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Preface

COPYING AND DISTRIBUTION POLICY

This document is part of a series of notes titled

"Maxima by Example" and is made available

via the author’'s webpage http://www.csulb.edu/"woollett /
to aid new users of the Maxima computer algebra system.

NON-PROFIT PRINTING AND DISTRIBUTION IS PERMITTED.

You may make copies of this document and distribute them
to others as long as you charge no more than the costs of printi ng.

Feedback from readers is the best way for this series of notbscome more helpful to new users of Maximall
comments and suggestions for improvements will be appgestend carefully considered

LOADING FILES

The defaults allow you to use the brief version load (dirac3) to load in the
Maxima file dirac3.mac, provided you have the file dirac3.m ac in your work
folder, say c:\work5, and you have a line like

file_search_maxima : append(["c:/work5/###.{mac,mc}"] file_search_maxima )$

in your startup file maxima-init.mac. (See Maxima by Exampl e, Ch. 1, for more
details about this startup file.)

Otherwise you need to provide a complete path in double quote s,
as in load("c:/work5/dirac3.mac"),

We always use the brief load version in our examples, which ar e generated
using the XMaxima graphics interface on a Windows XP compute r, and copied
into a fancy verbatim environment in a latex file which uses t he fancyvrb

and color packages.

Maxima.sourceforge.net. Maxima, a Computer Algebra Syste m. Version 5.36.1
http://maxima.sourceforge.net/

The author would like to thank Maxima developer Barton Wifior his initial suggestion to use the Maxima
code filesimplifying.lisp and his patient help in understanding how to make use of ta#.d he new
code has also been simplified (as compared with the rathgedamded code in version 1) by using a set of functions
shared by Barton Willis which are used in making decisiombh&s. These functions are

‘ mplusp, mtimesp, mnctimesp, mexptp, mncexptp. |

(The “nc” additions refer to “non-commutative”). Generapansions of multiple term arguments have been simplified
by using Barton Willis" methods which combifn@mbda andxreduce
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1 Introduction

Both symbolic and explicit matrix Dirac algebra methodsavrailable in this Dirac package. One can gain confidence in
an unexpected result by doing the same calculation in neligys.

Theexplicit (matrix) Dirac spinor methods, which use an explicit repregation of the gamma matrices, are bug free, fast,
and the route to polarized amplitudes (rather that the sqofpolarized amplitudes). Moreover, summing the absolute
square of the polarized amplitudes over all helicity valleesls quickly and reliably to the unpolarized cross sedtion
terms of the frame dependent kinematic variables such #&sng angle.

However the version available with this package is not aiGamamethod and is always frame dependent. &kgicit
matrix methods using the Maxima functiomat_trace (or the equivalent_tr function) are inherently less bug prone
and also are faster in execution than the purely symbolitookst

However, thepurely symbolic contraction and trace methods available in this packageapable of introducing the
kinematic invariants s, t, and u into the calculation in ag&way, or to reducing the types of four vector dot produats t
two, leading to useful covariant results.

In the following examples, we use a variety of methods tovarat the same answer. We generally start with a purely
symbolic method which allows the production of a frame iretegent result in terms of Mandelstam variables. This is
usually the most complicated method with more steps to tla fasult.

Faster methods to the final answer appear later, and thestfast&thods to an unpolarized differential scattering cross

section are either thec_tr  plus mcon(expr, indices) method or else the explicit matrix methad tr plus mcon
method. So if you are looking for the fastest method to a frdemendent solution, you should bear this in mind.

2 Kinematics and Mandelstam Variables

We use the same conventions as Peskin & Schroedarlstroduction to Quantum Field Theory (see the References
section at the end). The diagonal elements of the metriotens(1, —1, —1, —1),

10 0 O

0 -1 0 0
= g =

0o 0 0 -1

with Greek indices running ove, 1,2, 3.

We are using natural units in which the momentum vegtoenergy £ and massV/ all have the same units, and the
velocity vectory is dimensionless. Thus for a given particle with enefglymomentum vectop, massm and velocity
vectorv

1
E=my, p=myd, E'=m’+[il’, )= —— (2.2)
— v
If p, andp, are the four-momenta of two particles a and b, then the gqyanti
M2, = (pa+1b)° = (Ba + Ep)* — (Ba +1b)°, (2.3)

is called the effective mass squared of a and b. If a pafidecays to a and b, thevl,; is the mass of the parent particle
R.
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2.1 1+ 2 — 3+ 4 Scattering for Non-Equal Masses

We can use Maxima and the authogdraw program (see Ch. 13) to make a diagranof> 2 scattering with our
notation conventions.

(%il9) qdraw(xr(-5,7),yr(-5,5), line(-4,-4,-2,0,lw(4) ),line(-2,0,-4,4,lw(4)),
line(4,-4,2,0,lw(4)),line(2,0,4,4,lw(4)),
arrowhead(-3,-2,63.43,0.4),arrowhead(-3,2,116.57,0. 4),
arrowhead(3,-2,116.57,0.4),arrowhead(3,2,63.43,0.4) ,
line(5.4,-2,5.4,2,lw(2),Ic(blue)),arrowhead(5.4,2,9 0,0.4,Ic(blue)),
label(["{/=18 P_{1}}",-4,-2],["{/=18 P_{3}}",-3.8,1.6 5],
['{/=18 P_{4}}",3.3,1.65],['{/=18 P_{2}}",3.5,-2],
["{/=12 t}",5.3,2.3]),circle(0,0,2.8,Ic(black),fill( gray)), cut(all) )$

which produces the plot

P3 Py

Py P>

Figure 1:2 — 2 Scattering

For the scattering everit+ 2 — 3 + 4, let the corresponding particles have massfs M,, M3, and M, and four-
momentap; = (E1;p1), p2 = (F2;p»), etc. Each four-momentum satisfigs = p, - p, = M?2. Conservation of total
four-momentunyp; + p2 = p3 + p4 gives four component equations:

P+ ph =ph i, for p=0,1,23. (2.4)
Recall that the four-vector scalar product is defined asi@uie summation convention for repeated Lorentz indices)
a-b=a"b,=a"t’—a-b. (2.5)
We define the three Mandelstam variabldes, andu (also making use of 4-momentum conservation)
s = (p1+p2)” = (p3+1pa)°, (2.6)
t=(p1 —ps)® = (p2 — pa)*, (2.7)
u=(p1 —p1)* = (p2 — p3)*>. (2.8)

Only two of these three Mandelstam variables can be indegrgndut it is conventional to define the three variables for
the sake of symmetry. We have the identity.

s+t+u=M}+ M5+ M;+ M, (2.9)
since
s+t+u=(p1+p2)+ (p1—ps) + (p1 — pa)?
=3pi +p5+p3+pi+2p1 D2 —2p1-p3—2p1-pa
=pi+p3+p3+pi+2p1- (p1+p2—ps—ps=0)
= pi + 5+ 3+ pi
= M} 4 M3 + M3 + M}
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Sinces, t, andu are Lorentz scalars, they do not change from frame to frarhey €an be evaluated in any frame that is
convenient. The quantities s, t, and u are called Mandelstamables after Stanley Mandelstam who introduced them in
1958.

In the high energy limit, in which we can neglect all partiokasses compared to the particle energies,

SR 2p1-p2 R 2p3-py
t~—=2p1-p3~ —2p2-ps
UR =2p1-ps N —2p2 - p3
s+t+u~0.

All Lorentz-invariant combinations of the four momenta daa expressed in terms of the Mandelstam variables. For
example, the Lorentz invariant 4-vector products of any m@nenta are

2

2p1-pa = (p1 +pa)® —p} —ps =5 — M? — M2
2

2p3-ps = (p3+pa)? — P2 —p2 =5 — M2 — M?

2p1 - p3 =i+ 05— (p1 —p3)° = M7+ M3 —t
2py - pa =5+ 05— (P2 —pa)” = M§+ Mj —t
2p1 - pa=pi+pi— (p1 —pa)’ = M} + M§ —u
2p2 - ps = p3 +p3 — (p2 — p3)* = M3 + M5 — u.

Using these invariant products, you can show, for exampég,for arbitrary masses

(p1+p3) - (p2 +ps) =5 —u. (2.10)
If we consider “elastic scattering” in the technical senge = M3 = m and M, = M, = M, then the above invariant
products show that

b1 P2 = P3 - P4,

P1-P4=DpP2-pP3

po-ps=M*—m®+p; - ps.

2.2 Mandelstam Variable Tools at Work

We show an example of the use of one of our Mandelstam variable here. We are using the xMaxima interface here
with display2d set equal tdalse at the end of the filelirac3.mac . Loadingdirac3.mac causes five other files to
also load.

(%il) load(dirac3);
dirac3.mac
simplifying-new.lisp
dgtrace3.mac

dgcon3.mac

dgeval3.mac

dgmatrix3.mac

current symbol assignments

scalarL = [c1,c2,c3,c4,c5,c6,c7,c8,c9,c10]

indexL = [n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,la,mu,nu,rh, si,ta,al,be,ga,de,ep]
massL = [m,M]

Nlast = 0

reserved program capital letter name use:
Chi, Con, D, Eps, EpsL, G, G(1), G5, G5p
Gam, Gm, Gtr, KD, LI, Nlast, Ul, P, S
Sig, Sigb, SIG, UU, VP, VWV

12, 22, CZ2, 14, Z4, CZ4, RZ4, N1,N2,...
reserved array names: gmet, eps4, epsdL
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invar_flag = true
stu_flag = false
(%o01) "c:/work5/dirac3.mac"

The listinvarR (R for “rules”) is initially empty.

(%i2) invarR;
(%02) []

We will illustrate a case in which all four masses are digtifidie listmassL contains symbols which are to be recognised
as symbols for particle masses. The default are the symimtslM We can add additional symbols to this list using the
functionMmass We then interrogate the new contents of therliassL.

(%i3) Mmass (m1,m2,m3,m4)$
(%i4) massL;
(%04) [m,M,m1,m2,m3,m4]

We now populate the lishvarR with a set of identities which express 4-vector dot prode¢#-momentum vectors in
terms of the Mandelstam variables, using the package fumséit_invarR . This particular case can be simply pasted
in from code in the text filenandelstam.txt . We then interrogate the contents of theilistarR .

(%i5) set_invarR (D(pl,pl) = m1°2,
D(p1,p2) = (s - m1l"2 - m2°2)/2,
D(p1,p3) = (m1"2 + m372 - 1)/2,
D(pl,p4) = (m1"2 + m4™2 - u)/2,
D(p2,p2) = m2°2,
D(p2,p3) = (M2°2 + m372 - u)/2,
D(p2,p4) = (M2°2 + m4"2 - 1)/2,
D(p3,p3) = m372,
D(p3,p4) = (s - m3°2 - m472)/2,
D(p4,p4) = m4"2)$

(%i6) invarR;

(%06) [D(p4,p4) = m4"2,D(p3,p4) = (s-m4°2-m3°2)/2,D(p3,p 3) = m372,
D(p2,p4) = ((-t)+m4°2+m2°2)/2,D(p2,p3) = ((-u)+m3°2+m2" 2)/2,
D(p2,p2) = m2°2,D(pl,p4) = ((-u)+m4°2+m1°2)/2,

D(p1,p3) = ((-t)+m3°2+m1°2)/2,D(pl,p2) = (s-m2°2-m1°2)/ 2,

D(pl,pl) = m172]

The listinvarR now holds a list of “replacement rules” which allow some of package functions to replace symbolic
4-vector dot product®(pa,pb) with an expression depending on the masses and Mandelstaablga. For example,
our symbolic trace functiotr(expr) makes use of the lishvarR . Also the combined symbolic and non-covariant
trace functiomc_tr(expr) makes use of the lighvarR .

A third function which uses this list isv_Ds(expr) , which we will demonstrate here. (Tlegpr can be a product and
or sum of sub-expressions containing .)

(%i7) ev_Ds ( D(pl+p3, p2 + pd));
(%07) s-u

This has reproduced the formula we found above:

(p1+p3)- (p2 +ps) =5 —u. (2.11)
The package functioav_Ds(expr) first callsDexpand(expr) , and then callgv(result,invarR) , and finally calls
expand on the last result.
(%i8) fundef (ev_Ds);
(%08) ev_Ds(eeexpr):=(Dexpand(eeexpr),ev(%%,invarR), expand(%%))

If we instead worked this out step by step,
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(%i9) Dexpand ( D(pl+p3, p2 + p4) );

(%09) D(p3,p4)+D(p2,p3)+D(pl,p4)+D(pl,p2)

(%il0) ev(%,invarR);

(%010) ((-u)+m4 2+m1°2)/2+((-u)+m3"2+m2°2)/2+(s-m4"2 -m372)/2+(s-m272-m1°2)/2
(%ill) expand(%);

(%011) s-u

we get the same result as the usewfDs(expr)

Our functionev_invar(expr) is equivalent tav(expr,invarR)

(%i12) fundef(ev_invar);
(%012) ev_invar(_expr%):=ev(_expr%,invarR)

The 4-vector product of a pair of 4-vectors is equivalent tmatraction process. Once the listarR has been created
(by usingset_invarR , for example), the symbolic contraction functiobsn andscon make use of the lighvarR to
simplify contractions of 4-momentum vectors. As shown héris easier to usev_Ds(expr) to get these simplified
results.

(%i13) Con(Ul(p1,mu) * Ul(pl,mu));
(%013) m1°2

(%il4) ev_Ds(D(pl,pl));

(%014) m1°2

(%il5) Con(Ul(p1,mu) * Ul(p2,mu));
(%015) s/2-m2°2/2-m1°2/2

(%il6) ev_Ds(D(pl,p2));

(%016) s/2-m2°2/2-m1°2/2

(%il7) Con(Ul(p1,mu) * Ul(p3,mu));
(%017) (-t/2)+m3°2/2+m1°2/2

(%i18) Con(Ul(p1,mu) * Ul(p4,mu));
(%018) (-u/2)+m4"2/2+m1°2/2

The symbolic contraction functiorGon andscon automatically contract on repeated Lorentz indices (dejpgnon the
contents of the list indexL to recognise such indices), ot lyave the option of including explicit summation indices t
be summed over.

The process + 2 — 3 + 4 is known as thes-channeprocess becausds the energy variable (equal W2, the square
of the center of momentum frame total energy). In the CM fraphe= —p7, so

s=(p1+p2)? = (BE1+ E2)* — (b1 + 12)* = (B + Ep)* = W2 (2.12)

We can also consider the correspondtrthannelprocessl + 3 — 2 + 4, wheret is the energy variable, or the corre-
spondingu-channelprocessl + 4 — 2 + 3, whereu is the energy variable. The antiparticle3ois 3, etc. It turns out that
these three different processes are intimately related.

2.3 CM Frame Scattering Description
With the convention
Pi =D1, Dy = D3, (2.13)
we set
b1 = (E17 0707pl) )
b2 = (E27 07 07 _pl) )
so the initial particles move in the z-direction. The finaltjzdes can scatter at some angle, so
p3 = (E3;pf),
P4 = (E4a _ﬁf) ;
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wherep’; can be taken to be in the— z plane,
pf = (py sin,0,py cosf). (2.14)

The angléed is the CM scattering angle, ards 0 = p; - py = p1 - p3. Thus, in the CM frame

2
s = (B + BEy)? = [\/Mf +p? + \/M22 +p§] (2.15)

which can be solved (see below) fpfr

[s (M + MQﬂ [s — (M — M2)2]
4s '

In order to use Maxima’'solve(egn,var) function, we need to square the original equation enougbgito remove
the square root functions, and finally arrive at a polynonmiahe unknown. Thus we can, for example, proceed in steps,
letting = represenp?, first expanding the squared term,

P} = (2.16)

s:M12+x+M22+w+2\/(Ml2+x) (M3 + ) (2.17)
then isolating the square root on one side

2/ (M7 + ) (M3 +2) =s— M}~ M3 — 22 (2.18)
then squaring both sides

4 (M} +x) (M3 +a)=(s— M} — M} —2z)° (2.19)

and finally bringing all terms to the left hand side to allow $ome cancellations
4 (M2 +2) (ME+2)— (s — M} — M3 —2z2)* = 0. (2.20)

We letx represenp? in the following Maxima session.

