eps4[n1,n2,n3,n4] * eps4L[n1,n2,n3,n4],n1,n2,n3,n4);
(%o38) - 24
(%i39) econ(eps4[n1,n2,n3,n4] * eps4L[n1,n2,n3,n4],n1,n2,n3,n4);
(%o39) - 24

A straightforward multiple use ofsum reproduces the value returned byCon (although our code does not use this brute
force method):

(%i40) sum( sum( sum( sum(eps4[n1,n2,n3,n4] * eps4L[n1,n2,n3,n4],n1,0,3),n2,0,3),n3,0,3),n4,0,3);
(%o40) - 24

Three index contraction of common indices, using the summation convention, of a product of two Levi-Civita tensors
obeys

ǫµνλσ ǫµνλρ = −6 δσρ . (14.45)

The coefficient−6 can be checked by contracting onσ andρ, using (14.3), and finding agreement with the four index
contraction result (14.44).

Using our package functions:

(%i41) Con(Eps(n1,n2,n3,n4) * EpsL(n1,n2,n3,m4),n1,n2,n3);
(%o41) - 6 kron_delta(m4, n4)
(%i42) Con(eps4[n1,n2,n3,n4] * eps4L[n1,n2,n3,m4],n1,n2,n3);
(%o42) - 6 kron_delta(m4, n4)
(%i43) mcon(eps4[n1,n2,n3,n4] * eps4L[n1,n2,n3,m4],n1,n2,n3);
(%o43) - 6 kron_delta(m4, n4)

Two index contraction of common indices, using the summation convention, of a product of two Levi-Civita tensors obeys

ǫµνρσ ǫµνγδ = −2
(

δργ δ
σ
δ − δρδ δ

σ
γ

)

(14.46)

Using our package functions: Usingmcon with the needed product formeps4 * eps4L :

(%i44) Con(Eps(n1,n2,n3,n4) * EpsL(n1,n2,m3,m4),n1,n2);
(%o44) 2 kron_delta(m3, n4) kron_delta(m4, n3) - 2 kron_del ta(m3, n3) kron_delta(m4, n4)
(%i45) Con(eps4[n1,n2,n3,n4] * eps4L[n1,n2,m3,m4],n1,n2);
(%o45) 2 kron_delta(m3, n4) kron_delta(m4, n3) - 2 kron_del ta(m3, n3) kron_delta(m4, n4)
(%i46) mcon(eps4[n1,n2,n3,n4] * eps4L[n1,n2,m3,m4],n1,n2);
(%o46) 2 kron_delta(m3, n4) kron_delta(m4, n3) - 2 kron_del ta(m3, n3) kron_delta(m4, n4)
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14.6 Explicit Gamma Matrix Algebra and Contraction Theorems: Con, mcon

The basic gamma matrix algebra relations are

γµ γν = −γν γµ + 2 gµ ν
1 (14.47)

for Lorentz indicesµ andν which can have values(0, 1, 2, 3) and

γ5 γµ = −γµ γ5. (14.48)

14.6.1 Anti-commutator Function acomm

We can use our explicit matrix definitions to check these two relations (and to check our definitions). We use our anti-
commutator functionacomm, which can be used with matrices. We first confirm that the symbols A andB are not bound
to anything:

(%i2) [A,B];
(%o2) [A, B]

and then applyacomm:

(%i3) acomm(A,B);
(%o3) B . A + A . B

We use the notationGam[mu] (for muequal to0, 1, 2, 3) for the matrix representation ofγµ andI4 for the explicit4× 4
unit matrix, and the arraygmet[mu,nu] for the matrix representation of the metric tensor. We defineexplicit matrix
functionsf andg here:

(%i4) f (mu,nu) := acomm (Gam[mu],Gam[nu])$
(%i5) g (mu,nu) := 2 * gmet[mu,nu] * I4$
(%i6) f(0,0);

[ 2 0 0 0 ]
[ ]
[ 0 2 0 0 ]

(%o6) [ ]
[ 0 0 2 0 ]
[ ]
[ 0 0 0 2 ]

(%i7) g(0,0);
[ 2 0 0 0 ]
[ ]
[ 0 2 0 0 ]

(%o7) [ ]
[ 0 0 2 0 ]
[ ]
[ 0 0 0 2 ]

(%i8) for n1:0 thru 3 do
for n2:0 thru 3 do if f(n1,n2) # g(n1,n2) then print("false") $

(%i9)

To check the second relation, we can use the explicit matrixGam[5] , representingγ5 andZ4, the4× 4 zero matrix.

(%i9) Gam[5];
[ - 1 0 0 0 ]
[ ]
[ 0 - 1 0 0 ]

(%o9) [ ]
[ 0 0 1 0 ]
[ ]
[ 0 0 0 1 ]
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(%i10) Z4;
[ 0 0 0 0 ]
[ ]
[ 0 0 0 0 ]

(%o10) [ ]
[ 0 0 0 0 ]
[ ]
[ 0 0 0 0 ]

(%i11) for n1:0 thru 3 do
if acomm(Gam[5], Gam[n1]) # Z4 then print ("false")$

(%i12)

Contraction Theorems

γµ γ
µ = 4 1 (14.49)

Using eitherCon or mcon, we get (note thatG(1) is thesymbolic unit matrix):

(%i12) Con(G(mu,mu));
(%o12) 4 G(1)
(%i13) Con(G(mu,mu),mu);
(%o13) 4 G(1)
(%i14) Con(Gam[mu]ˆˆ2,mu);

[ 4 0 0 0 ]
[ ]
[ 0 4 0 0 ]

(%o14) [ ]
[ 0 0 4 0 ]
[ ]
[ 0 0 0 4 ]

(%i15) Con(Gam[mu] . Gam[mu],mu);
[ 4 0 0 0 ]
[ ]
[ 0 4 0 0 ]

(%o15) [ ]
[ 0 0 4 0 ]
[ ]
[ 0 0 0 4 ]

(%i16) mcon(Gam[mu]ˆˆ2,mu);
[ 4 0 0 0 ]
[ ]
[ 0 4 0 0 ]

(%o16) [ ]
[ 0 0 4 0 ]
[ ]
[ 0 0 0 4 ]

(%i17) mcon(Gam[mu] . Gam[mu],mu);
[ 4 0 0 0 ]
[ ]
[ 0 4 0 0 ]

(%o17) [ ]
[ 0 0 4 0 ]
[ ]
[ 0 0 0 4 ]

γµ γ
ν γµ = −2 γν (14.50)

We can again use eitherCon or mcon contraction functions to check this relation. Note that in the definition off(n2)

below,n1 is a dummy contraction variable.

(%i18) Con(G(mu,nu,mu));
(%o18) - 2 G(nu)
(%i19) Con(G(mu,nu,mu),mu);
(%o19) - 2 G(nu)
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(%i20) f(n2) := mcon (Gam[n1] . Gam[n2] . Gam[n1], n1)$
(%i21) g(n2) := -2 * Gam[n2]$
(%i22) is(equal(f(0),g(0)));
(%o22) true
(%i23) for mu:0 thru 3 do

if f(mu) # g(mu) then print ("false")$
(%i24)

γµ γ
ν γλγµ = 4 gν λ

1 (14.51)

Note thatG(1) is a symbolic representation of the unit4× 4 matrix andI4 is the explicit unit matrix.

(%i24) Con (G (mu,nu,la,mu));
(%o24) 4 G(1) Gm(la, nu)
(%i25) Con (G (mu,nu,la,mu),mu);
(%o25) 4 G(1) Gm(la, nu)
(%i26) f(n2,n3) := mcon (Gam[n1] . Gam[n2] . Gam[n3] . Gam[n1 ],n1)$
(%i27) g(n2,n3) := 4 * gmet[n2,n3] * I4$
(%i28) is(equal(f(0,0),g(0,0)));
(%o28) true
(%i29) for mu:0 thru 3 do

for nu:0 thru 3 do
if f(mu,nu) # g(mu,nu) then print ("false")$

(%i30)

A general contraction pattern for the case that the pair of contracting gamma matrices surround an odd number (3, 5, ...)

of gamma matrices: we get the order reversed times(−2).

γµ γν γλ γσ γµ = −2γσ γλ γν (14.52)

(%i30) Con (G(mu,nu,la,si,mu));
(%o30) - 2 G(si, la, nu)
(%i31) Con (G(mu,nu,la,si,mu),mu);
(%o31) - 2 G(si, la, nu)
(%i32) f(n2,n3,n4) := mcon (Gam[n1] . Gam[n2] . Gam[n3] . Gam [n4] . Gam[n1],n1)$
(%i33) g(n2,n3,n4) := -2 * Gam[n4] . Gam[n3] . Gam[n2]$
(%i34) is(equal(f(0,0,0),g(0,0,0)));
(%o34) true
(%i35) for n2:0 thru 3 do

for n3:0 thru 3 do
for n4:0 thru 3 do

if f(n2,n3,n4) # g(n2,n3,n4) then print ("false")$
(%i36)

A general contraction pattern for the case that the pair of contracting gamma matrices surround an even number (4, 6, ...)

of gamma matrices: we get two terms with the first term bringing the last gamma to the front, and the second term being

the new first term in reversed order, all multiplied by(2).

γµ γ
λ γν γρ γσ γµ = 2 (γσ γλ γν γρ + γρ γν γλ γσ) (14.53)

(%i36) Con (G(mu,la,nu,rh,si,mu));
(%o36) 2 G(si, la, nu, rh) + 2 G(rh, nu, la, si)

14.7 Trace Theorems for Gamma Matrices: tr, Gtr, mat trace, m tr

The trace of the product of anodd number of gamma matrices iszero.
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(%i2) tr(mu);
(%o2) 0
(%i3) tr(mu,nu,la);
(%o3) 0
(%i4) Gtr(G(mu));
(%o4) 0
(%i5) Gtr(G(mu,nu,la));
(%o5) 0
(%i6) f(mu) := mat_trace (Gam[mu])$
(%i7) map (’f,[0,1,2,3]);
(%o7) [0, 0, 0, 0]

For the trace of a product of anevennumber of gamma matrices (including zero) is based on a number of relations.

The trace of the unit matrix is4.

Tr(1) = 4 (14.54)

(%i8) tr(1);
(%o8) 4
(%i9) Gtr (G(1));
(%o9) 4
(%i10) mat_trace(I4);
(%o10) 4
(%i11) m_tr(1);
(%o11) 4

The functionm_tr (used above) allows one to write matrix and momenta arguments in the same form as when usingtr ,
but translates the arguments into explicit matrices and then callsmat_trace .

The trace of a product of two gamma matrices is given by:

Tr(γµ γν) = 4 gµ ν (14.55)

Note thatGm(mu,nu) is the symbolic metric tensor andgmet[mu,nu] is the explicit array of metric tensor values.

(%i12) tr (mu,nu);
(%o12) 4 Gm(mu, nu)
(%i13) Gtr (G(mu,nu));
(%o13) 4 Gm(mu, nu)
(%i14) f(mu,nu) := mat_trace(Gam[mu] . Gam[nu])$
(%i15) f(0,0);
(%o15) 4
(%i16) for n1:0 thru 3 do

for n2:0 thru 3 do
if f(n1,n2) # 4 * gmet[n1,n2] then print ("false")$

(%i17)

Tr(γµ γν γλ γσ) = 4 (gµν gλσ − gλµ gν σ + gµσ gλ ν) (14.56)

(%i17) tr(mu,nu,la,si);
(%o17) (- 4 Gm(la, mu) Gm(nu, si)) + 4 Gm(la, nu) Gm(mu, si)

+ 4 Gm(la, si) Gm(mu, nu)

For the trace of a product of an even number of gamma matrices,we can use the general formula for the reduction of a
trace of a product of(2 N ) matrices to a sum involving the traces of products of(2 N - 2) matrices.