(%il) assume(s>0,m1>0,m2>0);
(%01) [s > O,m1 > O,m2 > 0]
(%i2) eqn : expand( 4 *(M1°2+x) *(M22+x) - (s-m1°2-m2°2-2 *X)2 );
(%02) 4 *s*X-8"2+2 *m2°2*s+2+*m1"2*s-m2°4+2 *m1l"2*m2°2-m1°4
(%i3) solve(eqgn,x);
(%03) [x = (s"2+((-2 *m2°2)-2 *m1°2) xs+m274-2 *m1"2*m2°2+m1°4)/(4 *s)]
(%i4) soln : rhs(%[1]);
(%04) (s"2+((-2 *m2°2)-2 *m1°2) *s+m2°4-2 *m1°2+m2°2+m1°4)/(4 *s)
(%i5) soInf : factor(soln);
(%05) ((s-m272-2 *mIxrm2-m1°2) *(s-m2°2+2 *ml*m2-m1°2))/(4 *s)
(%i6) display2d:true$
(%i7) solnf;
2 2 2 2

(s-m2 -2mlm2-ml)(s-m2 +2mlm2-ml)

(%07) s e
4's

which can be further simplified by hand to get agreement, loerdbrute force Maxima methods can be used, as shown
here:

(%i8) display2d:false$

(%i9) Nf : num(solnf);

(%09) (s-m2°2-2  *ml*rm2-m1°2) *(s-m2°2+2 *ml* m2-m1°2)
(%il10) Nfl : part(Nf,1);

(%010) s-m272-2 *ml*m2-m1°2

(%ill) Nfims : Nfl-s;

(%011) (-m27°2)-2 *mI*m2-m1°2

(%i12) Nfimsf : factor(Nflms);

(%012) -(m2+m1)°2
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(%il3) Nfl : Nfimsf + s;
(%013) s-(m2+m1)°2

(%il4) Nf2 : part(Nf,2);

(%014) s-m272+2 *ml*m2-m1°2
(%il5) Nf2ms : Nf2 -s;

(%i16) Nf2msf : factor(Nf2ms);
(%016) -(m2-m1)°2

(%il7) Nf2 : Nf2msf + s;
(%017) s-(m2-m1)°2

(%i19) display2d:true$
(%i20) solnf_new;

(s -
(%020)

(%015) (-m2°2)+2 *ml*m2-m1°2

(%il18) solnf_new : Nfl *Nf2/(4 *s);
(%018) ((s-(m2-m1)°2) * (s-(m2+m1)°2))/(4 *S)

2 2

(m2 - ml) ) (s - (m2 + ml))

4 s

We can then findZ?, and thenk;

(%i21) factor(m1™2 + soInf_new);

(%021)

(%i22) sqrt(%);

(%022)

Thus

Likewise for E5,

(2.21)

(%i23) factor(m272 + solnf_new);

(%023)

Thus

Similarly, from the equation

S = (E3+E4)2 = [\/M§+p?c+\/M42+p§cJ2

we can take over the previous solutions by the replacements

to get

Ey — B3, By — Ey, My — Mz, My — My, p; — p}

[s —(Ms + M4)2] [s (M — My)?

2 _

pf_ 4s )
B (s+ M3 — M3)

3 2\/5 )
B = (s+ M7 — M3)

2V/s

(2.22)

(2.23)

(2.24)
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The Mandelstam variablésandw involve the CM frame scattering ange

t=(p1 —p3)?
= M7 + M3 —2p; - ps
:M12+M§—2E1E3+2pipf cos 6

and likewise

u= (p1 — ps)*
= M} + M} —2p1 - py
:M12+Mf—2E1E4—2pipf cos 6.

An alternative way to write down the values gf andpfc is based on the definition of a function
Ma,b,c) = a® + b* + ¢ — 2 (ab + ac + be), (2.25)
which is a symmetric function of its argumenté, a, ¢) = A(a, b, ¢) etc. Using this function, we can write

2 _ A (37 M127 M22)

2 2.26
A (s, M3, M3)
2 ) 3 A4
EEA S - A e YA 2.27
Py 1o (2.27)
We can check the equivalence, using Maxima pfar
(%i1) lam(a,b,c) := a2 + b2 + ¢"2 -2 *(@*b + a*c + b*c)$

(%i2) vall : expand (lam(s,m1°2,m2"2));

(%02) s"2-2 *m272*s-2 *m1"2+*s+m2°4-2 *m1°2+m2°2+m1°4
(%i3) val2 : expand( (s - (m1l+m2)°2) *(s - (M1-m2)72) );
(%03) s72-2 *m272*s-2 *ml"2+*s+m2°4-2 *m1°2+m2°2+m1°4
(%i4) vall - val2;

(%04) 0

(%i5) is(equal(lam(b,a,c),lam(a,b,c)));

(%05) true

From the above expressions ﬁqfrandp}, it is obvious that if we consideglasticscattering, in the sense that, = m,
m3 = m, my = M, andmy = M, thenp; = py. Which implies thatpi| = |p5| and|pa| = |p4|.
If we expresscos 6 in terms oft, we have

2pipycost =t — M{ — M3 + 2F, E3
(s 4+ M7 — M3) (s + M3 — M?)

—t— M?— M3 +2

2\/s 2\/s
25 (t— MP— M3) + (s + M? — M3) (s + M3 — M)
N 2s

Using the abbreviations
Asiz = A (s, M7, M3)
Assa = A (s, M3, M})
we get for the cosine of the scattering angi@ the CM frame:
2 (1 — M~ M3) + (s + M2 — M3) (s + M — M)

dspips
2 (1 — M~ M3) + (s + M2 — M3) (s + M3 — M)

[As12 )\534]1/2

cos O =
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2.4 CM Frame Differential Scattering Cross Section for(AB) — (CD)
For the2 — 2 scattering processAB) — (C'D),

the differential scattering cross section in the CM franoe,dpecified helicities of the non-scalar particles, is ($ee
example, Francis Halzen and Alan D. Martin, “Quarks and aegt An Introductory course ...,” Sec. 4.3, or Mark
Thomson, Modern Particle Physics, Sec. 3.5.1)

do 1 py 9
d—Q(cms) = 64w2sE|Mf’| . (2.29)
In the CM framep; = |pi| = |p2| andp; = [p3| = [p4l.
If we define a “reduced” amplitudé1,. by
My = —* M,, (2.30)
and use
e = dra (2.31)
we can instead use the simpler formula :
99 (g = LI M, = A|M, (2.32)
dQ) Cdsp T e '
where )
A=2Pr (2.33)
4s pi

These formulas (2.29) and (2.32) assume the non-scalaclparave specified helicities.

An “unpolarized” differential cross section can be thennfdiby averaging over the helicities of the incident partcle
and summing over the helicities of the final particles.

For elasticscattering, in the sense that = m, m3 = m, my = M, andmy = M, we have the simplificatiop; = p;.

2.5 Lab Frame Differential Scattering Cross Section for Elatic Scattering(A B) — (A B)

See Peter Renton, Electroweak Interactions, Eq. (4.34d)David Griffiths, Introduction to Elementary ParticlespBr
6.10.

For the elastic scattering process in which particle B withsgd/ is initially at rest, and particle A with mass, initial
energyFy, and initial 3-momentum magnituge is scattered into solid angle elemelt with final energyls, and final
3-momentum magnitudgs, the differential scattering cross section for specifielichies is

do - 1 <p3> |Mfi|2 (2 34)
o 2 ) ) .
d2 6472 M \ p1 ‘El + M — <P1pi—’73) COSQ‘

in which we have

P1 - P3 = p1p3 cost)

B =m® +p
Ef =m® + pj
By < By +M

E3 (M + Ey) — p1p3 cos@ = Ey M + m?
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This last relation follows from conservation of 4-momentand can be used in principle to solve fgyin terms ofp;.
Since(p1+p2)* = (p3+pa)H, the 4-vector dot product®; +p2)? and(ps+p4)? are equal, which implieg; -p2 = p3-p4.
Then, withps, = 0, andp; - p3 = p1 p3 cos @, one obtains the relation desired.

If we define a “reduced” amplitudé,. by

My = —e2 M,, (2.35)
and use

e = dra (2.36)

we can instead use the formula : J

g

15 (Cm9) = Aiap | M2, (2.37)

where )

1

App = —_ b3 (2.38)

4M pE
b1 ‘E1+M— ( 1})33) cos@‘
In the limitm — 0, letp; — k andps — k’. We then get

;o k
W= [1+ % (1 —cosf)] ' (2.39)

and , )
a K

2.6 Decay Rate for Two Body Decay

The total decay rate of an unstable particle is the sum of doaydrates for individual decay modes. Here we consider
one decay mode of particleto two particles
a—1+ 2. (2.41)

Sec. 3.3 of Thomson (Modern Particle Physics) derives tlvaydeate for any such two-body decay [see also Griffith
(Introduction to Elementary Paticles), pp. 194 - 198],

T /|Mfi|2d9, (2.42)

3272 m2

in which p* is the center of momentum frame 3-momentum magnitude of efttie final particles, (see our derivation
above in Sec. 2.3) given by [note Thomson’s 2015 3rd printiag an extraneous, unmatched, parenthesis]

N 1
. VIm2 — (my +mg)?] [m — (m1 — m)?]. (2.43)
As Griffith notes on p. 198, “ ...in the case of three or mordiplas in the final state, the integrals cannot be done until

we know the specific functional form o¥1;;.”

3 Spin Sums

Let M(o1,09,03,04) be the amplitude for each set of initial and final helicitytssafor the process (as a concrete
exampleete™ — u™p~. Quoting Mark Thomson, Modern Particle Physics, Secti@l6.‘Spin Sums,”

...the process™e~ — ™t~ consists of sixteen possibtethogonalhelicity combinations, each of which
constitutes a separate physical process, for examjple, — phuy andefer — phur, where R stands
for o = 1 and L stands for = —1. Because the helicity states involved are orthogonal, thegsses for
the different helicity configurations do not interfere, ghd matrix element squared for each of the sixteen
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possible helicity configurations can be considered indepethy.

For a particular initial-state spin configuration, the tatde~ — pp~ annihilation rate is given by the
sum of theratesfor the four possible:™ 1.~ helicity states (each of which is a separate process). Tdrere
for a giveninitial-state helicity configuration, the cross section is obtained byrnigkhe sum of the four
correspondingM |? terms. For example, for the case where the colliding elacared positron are both in
right-handed helicity states,

Z |Mggr|* = |Mrr—rrl* + |IMrr—rL|* + |Mrr—LRI* + IMRR—LL* (3.1)

In moste™e™ colliders, the colliding electron and positron beams angolarized, which means that there
are equal numbers of positive and negative helicity elesfpmsitrons present in the initial state. In this case,
the helicity configuration for a particular collision is ety likely to occur in any one of the four possible
helicity states of the e~ initial state. This is accounted for by defining the spinraged summed matrix
element squared,

(IMpil*) = = (IMggl* + |MgL|* + [MLg|* + |MLL|?)

>

=1 (IMgrr—rr|* + |MrrR=RLI* + ... + |MrL—RR* +...)

_ %ZZZZ |M (01,09, 05, 04) 2

01 02 03 04

or more compactly as
1
(IMgif?) = 5 D IMP, (3.2)

spins

where the sum corresponds to all possible helicity configans. . .. This sum can be performed in two ways.
One possibility is to use trace techniques ... where the suralculated directly using the properties of the
Dirac spinors. The second possibility is to calculate eddhesixteen individual helicity amplitudes. This
direct calculation of the helicity amplitudes involves mateps, but has the advantages of being conceptually
simpler and of leading to a deeper physical understandinigeoiielicity structure of the QED interaction.

4 Spin ; Examples

Reading and working through the worksheets in the first femngles will give the reader a quick overview of the use of
the Dirac3 package tools.

41 e et — u pt, ee-mumu-AE.wxm

We discuss this simple example in detail in two wxMaxima vebrdets.

The high energy limiting case in which we can negect the nsasde electron and muon is discussedérmumu-HE.wxm.
The arbitrary energy case, in which we retain the mass of lderen mand the mass of the muavis discussed in
ee-mumu-AE.wxm .

In all cases, we introduce what we call the “reduced ampditutht,. by pulling out a factor—e? from the amplitudeM:

We always interpret the Feynman rules as definirig\1, following the practice of David Griffiths (Introduction ®©le-
mentary Particles, 1987) and Francis Halzen & Alan D. Ma@uarks and Leptons, 1984).
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The reduced amplitude for the process

e (p1,01) € (p2,02) = 1~ (p3,03) ' (pa, 04) (4.2)

(62 7# Ul) (ﬂ3 7}14 U4) (43)

S
and in which, for exampley; = u(p;1,01), etc. and a sum over the Lorentz indexs understood (contraction of a
product). The denominataris the Mandelstam variable

s=(p1+p2)- (p1 +p2)- (4.4)

MT(O-la 02,03, 04) -

4.2 e u- — e p, e-mu-scatt.wxm

We discuss this simple scattering example in detail in onklaxima worksheete-mu-scatt.wxm

We neglect the mass of the electrorand retain the mass of the mudh The “reduced amplitudeM,. is defined by
pulling out a factor—e? from the amplitudeM:

M = —62 MT' (45)

We always interpret the Feynman rules as definirig\1, following the practice of David Griffiths (Introduction t®le-
mentary Particles, 1987) and Francis Halzen & Alan D. Ma@uarks and Leptons, 1984).

The reduced amplitude for the process
e” (p1,01) 1~ (p2,02) — € (p3,03) 1~ (P4, 04) (4.6)
(3" u1) (v, u2)
t

and in which, for exampley; = u(pi1,01), etc. and a sum over the Lorentz indexs understood (contraction of a
product). The denominataris the Mandelstam variable

t=(p1—p3)-(p1—p3)- (4.8)

(4.7)

M, (01,02,03,04) =

43 ¢ e — e e (Moller Scattering), em-em-scatt-AE.wxm

We discuss this Moller scattering example in detail in twdWexima worksheetssm-em-scatt-HE.wxm  for the high
energy limiting case, aneim-em-scatt-AE.wxm  for the arbitrary energy case.

The “reduced amplitudeM,. is defined by pulling out a factore? from the amplitudeM:
M = —62 MT' (49)

We always interpret the Feynman rules as definirig\1, following the practice of David Griffiths (Introduction ®©le-
mentary Particles, 1987) and Francis Halzen & Alan D. Ma@uarks and Leptons, 1984).

The reduced amplitude for the process
e (p1,01) e (p2,02) = e (p3,03) e (p4,04) (4.10)
(ug " w) (Waypue)  (Way" wa) (Us v u2)
t U

and in which, for exampley; = u(pi1,01), etc. and a sum over the Lorentz indexs understood (contraction of a
product). The denominataris the Mandelstam variable

t=(p1—p3) (p1—p3). (4.12)
and the denominatar is the Mandelstam variable

u=(p1—pa)-(p1—pa). (4.13)

MT(01,02,03,04) = (4.11)
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4.4 e et — e et (Bhabha Scattering), em-ep-scatt. AE.wxm

We discuss this Bhabha scattering example in detail in twidlaxima worksheetsm-ep-scatt-HE.wxm  for the high
energy limiting case, aneim-ep-scatt-AE.wxm  for the arbitrary energy case.

The “reduced amplitudeM,. is defined by pulling out a factor e? from the amplitudeM:
M= —e2 M,. (4.14)

We always interpret the Feynman rules as definirig\1, following the practice of David Griffiths (Introduction ®©le-
mentary Particles, 1987) and Francis Halzen & Alan D. Ma@uarks and Leptons, 1984).