Let’s use a more efficient notation here:

tr(n1, n2, n3, ..., 2N)↔ Tr(γn1 γn2 γn3 . . . γ2N) (14.57)
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The reduction formula is then (see, for example, Barger and Phillips, p. 550 or Kaku, p. 752):

tr(n1, n2, n3, ..., 2N) = gn1 n2 tr(n3, n4, n5, ..., 2N)

− gn1 n3 tr(n2, n4, n5, ..., 2N)

+ gn1 n4 tr(n2, n3, n5, ..., 2N)

− . . .+ gn1 n2N tr(n3, n4, n5, ..., 2N − 1)

For example, if2N = 6 we have

tr(n1, n2, n3, n4, n5, n6) = gn1 n2 tr(n3, n4, n5, n6)

− gn1 n3 tr(n2, n4, n5, n6) + gn1 n4 tr(n2, n3, n5, n6)

− gn1 n5 tr(n2, n3, n4, n6) + gn1 n6 tr(n2, n3, n4, n5)

Traces Involving γ5

Sinceγ5 = iγ0 γ1 γ2 γ3 is proportional to the product of anevennumber of gamma matrices, the trace of the product
of gamma5 by an odd number of gamma matrices is zero. For example

Tr(γ5 γµ) = 0 (14.58)

(%i18) tr(G5,mu);
(%o18) 0
(%i19) Gtr (G(G5,mu));
(%o19) 0
(%i20) f(mu) := mat_trace (Gam[5] . Gam[mu])$
(%i21) map (’f,[0,1,2,3]);
(%o21) [0, 0, 0, 0]

and
Tr(γ5 γµ γν γλ) = 0 (14.59)

(%i22) tr(G5,mu,nu,la);
(%o22) 0
(%i23) Gtr (G(G5,mu,nu,la));
(%o23) 0
(%i24) f(mu,nu,la) := mat_trace(Gam[5] . Gam[mu] . Gam[nu] . Gam[la])$
(%i25) for n1:0 thru 3 do

for n2:0 thru 3 do
for n3:0 thru 3 do

if f(n1,n2,n3) # 0 then print("false")$
(%i26)

On the other hand, whenγ5 is multiplied by anevennumber of gamma matrices, we have (first for multiplication by zero

gamma matrices):

Tr(γ5) = 0 (14.60)

(%i26) tr(G5);
(%o26) 0
(%i27) Gtr (G(G5));
(%o27) 0
(%i28) mat_trace (Gam[5]);
(%o28) 0
(%i29) m_tr(G5);
(%o29) 0
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and next for multiplication by two gamma matrices:

Tr(γ5 γµ γν) = 0 (14.61)

(%i30) tr(G5,mu,nu);
(%o30) 0
(%i31) Gtr(G(G5,mu,nu));
(%o31) 0
(%i32) f(mu,nu) := mat_trace(Gam[5] . Gam[mu] . Gam[nu])$
(%i33) for n1:0 thru 3 do

for n2:0 thru 3 do
if f(n1,n2) # 0 then print("false")$

(%i34)

and next for multiplication by four gamma matrices:

Tr(γ5 γµ γν γλ γσ) = −4 i ǫµν λσ (14.62)

(%i34) tr(G5,mu,nu,la,si);
(%o34) - 4 %i Eps(mu, nu, la, si)
(%i35) noncov(%);
(%o35) - 4 %i eps4

la, mu, nu, si
(%i36) grind(%)$
-4 * %i* eps4[la,mu,nu,si]$
(%i37) Gtr(G(G5,mu,nu,la,si));
(%o37) - 4 %i Eps(mu, nu, la, si)
(%i38) f(mu,nu,la,si):= mat_trace(Gam[5] . Gam[mu] . Gam[ nu] . Gam[la] . Gam[si]) +

4* %i* eps4[mu,nu,la,si]$
(%i39) f(0,1,2,3);
(%o39) 0
(%i40) for n1:0 thru 3 do

for n2:0 thru 3 do
for n3:0 thru 3 do

for n4:0 thru 3 do
if f(n1,n2,n3,n4) # 0 then print("false")$

(%i41)

For the cases thatγ5 is multiplied by six or eight gamma matrices, we have used theChisholm-Kahane gamma matrix

identity which replaces a product of three Dirac gamma matrices by a series of four terms. With our (Peskin/Schroeder)

conventions,ǫ0123 = +1 andγ5 = +i γ0 γ1 γ2 γ3, that identity is (using the summation convention for the repeated

indexλ):

γµ γν γρ = gµ ν γρ
− gµρ γν + gν ρ γµ

− i ǫµνρλ γ5 γλ (14.63)
Here is the symbolic calculation of the trace of the product of G5with six gamma matrices.

(%i41) tr6:tr(G5,n1,n2,n3,n4,n5,n6);
(%o41) (- 4 %i Eps(n1, n2, n3, n4) Gm(n5, n6))

+ 4 %i Eps(n1, n2, n3, n5) Gm(n4, n6) - 4 %i Eps(n1, n2, n3, n6) Gm (n4, n5)
- 4 %i Gm(n1, n2) Eps(n3, n4, n5, n6) + 4 %i Gm(n1, n3) Eps(n2, n4 , n5, n6)
- 4 %i Eps(n1, n4, n5, n6) Gm(n2, n3)

(%i42) noncov(tr6);
(%o42) (- 4 %i eps4 gmet )

n1, n2, n3, n4 n5, n6
+ 4 %i eps4 gmet - 4 %i eps4 gmet

n1, n2, n3, n5 n4, n6 n1, n2, n3, n6 n4, n5
- 4 %i gmet eps4 + 4 %i gmet eps4

n1, n2 n3, n4, n5, n6 n1, n3 n2, n4, n5, n6
- 4 %i eps4 gmet

n1, n4, n5, n6 n2, n3
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Here we calculate a trace of gamma5 multiplied by eight gammamatrices:

(%i43) tr8:tr(G5,n1,n2,n3,n4,n5,n6,n7,n8);
(%o43) (- 4 %i Eps(n1, n2, n3, n4) Gm(n5, n6) Gm(n7, n8))

+ 4 %i Eps(n1, n2, n3, n5) Gm(n4, n6) Gm(n7, n8)
- 4 %i Eps(n1, n2, n3, n6) Gm(n4, n5) Gm(n7, n8)
- 4 %i Gm(n1, n2) Eps(n3, n4, n5, n6) Gm(n7, n8)
+ 4 %i Gm(n1, n3) Eps(n2, n4, n5, n6) Gm(n7, n8)
- 4 %i Eps(n1, n4, n5, n6) Gm(n2, n3) Gm(n7, n8)
+ 4 %i Eps(n1, n2, n3, n4) Gm(n5, n7) Gm(n6, n8)
- 4 %i Eps(n1, n2, n3, n5) Gm(n4, n7) Gm(n6, n8)
+ 4 %i Eps(n1, n2, n3, n7) Gm(n4, n5) Gm(n6, n8)
+ 4 %i Gm(n1, n2) Eps(n3, n4, n5, n7) Gm(n6, n8)
- 4 %i Gm(n1, n3) Eps(n2, n4, n5, n7) Gm(n6, n8)
+ 4 %i Eps(n1, n4, n5, n7) Gm(n2, n3) Gm(n6, n8)
- 4 %i Eps(n1, n2, n3, n4) Gm(n5, n8) Gm(n6, n7)
+ 4 %i Eps(n1, n2, n3, n5) Gm(n4, n8) Gm(n6, n7)
- 4 %i Eps(n1, n2, n3, n8) Gm(n4, n5) Gm(n6, n7)
- 4 %i Gm(n1, n2) Eps(n3, n4, n5, n8) Gm(n6, n7)
+ 4 %i Gm(n1, n3) Eps(n2, n4, n5, n8) Gm(n6, n7)
- 4 %i Eps(n1, n4, n5, n8) Gm(n2, n3) Gm(n6, n7)
+ 4 %i Eps(n1, n2, n3, n6) Gm(n4, n7) Gm(n5, n8)
- 4 %i Eps(n1, n2, n3, n7) Gm(n4, n6) Gm(n5, n8)
- 4 %i Eps(n1, n2, n3, n6) Gm(n4, n8) Gm(n5, n7)
+ 4 %i Eps(n1, n2, n3, n8) Gm(n4, n6) Gm(n5, n7)
- 4 %i Gm(n1, n2) Gm(n3, n4) Eps(n5, n6, n7, n8)
+ 4 %i Gm(n1, n3) Gm(n2, n4) Eps(n5, n6, n7, n8)
- 4 %i Gm(n1, n4) Gm(n2, n3) Eps(n5, n6, n7, n8)
+ 4 %i Eps(n1, n2, n3, n7) Gm(n4, n8) Gm(n5, n6)
- 4 %i Eps(n1, n2, n3, n8) Gm(n4, n7) Gm(n5, n6)
+ 4 %i Gm(n1, n2) Gm(n3, n5) Eps(n4, n6, n7, n8)
- 4 %i Gm(n1, n3) Gm(n2, n5) Eps(n4, n6, n7, n8)
+ 4 %i Gm(n1, n5) Gm(n2, n3) Eps(n4, n6, n7, n8)
- 4 %i Gm(n1, n2) Eps(n3, n6, n7, n8) Gm(n4, n5)
+ 4 %i Gm(n1, n3) Eps(n2, n6, n7, n8) Gm(n4, n5)
- 4 %i Eps(n1, n6, n7, n8) Gm(n2, n3) Gm(n4, n5)

The present package functionsimp_tr1 (which controlstr1 via the lisp code insimplifying-new.lisp ) does
not return an evaluation for the case of an even number equal to ten or more gamma matrices multiplyingG5. In the
example, we useMindex to addn11 and n12 to the list indexL , a list used by the package to recognise canonical
Lorentz indices.

(%i44) tr10:tr(G5,n1,n2,n3,n4,n5,n6,n7,n8,n9,n10);
simp_tr1: present version of tr only returns nonzero gamma5 traces for

G5 times a product of 4,6,or 8 gammas

(%o44) 0
(%i45) Mindex(n11,n12);
(%o45) done
(%i46) indexL;
(%o46) [n1, n2, n3, n4, n5, n6, n7, n8, n9, n10, la, mu, nu, rh, s i, ta, al,

be, ga, de, ep, n11, n12]
(%i47) tr11:tr(G5,n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,n11 );
(%o47) 0
(%i48) tr12:tr(G5,n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,n11 ,n12);

simp_tr1: present version of tr only returns nonzero gamma5 traces for

G5 times a product of 4,6,or 8 gammas

(%o48) 0

More compact expressions for gamma 5 traces (compared to theclassical methods used here) can be found in the paper:

A new method for calculation of traces of Dirac gamma-matric es
in Minkowski space, by Alexander L. Bondarev,

https://arxiv.org/abs/hep-ph/0504223
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15 Heaviside-Lorentz Units Compared with Gaussian Units

You can compare our discussion with the webpage
https://en.wikipedia.org/wiki/Lorentz%E2%80%93Heavi side_units .

15.1 Gaussian CGSE Units

In the CGSE system (absolute electrostatic system: gram, cm, sec, force in dynes, charge in esu) the magnitude of the
electron charge in esu or “statcoulomb” (statC) is

|qe| ≈ 4.803 × 10−10esu. (15.1)

We can replace the electron’s electric charge (in Gaussian units) by the fine structure constant using

α =
e2G
h̄c

≈ 1

137
. (15.2)

The electrostatic unit of charge is defined such that the magnitude of the force (in dynes) between chargese1 ande2
separated by a distancer is

|~F | = |e1 e2|
r2

(15.3)

The implies that

[e] =
(

[Fr2]
)1/2

=
(g. cm

sec2
cm2

)1/2
= g1/2 cm3/2 sec−1. (15.4)

The mutual potential energy (in ergs) of two electric charges e1 ande2 a distancer apart is

U =
e1e2
r

, (15.5)

under the assumption that the potential energy should be zero when the charges are at an infinite distance apart.