The reduced amplitude for the process

e (p1,01) et (p2,02) = € (p3,03) € (pa, 04) (4.15)

(s ur) (Waypuva) (V2" ur) (Usyva)
t S

and in which, for exampley; = u(p;,01), etc. and a sum over the Lorentz indexs understood (contraction of a

product). The denominataris the Mandelstam variable

MT(01702703704) = (416)

t=(p1—p3)- (p1—p3)- (4.17)

and the denominatoris the Mandelstam variable

s=(p1+p2)- (p1 +p2)- (4.18)

5 Theorems for Physical External Photons

5.1 Photon Real Linear Polarization 3-Vector Theorems: phtonl.wxm

In the wxMaxima workshegtihotonl.wxm we prove two theorems that hold for sets of real linear poédion vectors
for physical photons.

Let ek ¢ be a real photon polarization 3-vector which is transvesgbe initial photon 3-momenturk, with s = 1 being
parallel to the scattering plane, ang= 2 being perpendicular to the scattering plane.

Let e - be a real photon polarization 3-vector which is transvergée final photon 3-momentukf with » = 1 being
parallel to the scattering plane, ang= 2 being perpendicular to the scattering plane. Then we havesthations

2
R 2
Z (exs - exr)’ =1— (k : ek’r) (5.1)
s=1
2
Z (eks - ek/r)2 — 1+ cos?0 (5.2)

s,r=1

)
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5.2 Photon Circular Polarization 4-Vectors, photon2.wxm

In the wxMaxima worksheetghoton2.wxm and photon2.wxmx we construct explicit photon polarization 4-vectors
for several common cases. The derivations involve stawtitly normalized and mutually perpendicular real lineargpol
ization 3-vector®, andes such thake, x ez = k, wherek is a unit 3-vector in the direction of propagation of the mmot

We then construct a complex positive helicity (right-hafidpolarization 3-vectoegr according to (See, for example,
Mark Thompson, Modern Particle Physics, pp. 527 - 528, PReakd Schroeder, Quantum Field Theory, p. 804, and
Halzen and Martin, Quarks and Leptons, p. 135, Eq (6.69) ):

€eR = —% (e1 + iez) (53)
and a complex negative helicity (left-handed) polarizat8avectorer, according to:
e ! (e1 —ieq) (5.4)
= — — 1 . .
L \/5 1 2

Both eg ander, are orthogonal td and have the properties

eR-eR*zl
eL-eL*zl

er-e* =0.
A “transverse gauge” complex positive helicity (right-dad) polarization 4-vectarrp has components given by

er = (0,eR) (5.5)
and the negative helicity (left-handed) polarization 4teec; has the components

er, = (0,er). (5.6)

Define the (real) four vector with components
k= (0,12) . (5.7)

Then, we have the properties (in our choice of metric), imteof the 4-vector (scalar) dot product, (the second through
fifth lines reflect the Lorentz gauge condition)

k-k=-1
k-eg=0

k-ep=0

k-e, =0

k-e; =0
ep-ep=—1
er-e; =—1
er-e; =0.

6 Examples for Spin1/2 and External Photons

6.1 e e" — v, ee-gaga-AE.wxm

We discuss this pair annihilation example in detail in twdwaxima worksheetse-gaga-HE.wxm for the high energy
limiting case, anee-gaga-AE.wxm for the arbitrary energy case.
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The “reduced amplitudeM,. is defined by pulling out a factore? from the amplitudeM:
M= —e2 M,. (6.1)

We always interpret the Feynman rules as definirig\1, following the practice of David Griffiths (Introduction t©le-
mentary Particles, 1987) and Francis Halzen & Alan D. Ma@uarks and Leptons, 1984).

The reduced amplitude for the process

¢ (p1,01) € (p2,02) = (k1 A1) v(k2, A2) (6.2)
is
M, (01,02, A1, A2) = My + Mo, (6.3)
where
My = (2f3 t_—%l tm) f1u)
M, = O2A (b= o J;m) £5 u1)
u—m

and in whichu; = u(py,01) andve = v(p2, 02).

t andu are Mandelstam variables

t=(p1— k1) (p1—F1)
u=(p1 — k) (p1—ka).

6.2 ~ve  — ye , comptonl.wxm, compton-CMS-HE.wxm

We discuss Compton scattering in detail in two wxMaxima vsbeets: compton-CMS-HE.wxm for the high energy
limiting case in the center of momentum frame, anchptonl.wxm for the arbitrary energy case in the frame in which
the initial electron is at rest.

In the high energy center of momentum frame worksheet, wadkecthe calculation of helicity amplitudes.

The “reduced amplitudeM,. is defined by pulling out a factor e? from the amplitudeM:
M= —e? M,. (6.4)

We always interpret the Feynman rules as definirig\1, following the practice of David Griffiths (Introduction t®le-
mentary Particles, 1987) and Francis Halzen & Alan D. Ma@uarks and Leptons, 1984).

The reduced amplitude for the process

e (p1,01)v(k1, M) = v(k2, A2) et (p2, 02) (6.5)
is
M, (o1, A1,02,X2) = My + Mo, (6.6)
where
My = @A ;_%277; m) f5u1)
My = (@2fs (h + J;m) f1u1)
S—m

and in whichu; = u(pi, 01) anduy = u(pe, 02).

s andwu are Mandelstam variables

s=(p1+ki)-(p1+ k1)
u=(p1 — k) (p1—ka).
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6.3 Covariant Physical External Photon Polarization 4-Vetors - A Review

Instead of using explicit circular polarization 4-vect¢es we have in the above examples), one can instead use the fol
lowing formalism for covariant physical photon polarizati4-vectors which are 4-orthogonal to the photon 4-monrentu
vector. This formalism (Sterman, p. 220, De Wit/Smith, g.,18chwinger, p. 73 and pp. 291 - 294, Jauch/Robhrlich, p.
440) uses gauge freedom within the Lorentz gauge.

The two physical polarization states of real external phstoorresond td = 1, 2, and foru, v = 0, 1, 2, 3,

kP kY + kY k"
Pr (k) =Y el\eis=—g"" + ( _ ), (6.7)
k-k
A=1,2
where there exists a reference frame in which#f= (k° k) thenk* = (k°, —k).
Letn* be a unit timelike 4-vector which is 4-orthogonaldf, . Then define
k= —k" 4 2nt (k- n). (6.8)
In an arbitrary framek -k =0,k -k =0,k -exr =0,k -exn=0,n-ex=0,n-n=+1,k-k=2(k-n)?and
€y €y = =0, AAN =12 (6.9)
An alternative but less compact form of the physical photolasization tenso®*” (k) is
EkY (kR nY 4 kY )
Pt (E) = el els = —gh’ — + 6.10

A=1,2

We can always identify the unit timelike 4-vectot with either the total 4-momentum vector (thus working in €
frame) or the 4-momentum of a particular particle (thus waykn the rest frame of that particle).

Thus if in a chosen framgp#} = {m,0,0,0}, we identifyn* = p*/m, so that{n*} = {1,0,0,0}, then in that
framek® = k* andk? = —k7.

Thenn - e, = 0 implies thate? , = 0, and thenk - e, = 0 reduces tdk - e, = 0 (for A = 1,2), and the two
polarization 3-vectorgy, , must be chosen perpendiculark@nd to each othee; , - e 2 = 0.

7 Examples Which Involve Scalar Particles
These examples will familiarize the reader with the use efftinctionsset_invarR , ev_Ds, and the lisinvarR . We

write the cross section in a frame independent way in terniiseofMandelstam variables s, t, and u, and then specialize to
the center of momentum frame.

Recall the definitions of the Mandelstam variables appabgrio the process, + ps — p3 + pa.

s=(p1+p2)* = (p3+p1)? (7.1)
t=(p1—p3)* = (p2 —pa)* (7.2)
u=(p1 —p1)* = (p2 — p3)*. (7.3)

The Feynman rules for scalar electrodynamics are discussed
(See the reference list at end of chapter 12)

G/R, QED, p. 434 ff, Renton, p.180 ff, I/Z, p. 282 ff,

B/D, RQM, p. 195, Aitchison, p. 51 ff, A/H, p. 158 ff,

Kaku, p. 158 ff, Quigg, p. 49, Schwinger, p. 284 ff,

H/M, Ch. 4.
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71 7wtKT - atKT

We calculate the differential scattering cross sectiom@adenter of momentum frame for the elastic scattering oba pi
by a kaon in the wxMaxima workshegiKaon.wxm .

We ignore the finite size and quark content (and potentiahgtinteraction effects in small impact parameter colfisjo
in this example and only take into account the electromagirgeractions of these spinless bosons (thus treatedias po
particles).

We interpret the Feynman diagram rules to produce an expreks —i M ¢;, following the convention of Griffiths and
Halzen/Martin.

The Lorentz invariant amplitude for the process
at(m,p1) + KT (M,p2) — 7t (m,p3) + KT(M, py) (7.4)

is, using the Feynman diagram rules, (external spinlessrblegis each produce a factorigf

2 (p1 +p3) - (P2 + pa)

Myi =
d (p1 — p3)?

) (7.5)

and we let
My = —e2 M,, (7.6)

thus defining a “reduced” amplitudét,..

We use the symbolic notatidb(pa,pb) in our package to represent the 4-momentum dot producth@declared to be
a symmetric function of its arguments. We can then white in terms ofD's, and later use the Dirac3 package function
ev_Ds(expr) , which makes use of the ligtvarR .

72 wtat > aotat

We calculate the differential scattering cross sectiom@denter of momentum frame for the elastic scattering ofs& po
tive pion by a positive pion in the wxMaxima workshefi-scatt.wxm

We ignore the finite size and quark content (and potentiahgtinteraction effects in small impact parameter colfisjo
in this example and only take into account the electromagirgeractions of these spinless bosons (thus treatedias po
particles).

We interpret the Feynman diagram rules to produce an expreks —i M z;, following the convention of Griffiths and
Halzen/Martin.

The Lorentz invariant amplitude for the process,

7 (p1) + 7 (p2) = 7 (p3) + 7 (pa) (7.7)

is, using our conventionsM ¢; = —e? M,., where the “reduced” amplitudé1,. = M; + M, in which the “t-channel
photon” diagram corresponds to the (reduced) amplitude

Mlz t )

and the “u-channel photon” diagram corresponds to the ¢edjuamplitude

My = (p1+p4) - (p2 +p3). (7.9)

u
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The Mandelstam variables used heretate (p; — p3)? andu = (p; — p4)?.

We first express the reduced amplitude in terms of the symBeliector dot produdd(pa,pb) symbols.
The fastest path to the cross section is to then asgep_def to define the frame dependent 4-momenta and then
noncov_ratio(expr) to make use of the definitions provided by first ustognp_def .

We then follow the longer and more involved path in which wéevthe amplitude in terms of the Mandelstam variables.
This path requires the use eét_invarR , ev_Ds, sub_stu , andVP. (Of course also neededdsmp_def , but this was
already used in the first method.)

73 et e wt

We calculate the differential scattering cross sectiorha ¢enter of momentum frame for the elastic scattering of an
electron (mass) by a positive pion (mags), the process

e (p1) + 7" (p2) = e (p3) + 71 (pa), (7.10)

in the wxMaxima worksheetsPi-HE.wxm andePi-AE.wxm .

We ignore the finite size and quark content (and potentiahgtinteraction effects in small impact parameter colfisjo
in this example and only take into account the electromagir@eractions of the pion with the electron.

We interpret the Feynman diagram rules to produce an expreks —i M g, following the convention of Griffiths and
Halzen/Martin.

For elastic scattering, in the sense that;, = m, M3 = m, My = M, and M, = M, the magnitude of the initial
3-momentum is equal to the magnitude of the final 3-momentum.

The differential scattering cross section in CM frame for oase, when summing over the spin of the final electron
(4-momentunps) and averaging over the spin of the initial electron (4-motam p,) is

do 1 9
d—Q(0ms) = 6inls (Mgl (7.11)
in which )
(IMpil?) = §ZZ|MJ% (01, 03) |? (7.12)
o1 03
which becomes (using® = 4ra in natural units)
9 A 2 »
The “lepton tensor'’L* (see A/H, p. 182)
1
L = STr{(ps +m) 7" (P +m) 7"} (7.14)

is a matrix product, summed over diagonal elements (iface), and the “pion tensor” is

T" = (p2 + pa)* (p2 +pa)” . (7.15)

We letL represent the lepton tensor ahdepresent the pion tensor in our wxMaxima worksheet.

The helicity specific amplitude referred to above is, usinganventions,

62

Mji(o1,03) = — (@(p3, 03) 7" u(p1,01)) (P2 +pa),, (7.16)

inwhicht = (p; — p3)* ande? = 47 a.
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74 vt - ~nt
We calculate the differential scattering cross sectiorttierscattering of a photon by a positive pion in the rest frafme

the initial pion
Y(k1, A1) + 7 (p1) = (k2 A2) + 77 (pa), (7.17)

in the wxMaxima worksheetomptonO.wxm .

The differential cross sections are first calculated focsjpephoton helicities\; and A5, and these results are then turned
into the unpolarized differential cross section.

See Peter Renton, Electroweak Interactions, Fig. 4.108p) dnd the bottom of p. 184 and following for details of the
lowest order amplitude for this process.

There are three diagrams, and the amplitude is written ingesf the photon polarization 4-vectors andes and the
massm of the pion:
M = My + Ms + Ms, (7.18)

where )

M, = 5€1- (P +q)es- (p2+q), (7.19)

sS—m

in whichs = (pl + k‘l)z, q=p1+ ki,e1=¢ (]{71, )\1), andey = ¢ (]{72, /\2)

We also then have

e2

My =

kR (p1+4d) e (p2+4d), (7.20)

in whichu = (p1 — k2)?, ¢ = p1 — ko. The third term is
M= —2e%¢} - ¢1. (7.22)

The photon polarization 4-vectors are constructegioton2.wxm ) to satisfy the Lorentz gauge conditioks- 1 = 0
andk, - e5 = 0 so My and M, can be simplified to (after using + k1 = po + k2)

4 €2 .
M, = 5 €1 P1E2 " P2, (7.22)
s—m
4e
M2 = €9 P11 P2. (723)
uU—m

We use gauge freedom within the Lorentz gauge to use a “teass\gauge”, such thai = 0 ands) = 0.
Thene’f = [0, € (kl, )\1) andsg = [0, € (kg, )\2)

We are working in the lab frame of the initial pion, for whigki = [m,0,0, 0], sop; - €1 = 0 andp; - 5 = 0, so only
term M5 contributes, and
M= —-2¢e%e} . (7.24)

Using explicit circular polarization vectors worked outghoton2.wxm , we can use this to evaluate the four possible
photon helicity amplitudes for the casBs— R, R — L, L — R, andL — L.

8 Electroweak Unification Examples

8.1 W-boson Decay

Our reference for this section is Mark Thomson, Modern BlarfPhysics, Sec. 15.1.1, and the details of the calculation
are given in the wxMaxima workshe®t-decay.wxm . Quoting Thomson (with some minor editing and additions):
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The calculation of the W-boson decay rate provides a goostitition of the use of polarization four-vectors
in matrix element calculations. The lowest-order Feynmiagram for thell = — e~ 7, decay is shown in
Figure 15.1.

The figure referred to consists of a single vertex diagrarh thitee external legs.

The matrix element for the decay is obtained using the apjatepFeynman rules. The final-state elec-
tron and antineutrino are written respectively as the atljparticle spinorz (ps, o3) and the antiparti-
cle spinorv (p4, 04). The polarization state of the initidl’ ~ is e (py, A), in which A = 0,£1. If

P = |p1| z, thene! (p1, £1) describes the statés, S, >= |1,£1 >, ande” (p;, 0) describes the state
|S,S. >= [1,0 >. Explicit 4-vector expressions faet' (p1, A) for this case are derived in the worksheet
massive-spinl-pol.wxm

Finally, the vertex factor for the weak charged-currenhisdsual V - A interaction

. Gw 1 m 5
—i = = 1— . 8.1
T (1-77) (8.1)
Using these Feynman rules, the matrix elemenifor — e~ v, is given by
. _ _ 1
—iMypi=€,(p1, A) W(ps, 03) |—i g_\/% 3 "(1=9°)| v(pa, 04), (8.2)
and therefore g
Mg = 7\% € (p1, A) W (p3, 03) ¥ S(=1)v (ps, 04) , (8-3)
where the “chiral projection operatof used here is defined as
1
S(o) =5 (L+09°). (8.4)

A neutrino is left-handed (negative helicity) (and massleand an antineutrino is right-handed (positive hel)¢cigp in
this calculation we must take, = 1.