In the SI system of units, a much larger unit of charge is used,called thecoulomb:

1 coulomb= 1 C ≈ 3× 109 statC. (15.6)

We also have
|qe| ≈ 1.6× 10−19 C ≈ 4.8 × 10−10 esu, (15.7)

and the dimensionless fine structure constantα ≈ 1/137 is, in terms of the electron chargeqe,

α =

(

q2e
h̄c

)

CGSE

=

(

q2e
4πǫ0 h̄c

)

SI

. (15.8)

Returning to the CGSE units description, the force exerted on a chargee by another chargee1 can be written

~F = e ~E, (15.9)

where~E is a vector independent of the chargee called theelectric fielddue to the chargee1. Its magnitude is

| ~E| = |e1|
r2

(15.10)

and is directed along the line joining the two charges.

The mutual potential energy of the chargese ande1 separated by a distancer is

U =
e e1
r

= e φ (15.11)
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where thepotentialφ of the electric field due to the chargee1 is

φ =
e1
r
, such that ~E = −∇φ. (15.12)

The unit of electric potential (called thestatvolt) has dimensions

[φ] =

[

U

e

]

= g1/2 cm1/2 sec−1 (15.13)

In the SI system a unit approximately300 times smaller is used, called thevolt .

1 V ≈ 1/300 statvolt. (15.14)

If a charge of one coulomb moves between two points whose potentials differ by one volt, then the work done by the field
forces is

W = ∆U = q∆φ =
(

3× 109esu
)

(

1

300
statvolt

)

= 107 ergs= 1 Joule (15.15)

Thus
1 C V = 1 J. (15.16)

Quoting Wikipedia’s page under the name “statvolt,”

The statvolt is a unit of voltage and electrical potential used in the esu-cgs and gaussian system of units. The
conversion to the SI system is exactly1 statvolt= 299.792458 volts. (The conversion factor299.792458 is
simply the numerical value of the speed of light in m/s divided by106) The statvolt is also defined in the cgs
system as1 erg/esu. It is a useful unit for electromagnetism because, in a vacuum, an electric field of one
statvolt/cm has the same energy density as a magnetic field ofone gauss.

We will use a subscriptG to denote quantities expressed in CGSE units. The electric field ~EG has the same mechanical
units (gram,cm, sec) as the magnetic field~BG although we use statvolt cm−1 to refer to the electric field and gauss to refer
to the magnetic field. In the CGSE system of units, Maxwell’s equations are

∇ · ~BG = 0

∇ · ~EG = 4π ρG

∇× ~EG +
1

c

∂ ~BG

∂t
= 0

∇× ~BG − 1

c

∂ ~EG

∂t
=

4π

c
~JG

The Lorentz force (dynes) on a particle of chargeqG (esu) is

~F = qG

(

~EG +
1

c
~v × ~BG

)

. (15.17)

The electromagnetic field energy (ergs) is

Ufields =
1

8π

∫

d3x
(

~E2
G + ~B2

G

)

. (15.18)

The Poynting vector (ergs per centimeter squared per second) is

~S =
c

4π
~EG × ~BG. (15.19)

The electromagnetic field momentum is

~Pfields =
1

4πc

∫

d3x
(

~EG × ~BG

)

. (15.20)
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15.2 Heaviside-Lorentz Units

In Heaviside-Lorentz cgs units (cm., gram, sec, force in dynes) we hide factors of4π by using the relations

qHL =
√
4π qG, ρHL =

√
4π ρG, ~JHL =

√
4π ~JG

~EG =
√
4π ~EHL

~BG =
√
4π ~BHL

We then can express the dimensionless fine structure contantα in terms of the square of the electron charge in HL units,

α =
e2HL

4πh̄c
. (15.21)

Maxwell’s equations become

∇ · ~BHL = 0

∇ · ~EHL = ρHL

∇× ~EHL +
1

c

∂ ~BHL

∂t
= 0

∇× ~BHL − 1

c

∂ ~EHL

∂t
=

1

c
~JHL

The Lorentz force (dynes) on a particle of chargeqHL (esu) is

~F = qHL

(

~EHL +
1

c
~v × ~BHL

)

. (15.22)

The electromagnetic field energy (ergs) is

Ufields =
1

2

∫

d3x
(

~E2
HL + ~B2

HL

)

. (15.23)

The Poynting vector (ergs per centimeter squared per second) is

~S = c ~EHL × ~BHL. (15.24)

The electromagnetic field momentum is

~Pfields =
1

c

∫

d3x
(

~EHL × ~BHL

)

. (15.25)

In both Gaussian and Heaviside-Lorentz systems we have the relations

∂ρ

∂t
+∇ · ~J = 0

~E = −∇φ− 1

c

∂ ~A

∂t
~B = ∇× ~A,

provided

φG =
√
4π φHL

~AG =
√
4π ~AHL.

As a numerical example, supposeEG = 10 statvolt/cm andqG = 5esu. Then the electric force isF = qG EG =
50ergs/cm= 50dynes Using HL units,qHL =

√
4π qG = 17.725esu, andEHL = EG√

4π
= 2.821 statvolt/cm. Using HL

units,F = qHL EHL = 50dynes.
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16 Natural Units

In particle physics it is convenient (and conventional) to use a system of units (called “natural units”) in which the formu-
las used are formally the same as if we seth̄ = 1 andc = 1 in the corresponding Heaviside-Lorentz (HL) formula.

Let [A] stand for the units ofA.

Velocity

With v a velocity in ordinary units and̄v the corresponding velocity in n.u., we define

v = v̄c, [v̄] = 1. (16.1)

In other words, “̄v is dimensionless.”

Energy

The energyE of a particle of massm > 0, which is at rest, ismc2, so we set

E = Ē c2, [Ē] = [m]. (16.2)

Linear Momentum

Since the units of linear momentum are those of the product ofa mass by a velocity,

[p] = [mc], (16.3)

we set
p = p̄ c [p̄] = [m]. (16.4)

Angular Momentum

An angular momentumJ has the same units ash̄, so

J = J̄ h̄, [J̄ ] = 1, (16.5)

so J̄ is “dimensionless.”

Spatial Distance

A natural unit of length we can construct from the parametersh̄, c, andm is the (reduced) Compton wavelenth of a
particle of massm

λc =
h̄

mc
. (16.6)

Let x be a length in conventional units and̄x be the corresponding length in natural units (n.u.). The position - linear
momentum uncertainty relation in ordinary units (o.u.) is

∆x∆p ≥ h̄

2
. (16.7)

Hence

[x] =

[

h̄

p

]

=

[

h̄

m c

]

, (16.8)
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so we define

x = x̄
h̄

c
, [x̄] =

[

1

m

]

. (16.9)

Then in natural units the position - linear momentum relation becomes

∆x̄∆p̄ ≥ 1

2
. (16.10)

Gradient

With ∇ the gradient operator in natural units

∇ =
c

h̄
∇, [∇] =

[

1

x̄

]

= [m]. (16.11)

Time

A natural unit of time is the number of seconds required for a photon to traverse the Compton wavelengthλc of a particle
of massm.

∆t =
λc

c
=

h̄

mc2
, (16.12)

which motivates the definition

t = t̄
h̄

c2
, [t̄] =

[

1

m

]

(16.13)

consistent with̄v = x̄/t̄ being dimensionless.

Kronecker Delta Function

Since
∫

dw δ(w) =

∫

dw̄ δ(w̄) = 1, (16.14)

we have

[δ(w̄)] =

[

1

w̄

]

. (16.15)

Hence

[δ(x̄)] =

[

1

x̄

]

= [m] (16.16)

and

[δ(p̄)] =

[

1

p̄

]

=

[

1

m

]

(16.17)

Force

Let U be a potential energy in o.u. andU be the corresponding potential energy in n.u. withU = U c2, ( and, of course,
[U ] = [m]). If F is a force in ordinary units andF is the corresponding force in n.u., then

Fx = −∂U

∂x
= −∂Ū

∂x̄

c3

h̄
= F x

c3

h̄
. (16.18)

[F ] = [E/x] =

[

mc2

h̄
mc

]

=

[

m2c3

h̄

]

(16.19)

so

F = F
c3

h̄
, [F ] = [m2]. (16.20)
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Number Density

Let n be the number density andV be a specified volume in ordinary units, withn̄ andV the corresponding quantities in
n.u.. WithN particles inV ,

n =
N

V
=

N

V
(

h̄
c

)3
= n̄

( c

h̄

)3

. (16.21)

We have used

n̄ =
N

V
, so [n̄] = [m3] (16.22)

Mass Density

Let ρm be the mass density andV a given volume in o.u., and let̄ρm andV be the corresponding quantities in n.u. With
massM in V ,

ρm =
M

V
=

M

V
(

h̄
c

)3
= ρ̄m

( c

h̄

)3

(16.23)

We have used

ρ̄m =
M

V
, so [ρ̄m] = [m4] (16.24)

Universal Constant of Gravitation

Using

U =
Gm2

r
, U =

Gm2

r̄
, U = Uc2, (16.25)

we get
G = Gh̄ c (16.26)

and since[r̄U ] = 1,

[G] =

[

r̄ U

m2

]

=

[

1

m2

]

(16.27)

Electric Charge

With the electric charge in natural units beingq̄ and the electric charge in HL units beingq,

q =
√
h̄c q̄, [q̄] = 1. (16.28)

The relation between the fine structure constantα and the value of the electron charge in natural units then becomes

α =
e2nu

4π
. (16.29)

Electric Charge Density

With ρ the HL electric charge density andq the HL charge, let̄ρ be the electric charge density in natural units withq̄ the
electric charge in natural units. Then

ρ =
q

V
=

q̄
√
h̄c

V (h̄/c)3
=

q̄

V

√

c7

h̄5
(16.30)

So

ρ = ρ̄

√

c7

h̄5
, [ρ̄] =

[

q̄

V

]

= [m3]. (16.31)
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Electric Current Density

With J the HL electriccurrent density,ρ the HL electricchargedensity,

J = ρ v = ρ̄

√

c7

h̄5
v̄ c = ρ̄ v̄

√

c9

h̄5
(16.32)

so

J = J

√

c9

h̄5
, [J ] = [ρ̄ v̄] = [ρ̄] = [m3]. (16.33)

Electric Field

With the electric field magnitude in natural units beingE and the electric field magnitude in HL units beingE , by consid-
ering the magnitude of the electric field force,

E =
F

q
=

F c3/h̄

q̄
√
h̄c

=
F

q̄

c5/2

h̄3/2
, (16.34)

so we have

E = E
√

c5/h̄3, [E ] =
[

F

q̄

]

= [m2]. (16.35)

Magnetic Field

With the magnetic field magnitude in natural units beingB and the magnetic field magnitude in HL units beingB, by
considering the magnitude of the magnetic force when~v · ~B = 0,

B =
cF

qv
=

F c4/h̄

q̄
√
h̄c v̄c

=
F

q̄ v̄

c5/2

h̄3/2
, (16.36)

so we have

B = B
√

c5/h̄3, [B] =
[

F

q̄ v̄

]

= [m2]. (16.37)

16.1 Summary of Mass Dependence

Using physical quantities in natural units, each quantity has dimensions given by some power of mass:md. A dimension-
less quantity has the same dimensions asm0 = 1. We omit the bar or overline from these symbols, each of which(other
than massm) represents a quantity in natural units.

quantity dim quantity dim
v 1 n m3

E m ρm m4

p m G m−2

x m−1 q 1
∇ m ρe m3

t m−1 Je m3

~r × ~p 1 E m2

F m2 B m2

φ m ~A m
δ(x) m δ(p) m−1

This table can be used to check the dimensional consistency of any equation written down in natural units.
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16.2 Electromagnetic Equations in Natural Units