Quoting Thomson, Sec. 6.4,

Any Dirac spinor (whether representing a massive or masglagicle) can be decomposed into left- and
right-handed chiral components using the “chiral profatibperators” P;, and Pg, defined by

Pr = 5(1)
P =S(-1)

Using the properties of the® matrix, it is straightforward to show tha®z and P;, behave as needed for
guantum mechanical projection operators:

Pr+P,=1, PrPr=Pr, PLPL,=P,, PpPr=0. (8.5)

9 Dirac Gamma Matrices~* and ~°

We use the same notation conventions as P/S (Peskin andeSehrand Maggiore, the diagonal elements of the metric
tensorg"” are(1, —1, —1, —1),

(9.1)

g/w = G =

oo o
o
I
—_
o
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with Greek indices running oveé, 1,2, 3. We also have

1 ifu=v
g, =0, = . (9.2)
0 otherwise
€123 — 11, the electromagnetic units are Heaviside-Lorentz, andrabktinits are used, s& = 4ma.

The only exception is that we interpret the Feynman ruleshaxpression for the quantity: M, following the conven-
tions of Griffiths, and Halzen/Martin.

The helicity (chiral) representation is used for explicitnx methods; in this representation, the Dirac gamma ma-
trices (in2 x 2 block form) are

0 __ 01 ji_ 0 Uj 5 -1 0

in whicho? for j = 1,2, 3 are the2 x 2 Pauli matrices

01 0 — 1 0
1 _ 2 _ 3 _
a—(l 0), 0_<z' O)’ a—(o _1>. (9.4)
The above form fory® is equivalent to the matrix product
v =iy’ vty R (9.5)

Again using2 x 2 block form, the4 x 4 unit matrix is denoted by

01
() 09

The curly bracket denotes the anticommutator:

{A,B} = AB+ BA. (9.7)
The gamma matrices satisfy the anticommutation relations
(V" =2¢"1, {"4"} =0, 1=0,1,23, (9.8)

in which 0 is the4 x 4 zero matrix.

The second anticommutator relation above implies

VAt ==y, for p=0,1,2,3. (9.9)
At is the hermitian conjugate of, AT is the transpose of, andA* is the complex conjugate of.
Al = (AT, (9.10)
+" is both real and symmetric and hence hermitian.
* T
() =" () =" (9.11)
T
(") =7 =1, (9.12)
(WT)T = _,yr, ,yr fyr = _ﬂa r = 17 27 37 (913)

(P =+, =1 (9.14)
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10 Lepton Spinoru(p, o) Conventions

If p refers to the particle momentum four-vectet, the lepton Dirac spinor is the four element column matrip, o)
whereo = +1 picks out positive helicity, = +1/2 ando = —1 picks out negative helicitpy. = —1/2. We also have
the basic property

pulp, o) =mu(p,o), (10.1)
where the Feynman slashed momentum symbol is (using the atiomtonvention)
p=yupt (10.2)
The corresponding barred particle spinor is a four elen@mtmnatrix
u(p, o) = u(p, o)+ (10.3)
The component, is then defined by (using the summation convention for reueatatrix indices)
U = Uj Y- (10.4)
The lepton Dirac spinor normalization is
u(p,o)u(p,o’) =2mb,e, 0,0 ==+1, (10.5)
and we also have the “projection matrix” relation
Z u(p, o) u(p, o) = p+m, (10.6)
o==+1

in which the4 x 4 identity matrix1 is understood to be multiplying the scalar mass symbpand again = p,, 7.

11 Anti-Lepton Spinor v(p, o) Conventions

Theantilepton Dirac spinor is the four element column matrikp, o) in whicho = +1 picks out the positive helicity
h = +1/2 antiparticle state and = —1 picks out negative helicity, = —1/2 antiparticle state, and is defined (with
P/S phase choice) via

v(p,0) = =7’ u(p, —o) (11.1)
with the basic property
po(p,o) =—mu(p,o). (11.2)
The corresponding barred antiparticle spinor is a four elemow matrix
o(p, o) = v(p, o)’ 7" (11.3)
and the normalization is
v(p,o)v(p,0’) = —2mb,e 0,0 = =+1. (11.4)

We also have the “projection matrix” relation

Z v(p,o)v(p,o) =p—m (11.5)

g
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12 Polarized— Unpolarized, Traces

Calculation of unpolarized cross sections requires sumitia absolute value squared of a polarized amplitude oeer th
helicities of the final particles and averaging over thedi@is of the initial particles. The result can be writtentlas
matrix trace of al x 4 matrix. Here is an example. We use a compressed notationighwfor example

uy = u(pr,o1), Uz = u(pe, 09). (12.1)
Recall thatA* is the complex conjugate o, anda = uf~°. If u is a column matrix, then both" and«™ are row

matrices. Lefl" be anarbitrary 4 x 4 matrix.

One can show that

(ﬂgFul)* = a1 ['us (12.2)
in which
T =-"TTA0 (12.3)

Thus, making use of the reality and symmetryy8f and displaying matrix indices and using the summation eotion
for those matrix indices)

= (@219 7 ur)”

{#20 (01"7"),, un}’

{ (u2c 70@) ( 70) ab ulb}*
{use e e Tad Ve %b up)

Uiy, %e %a Lo Vde U2e

= T1e Yoy ij Vac Y2e

= U1e Fec U2

(ﬂg r u1

= ”l_/JlF’UJQ.

We made no use of the properties of the lepton spinors in theeamanipulation, so a similar identity holds for any pair
wy andwsy of four-element column vectors.

We can now use this result as follows:

Z "L_L2FU1|2 = Z l_LQF’LLl l_blf’LQ (124)

0102 0102

We use the sum over; to replaceu; i by (p; + m), and are left with

Writing out the matrix indices explicitly, the sum becomasifig the summation convention for repeated matrix inglices

Zl_@afab Ugp = fab Z Ugp U q = fab (P2 + m)p, = Trace {f (P2 +m)} (12.6)
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Note thatTrace (A B) = Trace (B A). We then have
> |asTw|* = Trace{(po + m) T (h1 +m) T}, (12.7)

in which (to repeat ourselves)

[ =~0T140 (12.8)

13 Symbolic Methods vs. Explicit Matrix Methods

Loading the Dirac package is accomplished by the comni@amt{"dirac3.mac") (or just load(dirac3) if you
have set up your init file as recommended in Maxima by Exaniitepter 1). Theirac3.mac file itself then loads five
package filessimplifying-new.lisp , dgtrace3.mac , dgcon3.mac , dgeval3.mac , anddgmatrix3.mac

Here is the information displayed when you first lafichc3.mac . (You can comment out the sectionsdirac3.mac
which display this information, to avoid having to deal wiitleach time you load the package.)

For interactive examples in this pdf document, we prefers® thhe Xmaxima interface to Maxima, since production of
a pdf via Xmaxima input and output (Tex to dvi to ps to pdf) isssoch easier than if we were to show sections of the
wxMaxima input and output ( requiring a painful Tex editingpgess). We have restored ttigplay2d:true setting

for better matrix displays.

Maxima 5.36.1 http://maxima.sourceforge.net

using Lisp SBCL 1.2.7

Distributed under the GNU Public License. See the file COPYI NG.

Dedicated to the memory of William Schelter.

The function bug_report() provides bug reporting informat ion.
maxima_userdir = c:/work5

(%il) load(dirac3);
dirac3.mac
simplifying-new.lisp
dgtrace3.mac

dgcon3.mac

dgeval3.mac

dgmatrix3.mac

current symbol assignments

scalarL = [c1,c2,c3,c4,c5,c6,c7,c8,c9,c10]

indexL = [n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,la,mu,nu,rh, si,ta,al,be,ga,de,ep]
massL = [m,M]

Nlast = 0

reserved program capital letter name use:
Chi, Con, D, Eps, EpsL, G, G(1), G5, G5p
Gam, Gm, Gtr, KD, LI, Nlast, Ul, P, S
Sig, Sigb, SIG, UU, VP, VWV

12, 22, CZ2, 14, Z4, CZ4, RZ4, N1,N2,...
reserved array names: gmet, eps4, epsdL

invar_flag = true
stu_flag = false
(%01) c:/work5/dirac3.mac
Note from the last two printouts, thaivar_flag = true andstu_flag = false (our defaults).
The fact thatinvar_flag = true means that the symbolic trace function will automatically make use of the list

invarR  (produced by the functioget_invarR ) which defines the replacements fpa,pb) in terms of the Man-
delstam variables, t , u. (After the package loadgyvarR has the default valug , an empty list.)

The fact thastu_flag = false means that the functiomoncov will not automatically replace the Mandelstam vari-
abless, t, u ,bys_th, t_th, and u_th
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The file dgfunctions3.txt has an alphabetical listing of theirac3 package symbols with the name of the file
(.mac ) in which the definition or Maxima code for that symbol will feund.

One should then go to that file (load into your text editor: é nstepad++ ) and use a name search for the symbol. Near
the top and/or bottom of many of the Maxima function codes kel notes on syntax, purpose, functions which call it,
and (for the most important functions) some explicit exaapif use and output. Once the program is loaded into either
Xmaxima or wxMaxima, you can experiment with calls to anyhwde functions, using the interactive mode.

Symbols for Lorentz indices need to be declared using thetitmMindex , such as

‘ Mindex(n11,n12);

However, a set of default Lorentz index symbols has beenetkfindirac3.mac  with the command:

Mindex (nl1,n2,n3,n4,n5,n6,n7,n8,n9,n10,la,mu,nu,rh,s i,ta,al,be,ga,de,ep)$ ,

and the package lisghdexL will show you the current Lorentz index symbols recognisBdere is a functiorunindex
which allows you to remove recognised Lorentz index symbols the listindexL . The Lorentz indices such ag or
muy, nu,... take value$0,1,2,3}

dirac3.mac also assigns two default symbols to be recognised as syrurgarticle massesusing the command:
Mmass (m,M)$ (for “make mass”). The package lisiassL will show you the current list of recognised mass symbols.
For example, if you want to also use the symhbalsandm2for masses, you use the commavichass (m1,m2); (we
show this example below). The listassL is then updated to contain four recognised mass symbols.

The launch filedirac3.mac  also defines a default set of scalars, using the command:

Mscalar (c1,c2,c3,c4,c5,c6,c7,c8,c9,c10)$ (for “make scalars”). You can see the current list of recegdi
scalars in the package listalarL . (There is a functiominscalar  which both removes symbols from the lestalarL
and also removes ttegalar property).

An atom (like p1 or a) which is not a recognised Lorentz index symbol, not a reseghmass symbol, and not a recog-
nised declared scalar, is treated as a 4-momentum (or Feyslashed momentum, depending on the context) symbol.

Purely symbolic entities include the symbolic metric tanGen (mu,nu) corresponding tg* " (or g, . depending on
the context) , the symbolic dot product of four vectD(p1,p2) corresponding tgp; - p2, the symbolic four dimensional
“antisymmetric” tensoEps(mu,nu,rh,si) corresponding te*¥ P, (Eps however is not treated as antisymmetric
until conversion (usingoncov ) to the numerical arragps4[n1,n2,n3,n4] occurs).

A new feature of version 3 is the symkgbsL(mu,nu,rh,si) corresponding te, . , ». (EpsL however is not treated
as antisymmetric until conversion (usingncov ) to the numerical arragps4L[n1,n2,n3,n4] occurs).

A symbolic contravariant four vector component is desdatiléth the notationUl(p,mu) , corresponding tep*, and
is converted to the array componegitnu] by noncov (see below). The covariant compongsy, is described by
Li(p,mu) . With our metric conventionpg = p°.

Our metric convention (more details later) for loweringioes, etc., is

1 0 0 O

0 -1 0 0
= gl =

0o 0 0 -1

with Lorentz indices running ovey, 1,2, 3.
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We use the same notation conventions as P/S (Peskin andeSery@and Maggiores®23 = +1, the electromagnetic
units are Heaviside-Lorentz, and natural units are used? se 4ma.

The only exception is that we interpret the Feynman rulesyaxpression for the quantity: M, following the conven-
tions of Griffiths, and Halzen/Martin.

13.1 Symbolic Contractions of Symbolic Products of Dirac maices

We useG (AB.C,..) for the symbolic representation of a product of a combimatb Dirac gamma matrices and
slashed 4-momentum matrices.

The expressios(mu) represents#. The expressios(1l) represents thé x 4 unit matrix 1. Don’t confuse the product
of two dirac matricess(mu,nu) with the symbol for the metric tens@m(mu,nu) representing/*”.

The expressiorc(mu,p,nu,q) , for example, represents the purely symbolic product of foatricesy* g v ¢, in
which the Feynman slashed matpix= p, v (using the summation convention).

G5 is the symbol that stands fop, itself a product of the fundamental Dirac matrices (we alscour conventions in

more detail later).

v* =iyt 4245, (13.2)

although our program doesn’t explicitly recognize thisagpn if we usgis(equal..))

(%i2) is(equal(G5,%i *G(0) *G(1) *G(2) *G(3)));
(%02) unknown

and the symbols are just that for now (they don't evaluatenydrang):

(%i3) G(1);

(%03) G(®)
(%i4) G(mu);

(%04) G(mu)
(%i5) G5;

(%05) G5
(%i6) G(mu,p,nu,q);

(%06) G(mu, p, nu, q)
(%i7) Gm(mu,nu);

(%07) Gm(mu, nu)
(%i8) Gm(0,0);

(%08) Gm(0, 0)

However, the filedirac3.mac  declares that the symbolic four-vector dot prodDgt,q) is symmetric, as is the sym-
bolic metric tensoGm(mu,nu) , as an aid in automatic simplification of expressions.

(%i9) D(p,q);

(%09) D(p, @)
(%i10) D(q,p);

(%010) D(p, @)
(%ill) Gm(mu,nu);

(%011) Gm(mu, nu)
(%i12) Gm(nu,mu);

(%012) Gm(mu, nu)

Contraction of an expression with contravariant indices, two of which equal, involves lowering one of the indices
and summing the resulting expression over the four valuéseofepeated index.
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“Product rules” or “contraction rules” for the Dirac magikare (using the summation convention)

Yt =41
WY AN =—29"
Tudt = =24
TP = =24}

Y gy = =24+

Our contraction functioi€on has the syntax form&on(expr) or Con(expr,index) , orCon(expr,index1,index2)

etc. In the following five examples, we use the first form,imgttthe program find the sole contraction index on its own.

(%i13) Con (G(mu,mu));

(%013) 4 G(1)
(%il4) Con (G(mu,nu,mu));

(%014) - 2 G(nu)
(%il5) Con (G(mu,pl,mu));

(%015) - 2 G(pl)
(%il6) Con( G(mu,pl,mu,p2));

(%016) - 2 G(pl, p2)
(%il7) Con( G(mu,pl,mu,nu));

(%017) - 2 G(pl, nu)

Likewise, we have
W =497
Yud Pyt =4(a-b)1

Recall that the symbol for the metric tensoGms(mu,nu) representing/*”.

(%i18) Con(G(mu,nu,la,mu));

(%018) 4 G(1) Gm(la, nu)
(%i19) grind(%)$

4% G(1) * Gm(la,nu)$

(%i20) Con(G(mu,a,b,mu));

(%020) 4 G(1) D(a, b)
(%i21) grind(%)$

4+ G(1) »D(a,b)$

in whichD(p1,p2) is the symbol we use for the four-vector dot product (scatadpct) of the four-momentum vectors

pl andp2.

(%i22) noncov(D(a,b));
(%022) (-a b)-a
3 3

b -a b +a b

2 2 1 1 0 0
(%i23) grind(%)$

(-a[3] *b[3])-a[2] *pb[2]-a[l]  *b[1]+a[0] *b[0]$

The package functiononcov assumes we have defined reference frame dependent four agetgs to represent the 4-
momenta (most easily done with the functiaymp_def , more about this later). Note that ydon’t need to tell Maxima

thata andb are symbols for 4-vectors. Thexplicit expression for the invariant dot product of two 4-vectors ba
immediately achieved by usingp (“vector product”):

(%i24) VP(a,b);
(%024) (-ka b)-a b -a b +a b
3 3 2 2 1 1 0 O
(%i25) grind(%)$
(-a[3] *b[3])-a[2] *b[2]-a[1]  *b[1]+a[0] *b[0]$

The superfluous parentheses on the first term of the outpetifian artifact of a minor bug in the version of Maxima we

are using, which doesn't interfere with the mathematicatexiness of an expression.
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Continuing with contraction of products of Dirac matrice® have

VA0

YV YA = =2 Y

Tudpfat = —2¢pd

(%i26) Con( G(mu,nu,la,si,mu));

(%026) - 2 G(si, la, nu)
(%i27) Con( G(mu,a,b,c,mu));
(%027) -2 G(c, b, a)

The Dirac gamma matrices should satisfy the anticommutagtations ( not§ A, B} = AB + BA):

{7} =2¢"1 {7°,4*} =0. (13.3)

Our symbolic products do not exhibit the latter property:

(%i28) is(equal(G(G5,mu),-G(mu,G5)));
(%028) unknown

but our explicit matrix products (see next section) do.

13.2 Explicit Dirac Matrices in the Helicity (Chiral) Repre sentation and mcon

In addition to using symbolic Dirac matrix products, as shabove, we also usxplicit matrix definitions (defined in
dgmatrix3.mac ) in a chosen representation.

The helicity (chiral) representation is used for explicétnix methods; in this representation, the Dirac gammaioesr
(in 2 x 2 block form) are

01 ; 0 o/ -1 0
0_ j_— , 5 —

inwhicho’ for j = 1,2, 3 are the2 x 2 Pauli matrices

ol = <(1) é) . ol = (? _OZ> . o= (é _01> : (13.5)

The above form fory® is equivalent to the matrix product

v =iy 2R (13.6)

The elements of the arrayam[mu], defined formu = 0,1,2,3,5 ,are4 x 4 Maxima matrices:

(%i29) Gaml0];
[0 0 1 0]
[ ]
[0 0O 0 1]
(%029) [ ]
[1 0 0 0]
[ ]
[

(%i30) Gaml[1];

(%030) [ ]
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(%i31) Gaml[2];
(%031) [ ]
(%i32) Gaml[3];
-1]
(%032) [ ]
]
(%i33) Gaml[5];
(%033) [ ]

(%i34) Gaml[4];
(%034) Gam

(%i35) grind(%)$
Gam[4]$

The explicitPauli Matrices are available as the matriceg[i] , defined indgmatrix3.mac

(%i36) Sig[1];
[0 1]
(%036) [ ]
[1 0]
(%i37) grind(%)$
matrix([0,1],[1,0])$
(%i38) Sig[2];
[ O %i ]
(%038) [ ]
[ % 0 ]
(%i39) Sig[3];
[1 0 ]
(%039) [ ]
[0 -1]
(%i40) Sig[1] . Sig[1];
[1 0]
(%040) [ ]
[0 1]
(%i41) is(equal(Sig[l] . Sig[2], %i * Sig[3]));
(%041) true

The gamma matrices satisfy the anticommutation relations
{4}y =2¢" {3"4"} =0, (13.7)

in which the unit4 x 4 matrix is understood to be multiplying the right hand siddoth equations. We can check this
using our explicit gamma matric&sam[mu], and using our explicit matrix anticommutator functiacomm(A,B) , and
our explicit4 x 4 zero matrixz4 and our explicid x 4 unit matrix14 .

(%i2) acomm(A,B);
(%02)

B

(%i3) test(i,j) := acomm(Gamli],Gaml[j]) - 2

A+ AL

*gmet]i,]

B

*14%
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(%i4) test(0,0);

o o
o o
o o
o o

]
(%04) [ ]
]

o o
o o
o o
o o

(%i5) Z4;

o o
o o
o o
o o

]
(%05) [ |
]

o o
o o
o o
o o

(%i6) for i:0 thru 3 do
for ji thru 3 do
print(i,j," ".is(equal(test(i,j),Z4)))$

00 true

01 true

02 true

03 true

11 true

12 true

13 true

22 true

23 true

33 true

(%i7) 14;
[1 0 0 0]
[ ]
[0 1 0 0]

(%07) [ ]
[0 O 1 0]
[ ]
[0 O 0 1]

The second anticommutator relation implies
VAt ==y, for p=0,1,2,3, (13.8)

and we again useacommas a check of this property

(%i8) for mu:0 thru 3 do
print (mu," "is(equal(acomm (Gam[5], Gam[mu]),Z4)))$
true
true
true
true

w N = O

In the filedgmatrix3.mac , you can also find the definitions of the explicit Dirac pdetispinor (4-component col-
umn vector)uy and the explicit Dirac anti-particle spinor (also a 4-cam@nt column vectoryV, (both defined using
Maxima'smatrix function) and having a concrete form which is generated fitoerspecified 4-momentum and helicity
of the particle or anti-particle. Many examples of explioitrix methods (based aigmatrix3.mac  code) will be found
in the wxMaxima worksheets.

The filedirac3.mac includes some definitions of useful utility functions, atsbedefines the explicit numerical metric
tensor arraygmet[mu,nul]

(%i2) arrayinfo (gmet);

(%02) [complete, 2, [3, 3]]
(%i3) listarray (gmet);
(%03) [, 0, 0,00 -1,0000-1,00, 00, -1]

(%i4) gmet[0,0];
(%04) 1
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and the explicit four dimensional completely antisymntetensor array components for
eps4[mu,nu,rh,si] andeps4L[mu,nu,rh,si] . (The Lorentz indicesy, nu,... take value$,1,2,3 )

13.2.1 Use of noncov

The functionnoncov convertsEps(mu,nu,rh,si) to eps4[mu,nu,rh,si] (with the convention thae®!23 = 1),
and convert&psL(mu,nu,rh,si) to eps4L[mu,nu,rh,si] (with the convention thakg123 = —1).

(%i5) noncov(Eps(mu,nu,la,si));
(%05) eps4
la, mu, nu, si
(%i6) grind(%)$
eps4[la,mu,nu,si]$
(%i7) noncov(EpsL(mu,nu,la,si));
(%07) eps4L
la, mu, nu, si
(%i8) eps4[0,1,2,3];

(%08) 1
(%i9) eps4L[0,1,2,3];
(%09) -1

Likewise,noncov convertsGm(mu,nu) to gmet[mu,nu] , convertsUl(p,mu) to p[mu] , and convert&l(p,mu) to

sum (gmet[mu,nu] *p[nu],nu,0,3) . For exampleLl (p,0) --> p[0], LI (p,1) --> -p[1]
(%i10) noncov(Gm(mu,nu));
(%010) gmet

mu, nu

(%i11) grind(%)$

gmet[mu,nul$

(%i12) noncov(Ul(p,mu));

(%012) p

(%i13) grind(%)$
p[mu]$

Notice that withdisplay2d = true  , the position of the inderuis technically incorrect. We have not embedded our
program into Maxima’s tensor packages, which would haveigeal the correct placement of contravariant indices. We

must simply remember thafmu] is a contravariant component jof

The conversion of a covariant component of the 4-vegiarsingnoncov | is:

(%i14) noncov(LI(p,mu));
(%014) p gmet + p gmet + p gmet + p gmet

3 3, mu 2 2, mu 1 1, mu 0 0, mu
(%i15) grind(%)$
p[3] *gmet[3,mu]+p[2]  *gmet[2,mu]+p[l]  *gmet[l,mu]+p[0]  *gmet[0,mu]$
(%il7) noncov( Ll(p,0));

(%017) p
0
(%i18) noncov( Ll(p,1));
(%018) -p
1
The functionnoncov also convert®(p,q) intosum (sum (gmet[mu,nu] *p[mu] *q[nu],nu,0,3),mu,0,3) , which

reduces to the single susam (gmet[mu,mu] *p[mu] *g[mu],mu,0,3) , which becomes the explicit sum
p[0] *a[0] - p[1]  *aq[l] - p[2] *aq[2] - p[3] *q[3] .
(%i19) noncov(D(p,q));

(%019) (P g)-P g -p g +pq
3 3 2 2 11 00

(%i20) grind(%)$
(-pl38] *q3)-p[2]  *a[2]-p[l]  *q[1]+p[0] =*q[O]$
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The functionnoncov doesnothing to G(...)

(%i21) noncov(G(mu,nu,al,be));
(%021) G(mu, nu, al, be)

13.2.2 The Use of complef

The reference frame dependent functicomp_def (p(Ep,px,py,pz)) creates ararray with the namep whose
elements can be viewed usifigtarray (p) and whose elements can be accessed by p§ing to get the valuep,
usingp[l] to get the valugx, etc.

(%i22) comp_def(pl(E,p *sin(th),0,p * cos(th)));

(%022) done

(%i23) listarray(pl);

(%023) [E, p sin(th), 0, p cos(th)]

(%i24) p1[0];

(%024) E

The symbolic trace of a product of gamma matrices is usuallyied out using ther function. Thus the syntax
tr(mu,nu,rh,si) carries out the trace of a product of four Dirac gamma magrice

13.2.3 The Use of matrace and m.tr

The same calculation can be carried out using explicit Maxmatrices using the syntax:

mat_trace (Gam[mu] . Gam[nu] . Gam[rh] . Gam]si]);

(although one must supply definite values for the Lorentexglymbolamu, nu, rh, si to get a simple result from
the explicit matrix method ).

A simpler-to-use function for the trace of explicit matrixpeessions isn_tr . For examplem_tr (mu,p,g,nu) uses
the exact same syntax &s but internally translates this into
mat_trace (Gam[mu] . sL(p) . sL(q) . Gam[nu])

13.2.4 The Use of mcon for Contraction of Explicit Matrix Expressions

To obtain useful frame-dependent expressions from theagxmiatrix methods, one should first usemp_def to define
the frame dependent components of relevant 4-momentautieegither then_tr ormat_trace syntax for the trace, and
then usencon (not Con) for contraction. The correct syntax forcon (“m” for matrix) alwaysincludes the contraction
indices to be summed over, asnion(expr, mu, nu,...) , otherwise no contraction will occur.

13.2.5 Symbolic Traces of Expressions which includg®

S A symbolic trace involving a gammab matrix, suchtragG5,p,nu,rh,si) generates expressions proportional to
(for example)LI(p,N1) =*Eps (N1,nu,rh,si) , in which N1 is an unsummed “dummy index” created by the code.
(The sum over that dummy index is done by the later useoatov .) The global symboNlast will always tell you
what the last dummy symbol created is.

(%i25) mytr : tr (G5,p,nu,rh,si);

(%025) - 4 %i Ll(p, N1) Eps(N1, nu, rh, si)
(%i26) Nlast;

(%026) 1

The symbolictr code creates these dummy indices in the oNlEN2,...  and establishesdexp anddummypat-
tributes, so that, for exampladexp (N1) --> true anddummyp (N1) --> true
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(%i27) indexp (N1);

(%027) true
(%i28) dummyp (N1);
(%028) true

13.2.6 Using Gtr to Convert G(a,b,c) into tr(a,b,c)

An expression or sum of terms involvir@(a,b,c,..)’s can be converted into an expression (or sum of such) in which
eachG(...) Iisreplace byr (...) by using the symbolic functioGtr .
ThusGtr (G(a,b,c,d)) --> tr (a,b,c,d)

The symbolic trace functiolm automatically contracts on repeated Lorentz indices, such agifmu,p,q,mu) , be-
fore using the actual trace algorithms. The package fum@io performs a symbolic trace on an expression containing
a factorG(a,h,...) by replacingGby tr (see below).

Symbolic contraction (without the trace) on repeated ieslitn a symbolic product of gamma matrices can be done using
Con, which recognises a symbolic case and then calls our padkagton scon . Examples in whiclscon (“s” for
“symbolic”) is called byCon are:Con (G (mu,p,q,mu))  (equivalent tasscon(G(mu,p,q,mu)))

and

Con (G (mu,G5mu)) (equivalent tascon(G(mu,G5,mu)))

(%i2) mytr : tr (mu, p, q, mu);

(%02) 16 D(p, q)
(%i3) Con (G (mu,p,q,mu));

(%03) 4 G(1) D(p, a)
(%i4) Con (G (mu,p,q,mu), mu);

(%04) 4 G(1) D(p, a)
(%i5) Gtr (%);

(%05) 16 D(p, a)
(%i6) mytr : tr (mu,G5,mu);

(%06) 0
(%i7) Con (G(mu,G5,mu));

(%07) - 4 G(Gb)
(%i8) Gtr(%);

(%08) 0
(%i9) fundef(Gtr);

(%09) Gtr(expr) := (subst(tr, G, expr), ev(%%), expand(%% )

13.2.7 Comparison of Con, scon and mcon

Con (andscon ) automatically contract on all repeated Lorentz indicdessthe user explicitly supplies the desired con-
traction indices.

For exampleCon (G(mu,nu,p,q,nu,mu),mu,nu) (or the same witlCon --> scon ) will carry out symbolic con-
traction on bothmuandnu and produce the same answeiCas (G(mu,nu,p,q,nu,mu))
But Con (G(mu,nu,p,q,nu,mu),nu) will only contract onnu.

When usingexplicit Dirac gamma matrices and Maximaatrix methods, it is preferable to use

mcon (expr, index1, index2, ...) for contraction (i.e., you must always supply the desiraatrexction indices),
although callingCon instead should in principle recognise the matrix charaaftéine expression and caticon. You must
always supply the desired contraction indice<tm (which will recognise the explicit matrix case and acalton with
the desired contraction indices). For example,

Con (mat_trace (Gam[mu] . sL(p) . sL(g) . Gam[mu]), mu) or the same witlCon --> mcon
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(%i10) mcon (mat_trace (Gam[mu] . sL(p) . sL(g) . Gam[mu]), m u);
(%010) (-16p g)-16p g -16p g +16p g
3 3 2 2 11 0
(%ill) Con (mat_trace (Gam[mu] . sL(p) . sL(q) . Gam[mu]), mu );
(%011) (-16p g)-16p g -16p g +16p g
3 3 2 2 11

0 O

A frequent case met with in the examples worked out is the sjimbontraction of a product of symbolic traces each
produced bytr . The most efficient symbolic method is to first convert eactihef symbolic trace expressions into
expressions depending eps4 , gmet, and 4-momentum components ligfg] by usingnoncov beforethe contraction.

13.2.8 Use of ndr

This is such a common approach, that the package function is defined to immediately apphoncov to each trace
result returned from the functiaml (controlled bysimp_trl  via simplifying-new.lisp ) called byTR1, which is
called bytr .

One then needs the contraction of products of such expressidich should be carried out usingon.

The explicit metric tensor, represented by the argayetimu,nu] , has, of course, definite values for the components.
Here we use botmcon andCon for contaction of the metric tensor in the explicit arraynfiogmet[mu,nul]

(%i2) listarray (gmet);

(%02) [1,0, 0 0,0 -1,00 00, -1,0 0,0, 0, - 1]
(%i3) gmet[0,0];

(%03) 1

(%i4) mcon( gmet[mu,mu], mu);

(%04) 4

(%i5) Con ( gmet[mu,mu], mu);

(%05) 4

We can also use the Maxima functismm. Note that

9= g™, <¥> : (13.9)
v o

o]
Sdh = g™ =4, (13.10)
H pv
which can be calculated in Maxima as
(%i6) sum ( sum (gmet[i,j] * gmet][i,jl,j,0,3),i,0,3);
(%06) 4

13.3 Some Symbolic Contraction Examples

The symbolic contraction functiorsson or Con call the functionsconl11(expr, index) , Which can be called directly.
The functionscon11(expr,index) assumesxpr is a single term, and performs symbolic contraction witlpees to
the supplied index symbol.

As an example of symbolic contraction of the expressigrtq*r” /3 with respect to the Lorentz indgx

1 1, =2
—gp“q“r” — —gr”Zp”qu, (13.11)
n=0
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we use firssconl1l with the required contraction index supplied, and thewn , with and without the contraction index,
and thenCon, with and without the contraction index.