We then can take over the set of electromagnetic equations displayed above in the section on HL units, and using natural
units, the parameterc disappears. You can use the mass dimension of each quantity to check that each of these equations
is dimensionally consistent. In natural units we have (naturally we omit any bar or overline notation here)

∇ · ~B = 0

∇ · ~E = ρ

∇× ~E +
∂ ~B

∂t
= 0

∇× ~B − ∂ ~E

∂t
= ~J

The Lorentz force on a particle of chargeq is

~F = q
(

~E + ~v × ~B
)

. (16.38)

The electromagnetic field energy is

Ufields =
1

2

∫

d3x
(

~E2 + ~B2
)

. (16.39)

The Poynting vector is
~S = ~E × ~B. (16.40)

The electromagnetic field momentum is

~Pfields =

∫

d3x
(

~E × ~B
)

. (16.41)

We also have
∂ρ

∂t
+∇ · ~J = 0

~E = −∇φ− ∂ ~A

∂t
~B = ∇× ~A.

Using GeV units

In particle physics it is common to measure quantities in units of GeV (1GeV= 109electron volts), a choice motivated by
the fact that the rest energy of the proton is roughly1GeV. Since in natural units, mass and energy have the same units, it
is convenient to speak of either mass, energy, or momentum all in terms of GeV, and to measure length and time in units
of GeV−1.

Cross sections are often expressed in millibarns, where

1mb= 10−3 b = 10−27 cm2, (16.42)

and
1GeV−2 = 0.389mb. (16.43)

Here is a table of conventional mass, length, time, and positron charge in terms of̄h = c = 1 energy units.

Conversion Factor Energy Units Conventional Units
1kg = 5.61 × 1026GeV GeV GeV

c2

1m = 5.07× 1015GeV−1 GeV−1 h̄ c
GeV

1sec= 1.52 × 1024GeV−1 GeV−1 h̄
GeV

e =
√
4π α – (h̄ c)1/2
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17 QED Vertex Factors for Fermions and Spinless Bosons

The interactions between photons and fermions and between photons and spinless bosons are implied by the interaction
Lagrangians. Total electrical charge must be conserved at each vertex. We assume here the particle (fermion or spinless
boson) has an electrical chargeQ in natural units (which may include a sign). Then the vertex factor for a fermion is
−iQγµ : We can use ourqdraw package (Ch. 13) to make the fermion vertex factor figure:

(%i1) load(draw);
(%o1) "C:/Program Files/Maxima-sbcl-5.36.1/share/maxi ma/5.36.1/share/draw/draw.lisp"
(%i2) load(qdraw);
" qdraw(...), qdensity(...), syntax: type qdraw(); "
(%o2) "c:/work5/qdraw.mac"
(%i25) qdraw(xr(-5,8),yr(-5,5),ex1(0.3 * sin(2 * %pi * x),x,-2,2,lc(black),lw(2)),

line(-4,-4,-2,0,lw(4)),line(-2,0,-4,4,lw(4)),
arrowhead(-3,-2,63.43,0.4),arrowhead(-3,2,116.57,0. 4),

label(["{/=18 P_{a}}",-4,-2],["{/=18 P_{b}}",-3.8,1.6 5],
["{/Symbol=30 m}",2.2,0],
["{/=18 - i Q} {/Symbol=40 g}_{{/Symbol=20 m}}}",4,0]),cu t(all))$

which produces the plot

Figure 2: QED Vertex Factor for Fermions

The single photon vertex factor for a spinless boson is−iQ (pa + pb)µ.

(%i28) qdraw(xr(-5,10),yr(-5,5),ex1(0.3 * sin(2 * %pi * x),x,-2,2,lc(black),lw(2)),
line(-4,-4,-2,0,lw(4)),line(-2,0,-4,4,lw(4)),

arrowhead(-3,-2,63.43,0.4),arrowhead(-3,2,116.57,0. 4),
label(["{/=18 P_{a}}",-4,-2],["{/=18 P_{b}}",-3.8,1.6 5],

["{/Symbol=30 m}",2.2,0],
["{/=20 - i Q} {/=18 (P_{a} + P_{b})}_{{/Symbol=20 m}}}",4, 0]),
cut(all))$
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which produces the plot

Figure 3: QED Single Photon Vertex Factor for Spinless Bosons

The double photon vertex factor for a spinless boson is+2iQ2gµν .

(%i38) qdraw(xr(-5,10),yr(-5,5),ex1(2 + x + 0.3 * sin(2 * %pi * x),x,-2,2,lc(black),lw(2)),
ex1(-2 - x + 0.3 * sin(2 * %pi * x),x,-2,2,lc(black),lw(2)),

line(-4,-4,-2,0,lw(4)),line(-2,0,-4,4,lw(4)),
arrowhead(-3,-2,63.43,0.4),arrowhead(-3,2,116.57,0. 4),
label(["{/=18 P_{a}}",-4,-2],["{/=18 P_{b}}",-3.8,1.6 5],
["{/=20 + 2 i Qˆ{2}} {/=22 g}_{{/Symbol=20 m n}}",4,0],
["{/Symbol=20 m}",2.3,-4],["{/Symbol=20 n}",2.2,4]),c ut(all))$
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which produces the plot (the “sea-gull diagram”):

Figure 4: QED Double Photon Vertex Factor for Spinless Bosons

18 Some Code Details

18.1 Symbolic Expansions

18.1.1 Symbolic Expansions of D(a,b) using Dexpand

The package usesD(a,b) to represent the symbolic four-vector dot product of two four vectorsa andb. The package
function Dexpand will expand arguments ofD which consist of two or more terms, and will do a mass expansion when
declared mass symbols (such as the defaultmandMsymbols) are found, and will also pull out scalars declared using
Mscalar (the default set of scalars are calledc1, c2, ...,c10 ).

Here are some interactive examples which use the package function Dexpand .