We expect the answer
—=r'p-q. (13.12)

13.3.1 Ul(p,mu) andp*

The symboll(p,mu) (“upper index”) is used to stand fpt', and the symbdb(p,q) is used to stand for the four-vector
productp - g.

If the contraction index is not explicitly supplied, whenings eitherCon or scon , the program assumes there is one
repeated Lorentz index in each term of the supplied exmessind automatically contracts with respect to the single
repeated Lorentz index found in each term.

(%i2) sconll(-Ul(p,mu) *Ul(q,mu) =*Ul(r,nu)/3,mu);

D(p, g) Ul(r, nu)
(%02) - mmmmmmeeeeeeee-

(%i3) scon(-Ul(p,mu) *Ul(q,mu) =*Ul(r,nu)/3,mu);

D(p, q) Ul(r, nu)
(%03) - e

(%i4) scon(-Ul(p,mu) *Ul(gq,mu) = UlI(r,nu)/3);

D(p, g) Ul(r, nu)
(%04) - mmmmmmeeeeeeee-

(%i5) Con(-Ul(p,mu) *Ul(q,mu) =*Ul(r,nu)/3,mu);

D(p, g) Ul(r, nu)
(%05) - mmmmmmeeeeeeee-

(%i6) Con(-Ul(p,mu) *Ul(q,mu) =*Ul(r,nu)/3);

D(p, g) Ul(r, nu)
(%06) - e

As an example of usingcon or Con for an expression containing more than one term, we con#ig@econtraction

pl/ql/ru + quVrV - rﬂp . q + p/”’q .. (13.13)
(%i7) scon(Ul(p,nu)  «Ul(g,nu) *Ul(r,mu) + Ul(p,mu)  =Ul(g,nu) = UI(r,nu));
(%07) D(p, g) UI(r, mu) + Ul(p, mu) D(q, 1)
(%i8) Con(Ul(p,nu) *Ul(gq,nu) *UI(r,mu) + Ul(p,mu) *Ul(g,nu) = Ul(r,nu));
(%08) D(p, g) UI(r, mu) + Ul(p, mu) D(q, 1)

As an example of usingcon or Con for an expression containing more than one contractionxinde consider the
contraction

ptgtrts” —p-qr-s. (13.14)
(%i9) scon(Ul(p,mu) *Ul(gq,mu) =*Ul(r,nu)  *Ul(s,nu),mu,nu);
(%09) D(p, a) D(r, s)
(%i10) scon(Ul(p,mu) *Ul(q,mu) =*Ul(r,nu)  *Ul(s,nu));
(%010) D(p, q) D(r, s)
(%ill) Con(Ul(p,mu) +*Ul(gq,mu) =*Ul(r,nu) *Ul(s,nu),mu,nu);
(%011) D(p, a) D(r, s)

(%i12) Con(Ul(p,mu) *Ul(q,mu) =*Ul(r,nu) *Ul(s,nu));
(%012) D(p, @) D(r, s)
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13.3.2 Ll(p,mu) andp,

The covariantmomentum four-vectop,, is represented by the symbiokp,mu)

examples are:
n=3

40

(“lower index”). Some contraction

1 1«
e B AT (13.15)
n=0
(%i13) Con(-LI(p,mu) *LI(g,mu) *Ul(r,nu)/3);
D(p, g) Ul(r, nu)
(%013) e
3
(%il4) Con(LI(p,mu) * LI(q,mu));
(%014) D(p, q)
PulduTvSy —P-qT-S. (13.16)
(%il5) Con(LI(p,mu) *LI(q,mu) =*LI(r,nu)  *LI(s,nu));
(%015) D(p, @) D(r, s)
and
puqurt + plqury — rfp-q+plq - (13.17)

(%i16) Con(LI(p,nu)
(%016)

*LI(q,nu)  *UI(r,mu) + Ul(p,mu) * LI(q,nu)
D(p, g) Ul(r, mu) + Ul(p, mu) D(q, r)

* LI(r,nu));

An example of contraction of our symbolic metric tensor carcarried out in our package using eitleem or scon (*s”

for symbolic), either specifying the contraction index not:

(%il7) Con (Gm(mu,mu));

(%017) 4
(%il8) Con (Gm(mu,mu),mu);

(%018) 4
(%i19) scon (Gm(mu,mu));

(%019) 4
(%i20) scon (Gm(mu,mu),mu);

(%020) 4

Our symbolic quantityD(pa,pb)
Likewise,LI(p,mu) stands fop,

stands for the 4-momentum invariant produgt: p,. Our Ul(p,mu)

stands forp*.

(%i21) Con(Ul(p1,mu) * Ul(pl,mu));

(%021) D(p1, pl)
(%i22) Con(Ul(p1,mu) * Ul(p2,mu));

(%022) D(p1, p2)
(%i23) Con(Ul(p1,mu) * Gm(mu,nu));

(%023) Ul(p1, nu)
(%i24) Con(LI(p1,mu) * Gm(mu,nu));

(%024) LI(pl, nu)
(%i25) Con(LI(p1,mu) * Gm(mu,nu),mu);

(%025) LI(pl, nu)

Contraction ofsymbolic expressions does not require specifying the contractidexinthe repeated contraction index

in the expression is understood to mean summing over thexind
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14 Survey of Some Dirac Package Functions

14.1 Unit Four Tensor ¢, KD, kron _delta, Con

The unit four tensod!, satisfies the condition

for any four vectord” and has the definition

Its trace is

The symbolkD(n1,n2)

or AY = AH, (14.1)

5ﬁ=g‘i={1 Th=v (14.2)
0 otherwise

55 — 4. (14.3)

is used to execute contractions which involve the unit tenso

(%02)
(%03)
(%04)

(%05)

(%i2) Con(Ul(p,n1) *KD(n1,n2));
(%i3) Con(Ul(p,n1) *KD(n1,n2),nl);

(%i4) Con(KD(nl,n5)  *Eps(nl,n2,n3,n4));

Eps(n5, n2, n3, n4)
(%i5) Con(KD(n1,n5)  *Eps(nl,n2,n3,n4),nl);

Eps(n5, n2, n3, n4)

Ul(p, n2)

Ul(p, n2)

The symboKDhas no numerical values or properties, and can be convertiethie core Maxima constakton_delta
using our package functiaronvertkD .

(%i6) kron_delta(1,0);
(%06)

(%i7) kron_delta(1,1);
(%07)

(%i8) KD(1,0);

(%08)

(%i9) convertkKD(%);
(%09)

(%i10) KD(1,1);
(%010)

(%ill) convertKD(%);
(%011)

(%i12) KD(n,m);
(%012)

(%il3) convertKD(%);
(%013)

0

1
KD(1, 0)

0
KD(1, 1)

1
KD(n, m)

kron_delta(m, n)

14.2 P =, pY, sL(pl)

Using our explicit gamma matrices, we can construct an eiglix 4 matrix representing; = ~,, p’ using our package
functionsL(pl) (sL for “slash”). Herepl stands for a four-vector, arel assumes that the components of that four-
vector have been defined either as elements of a list or etsroBa hashed array, so thatis given byp1[0] , andpi is

given byp1[1] , etc.
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Since we have not defined these quantities, they are jusewsdis symbols here:

42

(%i9) sL(pl);
[ 0 0 pl - pl %i pl - pl ]
[ 0 3 2 1]
[ ]
[ 0 0 (- %i pl ) - pl pl + p1 ]
[ 2 1 3 0 ]
(%09) [ ]
[ p1 + p1 pl - %i pl 0 0 ]
[ 3 0 1 2 ]
[ ]
[ % pl + pl pl - pl 0 0 ]
2 1 0 3 ]
(%i10) grind(%)$
matrix([0,0,p1[0]-p1[3],%i *p1[2]-p1[1]],[0,0,(-%i * p1[2])-p1[1],p1[3]+p1[O]],
[p1[3]+p1[0],p1[1]-%i *p1[2],0,0],[%i * p1[2]+p1[1],p1[0]-p1[3],0,0])$

We can use our functiocomp_def (“components-definition”) to create one or more hashedtbaised) arrays contain-

ing the components of the four-momenty and other four vectors. The syntax

‘ comp_def ( pl(E1l, plx,ply,plz));

is used, or for more than one 4-vector, for example two:

‘ comp_def ( pl(E1l, plx,ply,plz), p2(E2, p2x,p2y,p2z) );

You can have an arbitrary number of argumentsaiop_def .

Here we assume the relativistic energy of a free particlé wimomentuny/' is E, the magnitude of the 3-momentum
of the particle is represented by the sympphnd the 3-momentum vectgi lies in the z-x plane, making an angle

(represented by the symbibl ) with the z-axis. The symbao# is a predefined x 4 unit matrix.

(%i11) comp_def (pl (E,p *sin(th),0,p * cos(th)))$
(%il2) listarray(pl);

(%012) [E, p sin(th), 0, p cos(th)]
(%i13) p1[0];
(%013) E

We can now show the result of the invariant 4-vector dot pecbflunctions, symboli® and explicitvP, when the args are

4-vectors with explicitly defined components:

(%il4) D(p1,pl);
(%014) D(p1, pl)
(%il5) noncov(%);

2 2
(%015) E -p
(%il6) VP(pl,pl);
2 2
(%016) E -p
(%il7) sL(pl);
[ 0 0 E - p cos(th) - p sin(th) ]
[ ]
[ 0 0 - p sin(th) E + p cos(th) ]
(%017) [ ]
[ E + p cos(th) p sin(th) 0 0 ]
[ ]
[ p sin(th) E - p cos(th) 0 0 ]
(%il8) sL(pl) + m =*I4;
[ m 0 E - p cos(th) - p sin(th) ]
[ ]
[ 0 m - p sin(th) E + p cos(th) ]
(%018) [ ]
E + p cos(th) p sin(th) m 0 ]

,_,,_,,_,
fa—

p sin(th) E - p cos(th) 0 m ]




14 SURVEY OF SOME DIRAC PACKAGE FUNCTIONS 43

14.3 Dirac Spinors and Helicity Operators
14.3.1 Lepton Spinorsu(p, o), UU

If we let p temporarily stand for the particle momentum four-vegtérthe lepton Dirac spinor is the four element column
matrixu(p, o) whereo = +1 picks out positive helicity, = +1/2 ando = —1 picks out negative helicith = —1/2.
We also have the basic property

pulp,o) =mu(p, o). (14.4)

The corresponding barred particle spinor is a four elen@mtmatrix
u(p, o) = u(p, o)’ 5" (14.5)
in which the dagger symbdglindicates the hermitian conjugate operation, and the tepicac spinor normalization is
u(p,o)u(p,o’) =2mb,,, o,0 ==+1, (14.6)

and we also have the “projection matrix” relation
> ulp.o)u(p.o) =p+m, (14.7)
o==1

in which the4 x 4 identity matrix is understood to be multiplying the scalaags symboin, andp = p,, v* with use of
the summation convention.

We generate aexplicit Dirac “spinor”, a four element colummatrix , denoted symbolically by (p;, o), corresponding

to a lepton withfour momentum p4" = (£, p), using the functioJU(E,p,theta,phi,sv) which descibes a spin
1/2 particle with relativistic energe, 3-momentum magnitude, whose 3-vector momentum direction is described by
spherical polar anglegheta,phi) ,where0 <= theta <= %pi and0 <= phi <= 2 =*%pi, and whose helic-

ity quantum numbesv is 1 for helicity +1/2 andsv is-1 for helicity -1/2 .

(%i2) UU(E,p,th,phi,1);
th ]
cos(--) sqrt(E - p) ]
2 ]

%i phi th ]
%e sin(--) sgrt(E - p) ]
2 ]
(%02) [ ]
th ]
cos(--) sqrt(E + p) ]
2

[
[
[
[ ]
[
[
[

,_,,_,,_,,_,,_,,_,,_,
—

%i phi th ]
%e sin(--) sgrt(E + p) ]
2
(%i3) UU(E,p,th,phi,-1);
- %i phi th ]
- %e sin(--) sgrt(E + p) ]
2 ]

th ]
cos(--) sqrt(E + p) ]
2

,_,,_,,_,,_,,_,,_,,_,
—

(%03) [ ]
- %i phi th ]
- %e sin(--) sqrt(E - p) ]
2 ]

th ]

cos(-) sqrt(E - p) ]
2 ]

,_,,_,,_,,_,,_,,_,,_,
fa—
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Thus for arbitrary angles
VE —p cos(0/2)
— i i
u(Bpb,00 =1) = |V L Im0R (14.8)
VE+ psin(0/2) e?
and ,
—VE ¥ psin(0/2) e
(B, p,0, 6,0 = 1) = | _ \/—YEE_;]’S;O(S@(/Z/)ZQ_M (14.9)
VE —p cos(0/2)

We can use our explicit spinors to show the property
pu(p,o) =mu(p,o) (14.10)

or, expressed differently,

o o O

(#—m)ulp,o) = (14.11)

0
To show an explicit example of this property, using our eipBpinors, we make use of our package function
trigcrunch(expr,angle) as well as our package functipag_to_Esg(expr,p,E,m) , first for the row 1 element,

and then for the matrix column all at once. The latter methadtes use of the core Maxima functiamtrixmap , as
well as the anonymouambda function.

(%i4) comp_def(pl(E,p *sin(th)  *cos(phi),p  *sin(th) *sin(phi),p * cos(th)))$
(%i5) listarray (pl);

(%05) [E, p cos(phi) sin(th), p sin(phi) sin(th), p cos(th)]

(%i6) upl_plus : UU(E,p,th,phi,1)$

(%i7) mprod : (sL(pl) - m *14) . upl_plus;

%i phi th
(%07) matrix([%e sin(--) (%i p sin(phi) sin(th) - p cos(phi) sin(th))
2
th th
sqrt(E + p) - m cos(--) sqrt(E - p) + cos(--) sqrt(E + p) (E - p cos (th))],
2 2
th
[cos(--) ((- %i p sin(phi) sin(th)) - p cos(phi) sin(th)) sqr t(E + p)
2
%i phi th %i phi th
- m %e sin(--) sqrt(E - p) + %e sin(--) sqrt(E + p)
2 2
th
(E + p cos(th))], [(- m cos(--) sqrt(E + p))
2
%i phi th
+ %e sin(--) (p cos(phi) sin(th) - %i p sin(phi) sin(th)) sqrt (E - p)
2
th
+ cos(--) sqrt(E - p) (E + p cos(th))],
2
%i phi th th
[- m %e sin(--) sqrt(E + p)) + cos(--)
2 2
(%i p sin(phi) sin(th) + p cos(phi) sin(th)) sgrt(E - p)
%i phi th

+ %e sin(--) sqrt(E - p) (E - p cos(th))])
2




14 SURVEY OF SOME DIRAC PACKAGE FUNCTIONS

45

(%i8) grind(mprod)$

matrix([%e”(%i *phi) *sin(th/2)  *(%i * pxsin(phi)  *sin(th)-p  *cos(phi) *sin(th))
* sqrt(E+p)
-m+ cos(th/2)  *sqrt(E-p)+cos(th/2) *sqrt(E+p) * (E-p *cos(th))],
[cos(th/2) *((-%i *p=*sin(phi)  *sin(th))-p *cos(phi) =*sin(th))  *sqrt(E+p)
-mx %e"(%i * phi) *sin(th/2)  *sqrt(E-p)
+%e"(%i * phi) *sin(th/2)  *sqrt(E+p) * (E+p *cos(th))],
[(-m =cos(th/2) =*sqgrt(E+p))+%e”(%i *phi) *sin(th/2)
* (p *cos(phi)  *sin(th)

-%i * p* sin(phi)

* sin(th))

+cos(th/2)  *sqrt(E-p)  * (E+p * cos(th))],

*Sqrt(E-p)

[(-m *%e"(%i *phi) *sin(th/2)

*sqrt(E+p))

+cos(th/2)  *(%i » p*sin(phi)  *sin(th)+p  *cos(phi) =*sin(th))  *sqrt(E-p)
+%e"(%i * phi) *sin(th/2)  *sqrt(E-p) * (E-p *cos(th))])$

This is a four element column matrix. (Note that Xmaxima &igp the outpu{%o7) using
matrix ([row one],[row two],...) despitedisplay2d = true for this large structure.) Let's concentrate on

the top element of this column matrix (row one, column onenfally, and call itmpl
14.3.2 Use of trigcrunch, rootcrunch and matrixmap

We first userigcrunch ~ and thermpsg_to_Esq on this element.

(%i2) fundef (trigcrunch);
(%02) trigcrunch(expr, x) := (trigsimp(expand(demoivre( expr))), to_ao2(%%, Xx),

rootcrunch(%%))
(%i3) fundef (rootcrunch);
(%03) rootcrunch(_x%) := (expand(_x%), expand(%% conj(%% )), rootscontract(%%),

factor(%%))

(%i9) mpl : mprod[1,1];
%i phi th

(%09) %e sin(--) (%i p sin(phi) sin(th) - p cos(phi) sin(th))
2

sqrt(E + p)
th th

- m cos(-) sqrt(E - p) + cos(--) sqrt(E + p) (E - p cos(th))
2 2

(%il10) trigcrunch(mpl,th);
2 th 2 2 2 2 2
(%010) -cos () (E-p@2msgt(E -p)-E +p -m)
2

(%ill) psq_to_Esq(%,p,E,m);
(%011) 0

We can now work on the whole column matrix at once, usitagrixmap . Here is the basic behavior we use:

(%il2) M : matrix([al],[a2],[a3],[a4]);
[al]
[ ]
[ a2 ]
(%012) [ ]
[ a3 ]
[ 1]
[ a4 ]
(%i13) matrixmap('f,M);
[ fa1) ]
[ ]
[ f(@2) ]
(%013) [ ]
[ f(@3) ]
[ ]
[ f(ad) ]

We first maptrigcrunch ~ on all four elements, via thambda function method, and then mapg_to_Esq on all four
elements via the same method, which yields a column vedtof alhose elements are zero.
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(%il4) mprodA : matrixmap(lambda([x],trigcrunch (x,th)) , mprod);
2 th 2 2 2 2 2
(%014) matrix([- cos () (E -p) @ msq(E -p)-E +p - m))]
2
2 2 2 th
[- (sin (phi) + cos (phi)) sin (--) (E - p)
2
2 2 2 2 2 2 th
@2msgt(E -p)-E +p -m) [-cos () (E+ p)
2
2 2 2 2 2 2 2 2 th
@msqrt(E -p)-E + p - m)], [- (sin (phi) + cos (phi)) sin (--)
2
2 2 2 2 2
(E+p) @msgt(E -p)-E +p -m))
(%il5) mprodB : matrixmap(lambda([x],psq_to_Esq(x,p,E, m)),mprodA);
[0]
[ ]
[0]
(%015) [ 1]
[0]
[ ]
[01]

We normally describe scattering in tkex plane, and if the 3-vectgr makes an anglé < ¢ < 7 with the positivez
axis and we are describing a “positive” heliciy( = 1) (or “righthanded, R”) case, we would use the syntax
upl : UU(E,p,th,0,1)

(%il6) upl : UU(E,p,th,0,1);

[ th ]
[ cos(-) sart(E - p) ]
[ 2 ]
[ ]
[ th ]
[ sin(--) sart(E - p) ]
[ 2 ]
(%016) [ ]
th 1

cos(--) sqart(E + p) 1]
2

[

[

[ ]
[ ]
[ th ]
[ sin(--) sart(E + p) ]

[ 2

If the same lepton were instead moving in e  plane in theopposite directionand with the same ener@y momentum
magnitudep, and positive helicity, we would use the synigxl : UU (E,p,%pi - th, %pi, 1)

(%il7) upl : UU (E,p,%pi - th, %pi, 1);
[ th ]
sin(-) sqrt(E - p) 1]
2 ]

- cos(--) sqrt(E - p) |
2 ]
(%017) [ |
th ]
sin(--) sart(E + p) |
2

[
[
[ ]
[ ]
[
[
[

[
[
[
[ th ]
[
[

th ]
- cos(--) sqrt(E + p) ]
2

Note that we have sétigexpand:true in dirac3.mac , so that we have the behavior:
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(%il18) cos((%pi-th)/2);
%pi - th

(%018) COS(-------- )

2
(%i19) expand(%);

th
(%019) sin(--)

2

and the last step in the definition 0Uis to applyexpand to the column matrix.
For anegative helicitylepton, in both cases, we would use = -1 .
For the case of a lepton with four-momentpm moving in thez-x plane, using some temporary notation,upt_plus

be the positive helicity case anghl_minus be thesamelepton with the same energy and teemedirection of 3-
momentum, but witthegativehelicity.

14.3.3 Lepton Helicity Operator H, H, 3, SIG

If we arbitrarily define thénelicity operator applicable to depton H as

Hu(p,o)=0cu(p,o), with o=+l (14.12)
then we use .
H=Y%-p, where p— Ii*l’ (14.13)
P
and fork =1,2,3
r_ |ox O
wk — [0 OJ (14.14)

are available as out x 4 matricesSIGIk] , defined in terms of the Pauli matrices. In the following oddtions,
to_ao2(expr, angle) is our own function which uses trig identies to replace arresgion involvingangle with
an equivalent expression involvirzggle/2

(%i2) upl_plus : UU(E,p,th,0,1);
[ th ]
[ cos(-) sart(E - p) ]
[ 2 |
[ ]
[ th ]
[ sin(--) sart(E - p) ]
[ 2 1
(%02) [ ]
[ th ]
[ cos(--) sart(E + p) ]
[ 2 ]
[ ]
[ th ]
[ sin(--) sart(E + p) ]
2 ]
(%i3) H : sin(th) *SIG[1] + cos(th) * SIG[3];
[ cos(th) sin(th) 0 0 ]
[ ]
[ sin(th) - cos(th) 0 0 ]
(%03) [ ]
[ 0 0 cos(th) sin(th) ]
[
[ 0 0 sin(th) - cos(th) ]
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(%i4) H_upl plus : H . upl_plus;
th

th
[ sin(--) sin(th) sqrt(E - p) + cos(--) cos(th) sqrt(E - p) ]
[ 2 2
[
[ th th
[ cos(--) sin(th) sqgrt(E - p) - sin(--) cos(th) sqrt(E - p) ]
[ 2 2
(%04) [
[ th th
[ sin(--) sin(th) sgrt(E + p) + cos(--) cos(th) sqrt(E + p) ]
[ 2 2
[
[ th th
[ cos(-) sin(th) sqrt(E + p) - sin(--) cos(th) sqrt(E + p) ]
[ 2 2
(%i5) H_upl plus : to_ao2 (%, th);
[ th ]
[ cos(--) sart(E - p) ]
[ 2 ]
[ ]
[ th ]
[ sin(--) sart(E - p) ]
[ 2 ]
(%05) [ ]
[ th ]
[ cos(-) sart(E + p) ]
[ 2 |
[ ]
[ th ]
[ sin(--) sart(E + p) ]
[ 2 1
(%i6) is(equal(H_upl_plus,upl_plus));
(%06) true
(%i7) upl_minus : UU(E,p,th,0,-1);
[ th ]
[ - sin(-) sart(E + p) ]
[ 2
[ ]
[ th ]
[ cos(-) sart(E + p) ]
[ 2 1
(%07) [ ]
[ th ]
[ - sin(-) sart(E - p) ]
[ 2 |
[ ]
[ th ]
E cos(-—% sgrt(E - p) ] ,
(%i8) H_upl minus : to_ao2( H . upl_minus, th);
[ th ]
[ sin(--) sart(E + p) ]
[ 2
[ ]
[ th ]
[ - cos(--) sart(E + p) ]
[ 2
(%08) [ ]
[ th ]
[ sin(-) sart(E - p) 1]
[ 2 |
[ ]
[ th ]
[ - cos(-) sqrt(E - p) ]
[ 2 ]

(%i9) is(equal(H_upl_minus,-upl_minus));
(%09) true
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A barred lepton spinor (a row matrix), corresponding to the columrtrixa:(p, o) has the definition

u(p, o) = u(p, o). (14.15)

Using our package functiosbar , which has the Maxima code definition

‘ sbar (_uu%) := hc (_uu%) . Gam[0]$ |

in which hc is the package defined hermitian conjugate function, we sareither of the equivalent routes

‘ upl_plus_bar : sbar (UU(E,p,th,0,1)) |

or

‘ upl_plus_bar : sbar (upl_plus) |

to generate the expliciiarred spinor corresponding to an explicit given Dirac spinor.

We can check theormalization (14.6) of our lepton Dirac spinor definition here. We firstwhbat

u(p,+1)u(p, +1) = 2m, (14.16)

using several different paths to arrive at the same ang8werWe useupl_plus andupl_minus already defined above.

(%il0) upl_plus_bar : sbar(upl_plus);
[ th ] [ th ]
(%010) Col 1 = [ cos(-) sqrt(E + p) ] Col 2 = [ sin(--) sqrt(E + p) ]
[ 2 ] [ 2

[ th ] [ th ]
Col 3 = [ cos(--) sqrt(E - p) ] Col 4 = [ sin(--) sgrt(E - p) ]
[ 2 ] [ 2

(%i11) grind(%)$
matrix([cos(th/2) * sqrt(E+p),sin(th/2) * sqrt(E+p),cos(th/2) * sqrt(E-p),
sin(th/2)  *sqrt(E-p)))$
(%il2) ubu : upl_plus_bar . upl_plus;
(%012) 2 *sin(th/2)"2 *sqri(E-p)  *sqrt(E+p)+2  *cos(th/2)2 *sqri(E-p)  *sqrt(E+p)

14.3.4 Use of uxsimp

The simplest way to simplify this expression is to use oucfiom uv_simp , defined indirac3.mac  with the code

(%il3) fundef (uv_simp);

(%013) uv_simp(%expr, %p, %E, %m) := trigsimp(uv_simpl(%e Xpr, %p, %E, %m))
(%il4) fundef (uv_simpl);
(%014) uv_simpl(%expr, %p, %E, %m) := (trigsimp(%expr), ro otscontract(%%),

psq_to_Esq(%%, %p, %E, %m))

which gives us our desired answer:

(%il5) uv_simp(ubu,p,E,m);
(%015) 2 m

Instead of that fast method, it may be more educational thidanhassaging one step at a time, for example:

(%il6) ubul : trigsimp(ubu);
(%016) 2 sgrt(E - p) sqrt(E + p)
(%il7) ubu2 : rootscontract(ubul);

2 2
(%017) 2 sgrt(E - p)

At this stage there are several ways one can proceed:
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(%il8) ubu2, E = sqrt(p"2 + m"2);

(%018) 2 m
(%il9) ratsubst (m, sqrt(E"2 - p"2), ubu?2);

(%019) 2 m
(%i20) psq_to_Esqg (ubu2,p,E,m);

(%020) 2 m
(%i21) Esq_to_psqg (ubu2,p,E,m);

(%021) 2 m

In the last two steps, we used the package fungisnto_Esq which replaces the symbol for the square of 3-momentum
in terms of the energy symbol and the mass symbol, and thgratti@ge functioEsg_to_psq which replaces the sym-
bol for the square of the energy in terms of the momentum syarmbthe mass symbol. The definitionsdinac3.mac
are:
psq_to_Esq (expr,%p,%E,%m) =
expand (ratsubst (%E"2 - %m"2, %p°2, expr))$
Esq_to_psqg (expr,%p,%E,%m) :=
expand (ratsubst (%m™2 + %p2 , %E™2, expr))$

Recall thatratsubst (a,b,c) substitutesa for b in c.

We next show that
u(p, +1) u(p, —1) = 0. (14.17)

usingupl_plus_bar andupl_minus defined above:

(%i22) upl_plus_bar . upl_minus;
(%022) 0

We next check the “projection matrix” relation in Eq. (14.7h order to calculate the right hand side, we need to use
comp_def to assign values to the array componesit§] forj = 0, 1,2,3

(%i23) comp_def(pl(E,p *sin(th),0,p * cos(th)))$
(%i24) listarray (pl);

(%024) [E, p sin(th), 0, p cos(th)]
(%i25) p1[0];
(%025) E

We can then create the explicit mateik(pl) which corresponds tg;, and then leRHSstand for the righthand side of
Eq (14.7), namelyp; + m. In the following,14 is a predefined x 4 unit matrix.

(%i26) RHS : sL(pl) + m =*I4;
[ m 0 E - p cos(th) - p sin(th) ]
[
[ 0 m - p sin(th) E + p cos(th) ]
(%026) [ ]
[ E + p cos(th) p sin(th) m 0 ]
[ ]
[ p sin(th) E - p cos(th) 0 m ]

We now construct the summub_sum on the lefthand side of Eq (14.7). The expressRiSdepends oros(th) and
sin(th) , and the Dirac spinors depend cos(th/2)  andsin(th/2)

14.3.5 Use of frao2

Our package functiofr_ao2(expr, th) uses trig identities to convert trig functionstbf2 to equivalent functions
of th .
(%i27) upl_minus_bar : sbar (upl_minus);

[ th ] [ th ]
(%027) Col 1 = [ - sin(--) sqrt(E - p) ] Col 2 = [ cos(--) sqrt(E - p )]
[ 2 ] [ 2

[ th ] [ th ]
Col 3 = [ - sin(--) sqrt(E + p) ] Col 4 = [ cos(-) sqrt(E + p) ]
[ 2 ] [ 2
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(%i28) grind(%)$
matrix([-sin(th/2) * sqrt(E-p),cos(th/2) * sqrt(E-p),-sin(th/2) * sqQri(E+p),
cos(th/2)  *sqrt(E+p)])$
(%i29) uub_sum :
uv_simp (upl_plus . upl_plus_bar + upl _minus . upl_minus_b ar, p,E,m);
[ m ] [ 0 |
[ ] [ ]
[ 0 ] [ m |
[ ] [ ]
[ 2 th ] [ th th ]
(%029) Col 1 =[E+2pcos(-)-p]Col2=[2pcos(-) sin(-) ]
[ 2 | [ 2 2 1
[ ] [ ]
[ th th ] [ 2 th ]
[ 2 p cos(-) sin(-) 1] [E-2pcos () +p]
[ 2 2 ] [ 2 ]
[ 2 th ] [ th th ]
[E-2pcos () +p ] [ - 2 p cos(-) sin(-) ]
[ 2 ] [ 2 2 ]
[ ] [ ]
[ th th ] [ 2 th ]
Col 3=[-2pcos(-)sin(-) ] Col 4 =[E+2pcos () -p ]
[ 2 2 ] 2 ]
[ [ ]
[ m ] [ 0 1
[ ] [ |
[ 0 ] [ m ]
(%i30) uub_suml : fr_ao2 (uub_sum, th);
[ m 0 E - p cos(th) - p sin(th) ]
[ ]
[ 0 m - p sin(th) E + p cos(th) ]
(%030) [ ]
[ E + p cos(th) p sin(th) m 0 ]
[ ]
[ p sin(th) E - p cos(th) 0 m ]
(%i31) is(equal(uub_suml1,RHS));
(%031) true

14.3.6 Anti-Lepton Spinors,v(p, o), VV

Theantilepton Dirac spinor is the four element column mattikp, o) in whicho = +1 picks out the positive helicity
h = +1/2 antiparticle state and = —1 picks out negative helicity, = —1/2 antiparticle state, and is defined (with
P/S phase choice) via

v(p, o) = =y’ u(p, —0) (14.18)
with the basic property
pu(p,o) = —mu(p,o). (14.19)
The corresponding barred antiparticle spinor is a four el@mow matrix
(p,0) = v(p,0)' 4" (14.20)
and the normalization is
v(p,o)v(p,o’)=—-2mb,, o, 0 ==+l (14.21)

We also have the “projection matrix” relation

Z v(p,o)o(p,o)=p—m (14.22)

g

For the case of an antilepton with four-momentwi moving in thez-x plane, using some temporary notation, let
vpl_plus be the positive helicity case anghl_minus be thesameantilepton with the same energy and theme
direction of 3-momentum, but withegative helicity.
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14.3.7 Antilepton Helicity Operator H,,, Hv

If we arbitrarily define thénelicity operator applicable to amnti-lepton H, as

Hy,v(p,0) =cv(p,o), with o=+1 (14.23)
then we need to use the definition
H,=-Y-p, where p= %, (14.24)
and fork = 1,2,3
wk — [“0’“ JOJ (14.25)

are available as owt x 4 matricesSIG[k] , defined in terms of the Pauli matrices. In the following cétions,
to_ao2(expr, angle) is our own function which uses trig identies to replace arresgion involvingangle with
an equivalent expression involvirzggle/2

We generate aexplicit antilepton Dirac “spinor”, a four element colummatrix , denoted symbolically by(p;, o), cor-
responding to an antilepton wifour momentum p{’ = (E, p), using the functiorVV(E,p,theta,phi,sv) which
descibes a spity2 antilepton with relativistic energlf, 3-momentum magnitude, whose 3-vector momentum direction
is described by spherical polar anglgiseta,phi) , Where0 <= theta <= %pi and0 <= phi <= 2 *%pi,
and whose helicity quantum numbmr is 1 for helicity +1/2 andsv is-1 for helicity -1/2 .