(%i2) Dexpand(D(a,b));
(%o2) D(a,b)
(%i3) Dexpand(D(a,b+c));
(%o3) D(a,c)+D(a,b)
(%i4) Dexpand(D(a,b+m));
(%o4) D(a) * m+D(a,b)
(%i5) Dexpand(D(a+m,b+M));
(%o5) m* M+D(a) * M+D(b) * m+D(a,b)
(%i6) Dexpand(D(2 * a+m,b/3+M));
(%o6) m* M+2* D(a) * M+D(b) * m/3+2 * D(a,b)/3
(%i7) Dexpand(D(2 * c1 * a+m,b/3+M));
(%o7) m* M+2* c1 * D(a) * M+D(b) * m/3+2 * c1 * D(a,b)/3
(%i8) Dexpand ( D(a,b+c) + D(e,f+g) );
(%o8) D(e,g)+D(e,f)+D(a,c)+D(a,b)
(%i9) Dexpand ( r * D(a,b+c)/D(e,f) );
(%o9) D(a,c) * r/D(e,f)+D(a,b) * r/D(e,f)
(%i10) Dexpand ( r * D(a,b+c)/(s * D(e,f+g)) );
(%o10) D(a,c) * r/(D(e,g) * s+D(e,f) * s)+D(a,b) * r/(D(e,g) * s+D(e,f) * s)

18.1.2 Symbolic Expansion of G(a,b,c,...) Using Gexpand

The package usesG(a,b,c,d) to represent the product of four Dirac matrices, in which thesymbolsa,b,c,d represent
Feynman slashed four-vectors unless they have been declared index symbols usingMindex . You can see the current list
of index symbols available by looking at the contents of the list indexL .

(%i11) indexL;
(%o11) [n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,la,mu,nu,rh,s i,ta,al,be,ga,de,ep]
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With this (default) list of recognised Lorentz indices, theexpressionG(mu,a,nu,b) would represent the matrix product
Gam[mu] . sL(a) . Gam[nu] . sL(b) .

The package functionGexpand will expand symbolic products of Dirac gamma matrices, expanding arguments with
multiple terms, pulling out numbers and declared scalars, and making mass expansions when finding a term which is a
recognised mass symbol.

An additional expansion occurs (usingGexpand ) if a slot contains the symbolS(sv) or S(sv,Sp) which are used to
symbolically represent heliciy projection matrices (the simpler first case for particles treated as massless, and the more
complicated two argument version for the more general case of massive particles).

The symbolsv is a stand-in for the helicity quantum number taken to have valuessv = 1 or sv = -1 . The symbol
Sp represents the positive helicity spin 4-vector implied by aparticle’s 4-momentum vector. Many examples of the use
of helicity projection operator methods will be shown in theworked out examples. WhenGexpand encounters such a
helicity projection operator symbol an expansion is made using the symbolic gamma5 matrixG5.

(%i12) Gexpand (G (S(sv)));
(%o12) sv * G(G5)/2+G(1)/2
(%i13) Gexpand (G (S(sv,Sp)));
(%o13) sv * G(G5,Sp)/2+G(1)/2

Note especially that the symbolG(1) represents symbolically the unit4 x 4 matrix, whose trace is 4.

The package trace functionstr , Gtr , andnc_tr all use the functionGexpand as the first step in calculating a trace of a
product of Dirac gamma matrices symbolically.

Here are some examples of the use ofGexpand .

(%i14) Gexpand (G());
(%o14) G()
(%i15) Gexpand (G(1));
(%o15) G(1)
(%i16) Gexpand (G(-1));
(%o16) -G(1)
(%i17) Gexpand (G(-a));
(%o17) -G(a)
(%i18) Gexpand (G(m));
(%o18) G(1) * m
(%i19) Gexpand (G(a + m));
(%o19) G(1) * m+G(a)
(%i20) Gtr (%);
(%o20) 4 * m
(%i21) Gexpand (G(a,b+c));
(%o21) G(a,c)+G(a,b)
(%i22) Gtr (%);
(%o22) 4 * D(a,c)+4 * D(a,b)
(%i23) Gexpand (G (a+m,b+M));
(%o23) G(1) * m* M+G(a) * M+G(b) * m+G(a,b)
(%i24) Gtr (%);
(%o24) 4 * m* M+4* D(a,b)
(%i25) Gexpand (G (S(1),a,S(1),b));
(%o25) G(G5,a,G5,b)/4+G(G5,a,b)/4+G(a,G5,b)/4+G(a,b) /4
(%i26) Gexpand (G (2 * c1 * a,3 * c2 * b - c3 * c/7));
(%o26) 6 * c1 * c2 * G(a,b)-2 * c1 * c3 * G(a,c)/7
(%i27) Gtr(%);
(%o27) 24 * c1 * c2 * D(a,b)-8 * c1 * c3 * D(a,c)/7

18.2 Using simplifying-new.lisp

The following functions are based on the use ofsimplifying-new.lisp :

• simp_tr1 : used whentr1 is called byTR1 to symbolically evaluate the trace of a product of Dirac matrices,
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• simp_Gexpand1 : used whenGexpand1 is called byGexpand ,

• simp_Dexpand1 : used whenDexpand1 is called byDexpand ,

• simp_scon1 : used whenscon1 is called byscon ,

• simp_VP1 : used whenVPcallsVP1.

After the definition of, for example,simp_VP1 , there is a line of code which uses a Maxima level function defined in
the code filesimplifying-new.lisp :

simplifying (’VP1, ’simp_VP1)

This causes a call toVP1 to be taken over bysimp_VP1 , which is an ordinary Maxima function which can callVP1
itself, leading to a recursive process. Each new entry intosimp_VP1 is then able to apply different sorts of massaging
of the supplied expression based on the current state of thatsimplification.

At the top of the filesimplifying-new.lisp is a simple example of using this code.

I am grateful to Maxima developer Barton Willis for suggesting the use of this method and for providing valuable advice
with details.

The Maxima code file...share/contrib/simplifying.lisp was written by Maxima developer Stavros Macrakis,
and will eventually be updated to the form of our package filesimplifying-new.lisp , according to my sources.
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