For arbitrary angles (subject to the above), our convestgine

(%i2) VV(E,p,th,phi,1);
- %i phi th ]
- %e sin(--) sgrt(E + p) ]
2

th ]
cos(--) sqrt(E + p) ]
2

(%02) [ ]
- %i phi th ]
%e sin(--) sqrt(E - p) ]
2 ]

th ]
- cos(--) sgrt(E - p) ]
2 ]
(%i3) VV(E,p,th,phi,-1);
th ]
cos(--) sqrt(E - p) ]
2 ]

%i phi th ]
%e sin(--) sgrt(E - p) ]
2 ]
(%03) [ ]
th ]
- cos(--) sqrt(E + p) ]
2

,_,,_,,_,,_,,_,,_,,_,
—

%i phi th
- %e sin(--) sqrt(E + p) ]
2

,_,,_,,_,,_,,_,,_,,_,
—
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Thus for arbitrary angles
—VE T psin(0/2) e ]
o VE +p cos(0/2)
(B, p.0,¢,0 =1) = VE —psin(0/2) e
—VE —p cos(0/2)
and
VE —p cos(0/2)
B | VE—psin(/2) e
U(E7p797¢70 - _1) - _\/m COS(0/2)

—VE+psin(0/2) €' |

53

(14.26)

(14.27)

We normally describe scattering in thex plane, and if the 3-vectgf makes an anglé < = with the positivez axis and

we are describing a “positive” helicitgy = 1) (or “righthanded, R”) case, we would use the syntax

vpl : VV(E,p,th,0,1)

(%i4) vpl : VV(E,p,th,0,1);
th ]
- sin(--) sqrt(E + p) ]
2

th ]
cos(--) sqrt(E + p) 1
2

———————

(%04) [ ]
th ]

sin(--) sgrt(E - p) |
2 ]

th ]

- cos(--) sqrt(E - p) ]
2 ]

————— ——

If the same particle were instead moving in g plane in theopposite directionand with the same energy, momentum
magnitude, and positive helicity, we would use the sympk : VV (E,p,%pi - th, %pi, 1)

(%i5) vpl : VV (E,p,%pi - th, %pi, 1);
th ]
cos(-) sqrt(E + p) ]
2

th ]
sin(--) sgrt(E + p) ]
2

———————

(%05) [ ]
th ]

- cos(--) sqrt(E - p) ]
2 ]

th ]
- sin(-) sqgrt(E - p) ]
2

——— ————

For a negative helicity antilepton, in both cases, we woskglsy = -1 .

For the case of an antilepton with four-momentwi moving in thez-x plane, using some temporary notation, let

vpl_plus be the positive helicity case amdl_minus be thesameparticle with the same energy and ga@medirection
of 3-momentum, but witmegative helicity. We let the symboHv stand for the antilepton helicity operatéf,, bearing

in mind thatp = & sin(th) + £ cos(th).
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(%i6) vpl_plus : VV(E,p,th,0,1);

[ th ]
[ - sin(-) sart(E + p) ]
[ 2
[ ]
[ th ]
[ cos(-) sart(E + p) ]
[ 2 ]
(%06) [ ]
[ th ]
[ sin(-) sart(E - p) 1]
[ 2 |
[ ]
[ th ]
E - cos(-—)2 sqrt(E - p) ] ,
(%i7) Hv : -sin(th) *SIG[1] - cos(th) * SIG[3];
[ - cos(th) - sin(th) 0 0 ]
[ - sin(th) cos(th) 0 0 ]
(%07) [
[ 0 0 - cos(th) - sin(th) ]
[
[ 0 0 - sin(th) cos(th) ]
(%i8) Hv_vpl plus : to_ao2( Hv . vpl plus, th );
[ th ]
[ - sin(-) sart(E + p) ]
[ 2
[ ]
[ th ]
[ cos(--) sqrt(E + p) ]
[ 2 1
(%08) [ ]
[ th ]
[ sin(--) sart(E - p) 1]
[ 2 ]
[ ]
[ th ]
{ - cos(--)2 sqrt(E - p) ] ,
(%i9) is(equal(Hv_vpl_plus, vpl_plus));
(%09) true
(%i10) vpl _minus : VV(E,p,th,0,-1);
[ th ]
[ cos(--) sqrit(E - p) ]
[ 2 |
[ ]
[ th ]
[ sin(-) sart(E - p) 1]
[ 2 ]
(%010) [ ]

th ]
- cos(--) sqrt(E + p) ]
2

th ]
- sin(-) sgrt(E + p) ]
2

————— ——
[a—
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(%ill) Hv_vpl_minus : to_ao2( Hv . vpl_minus, th );

[ th ]
[ - cos(-) sart(E - p) ]
[ 2 ]
[ ]
[ th ]
[ - sin(--) sart(E - p) ]
[ 2 ]
(%011) [ ]
th ]

cos(-) sqrt(E + p) ]
2

th ]
sin(--) sgrt(E + p) ]
2

——— ————
—_—

(%i12) is(equal(Hv_vpl_minus, -vpl_minus));
(%012) true

Here we check the normalization of the antilepton spinarelfying the result usinguv_simp (expr, p, E, m)
as well as checking the orthogonality of antilepton spirafrspposite helicity.

(%il3) vpl plus_bar : sbar(vpl_plus);
th ] [ th ]
(%013) Col 1 = [ sin(--) sqrt(E - p) ] Col 2 = [ - cos(--) sqrt(E - p )]
[ 2 ] [ 2 ]
[ th ] [ th ]
Col 3 = [ - sin(--) sqrt(E + p) ] Col 4 = [ cos(-) sqrt(E + p) ]
[ 2 ] [ 2

(%i14) grind(%)$
matrix([sin(th/2) * sqrt(E-p),-cos(th/2) * sqrt(E-p),-sin(th/2) * sqrt(E+p),
cos(th/2)  *sqrt(E+p)])$
(%il5) vbv : vpl plus_bar . vpl_plus;
2 th
(%015) (- 2 sin (--) sqrt(E - p) sqrt(E + p))
2

2 th
- 2 cos (-) sqrt(E - p) sqrt(E + p)
2

(%il6) uv_simp(vbv,p,E,m);

(%016) -2 m
(%il7) vpl_plus_bar . vpl_minus;
(%017) 0

We next check the projection matrix relation (14.22). Aftsing comp_def to define the arrapl[j] , we can then
create the explicit matrisL(pl) which corresponds t@g; and RHSwhich correponds to the righthand side of (14.22)

p1 — m. In the following, 14 is a predefined x 4 unit matrix.

(%i18) comp_def(p1(E,p *sin(th),0,p * cos(th)))$

(%il9) listarray(pl);

(%019) [E, p sin(th), 0, p cos(th)]

(%i20) RHS : sL(pl) - m ~*I4;
[ - m

0 E - p cos(th) - p sin(th) ]
[ ]
[ 0 -m - p sin(th) E + p cos(th) ]
(%020) [ ]
[ E + p cos(th) p sin(th) -m 0 ]
[ ]
[ p sin(th) E - p cos(th) 0 - m ]

We now construct the suwmvb_sum on the lefthand side of (14.22). Our package functiomo2(expr, angle)
uses trig identities to convert explicit functionséf2 to equivalent functions of.
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(%i21) vpl_minus_bar : sbar (vpl_minus);
th ] [ th ]
(%021) Col 1 = [ - cos(--) sqrt(E + p) ] Col 2 = [ - sin(-) sqrt(E + p) ]
[ 2 [ 2

[ th ] [ th ]
Col 3 = [ cos(--) sqrt(E - p) ] Col 4 = [ sin(--) sqrt(E - p) ]

[ 2 ] [ 2 ]
(%i22) grind(%)$
matrix([-cos(th/2) * sqrt(E+p),-sin(th/2) * sqrt(E+p),cos(th/2) * sqrt(E-p),
sin(th/2)  *sqrt(E-p)])$
(%i23) vvb_sum :

uv_simp (vpl_plus . vpl plus_bar + vpl _minus . vpl _minus_b ar, p,E,m);
[ -m ] [ 0 ]
[ [ ]
[ 0 ] [ -m ]
[ ] [ ]
[ 2 th ] [ th th ]
(%023) Col 1l =[E+2pcos(-)-p]Col 2=[]2p cos(-) sin(-) ]
[ 2 | [ 2 2 1
[ ] [ ]
[ th th ] [ 2 th ]
[ 2 p cos(-) sin(-) 1] [E-2pcos () +p]
[ 2 2 ] [ 2 ]
[ 2 th ] [ th th ]
[E-2pcos () +p ] [ - 2 p cos(-) sin(-) ]
[ 2 ] [ 2 2 ]
[ ] [ ]
[ th th ] [ 2 th ]
Col 3=[-2pcos(-)sin(-) ]Col 4 =[E+2pcos () -p ]
[ 2 2 ] [ 2 ]
[ ] [ ]
[ m | [ 0 ]
[ ] [ ]
[ 0 ] [ m ]
(%i24) vvb_suml : fr_ao2(vvb_sum, th);
[ - m 0 E - p cos(th) - p sin(th) ]
[ ]
[ 0 -m - p sin(th) E + p cos(th) ]
(%024) | ]
[ E + p cos(th) p sin(th) -m 0 ]
[ ]
[ p sin(th) E - p cos(th) 0 -m ]
(%i25) is(equal(vvb_suml1,RHS));
(%025) true
14.4 Spin Projection Matrix S(p, o), P(sv), P(sv, Sp)
14.4.1 Right-Handed Spin 4-Vectosg (p), Sp
We define thel x 4 spin projection matrix§(p, o).
1 5
S(p,0) ==(1+ 07 fr(p)) for o==+1, (14.28)

2

in which 1 stands for thel x 4 unit matrix and in whickgz(p) = s, 7", and the right handed spin 4-vectdf generated

st (p) = (@ 513> (14.29)

by the 4-vectop has the components
m’ m
in which £ = y/m? + p2.

The spin 4-vectos’;, has the properties

sr(p) - sr(p) = =1, and sp(p)-p=0. (14.30)
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In our code, we usually use a symbol ligp1 for the spin vector associated with the 4-veqitr Here is an example of
the above constraints (in additionstg - p; = m?) being satisfied:

(%i2) comp_def (p1(E,p *sin(th),0,p *cos(th)), Spl(p/m,E * sin(th)/m,0,E * cos(th)/m))$
(%i3) listarray (pl);
(%03) [E, p sin(th), 0, p cos(th)]
(%i4) VP (pl,pl);

2 2
(%04) E -p
(%i5) psqg_to_Esq(%,p,E,m);

2
(%05) m
(%i6) listarray (Spl);
p sin(th) E cos(th) E
(%06) [-, - , 0, —--m-- ]
m m m

(%i7) VP (Spl, Spl);

2 2

p E
(%07) - -

2 2

m m
(%i8) psqg_to_Esq(%,p,E,m);
(%08) -1
(%i9) VP (Spl, pl);
(%09) 0
and we can also show that

$7° $r(p) =" $r(p) P. (14.31)

(%i10) is(equal(trigsimp (sL(pl) . Gam[5] . sL(Spl)), trig simp( Gam[5] . sL(Spl) . sL(pl))));
(%010) true

The relation (14.31) implies thgtcommutes withS(p, o). To show this directly we can use the explicit spin projactio
matrix P. The explicit spin projection matrix has the synt&(sv) or P(sv,Sp) , for the massless and massive case
respectively.

(%ill) A : sL(pl) . P(1,Spl)$

(%i12) B : P(1,Spl) . sL(pl)$

(%il3) is(equal(uv_simp(A,p,E,m), uv_simp(B,p,E,m)));
(%013) true
(%i14) A : sL(pl) . P(-1,Sp1)$

(%i15) B : P(-1,Spl) . sL(p1)$

(%il6) is(equal(uv_simp(A,p,E,m), uv_simp(B,p,E,m)));
(%016) true

In trace calculations the spin projection matri§(p, o) is represented symbolically by the symlisgév) or S(sv,Sp)

for the massless and massive case respectively, vehetakes on values/- 1 , andSp represents the right-handed spin
4-vector defined by the 4-momentum of the particle. Note therof the arguments (of our code symbols) in the massive
case.

Theexplicit spin projection matrix is given bi(sv) orP(sv,Sp) , for the massless and massive case respectively.

For massiven > 0 leptons, we have the identity

u(p, o) u(p,0) = S(p,0) (p+m) = (p+m)S(p, o). (14.32)

We can use explicit matrices to check this equatiomior 0 leptons:

(%i17) upl_plus : UU(E,p,th,0,1)$

(%i18) upl_minus : UU(E,p,th,0,-1)$
(%i19) upl_plus_bar : sbar(upl_plus)$
(%i20) upl_minus_bar : sbar (upl_minus)$
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(%i21) A : upl_plus . upl_plus_bar$

(%i22) A : uv_simp(A,p,E,m)$

(%i23) A : fr_ao2(Ath)$

(%i24) display2d:false$

(%i25) A : trigsimp(A);

(%025) matrix([(m * cos(th)+m)/2,(m * sin(th))/2,((cos(th)+1) * E-p * cos(th)-p)/2,
(sin(th) = E-p *sin(th))/2],
[(m = sin(th))/2,-(m * cos(th)-m)/2,(sin(th) * E-p * sin(th))/2,
-((cos(th)-1) * E-p * cos(th)+p)/2],
[((cos(th)+1) * E+p* cos(th)+p)/2,(sin(th) * E+p* sin(th))/2,
(m=* cos(th)+m)/2,(m * sin(th))/2],
[(sin(th) * E+p= sin(th))/2,-((cos(th)-1) * E+p* cos(th)-p)/2,
(m=* sin(th))/2,-(m * cos(th)-m)/2])

(%i26) B : P(1,Spl) . (sL(pl) + m *14)$

(%i27) B : uv_simp(B,p,E,m)$

(%i28) B : trigsimp(B);

(%028) matrix([(m * cos(th)+m)/2,(m * sin(th))/2,((cos(th)+1) * E-p * cos(th)-p)/2,
(sin(th)  * E-p *sin(th))/2],
[(m = sin(th))/2,-(m * cos(th)-m)/2,(sin(th) * E-p * sin(th))/2,
-((cos(th)-1) * E-p * cos(th)+p)/2],
[((cos(th)+1) * E+p* cos(th)+p)/2,(sin(th) * E+p* sin(th))/2,
(m=* cos(th)+m)/2,(m * sin(th))/2],
[(sin(th) * E+p= sin(th))/2,-((cos(th)-1) * E+p* cos(th)-p)/2,

(m=* sin(th))/2,-(m * cos(th)-m)/2])
(%i29) is(equal(A,B));
(%029) true

and next foro = —1,

(%i30) A : upl_minus . upl_minus_bar$
(%i31) A : uv_simp(A,p,E,m)$

(%i32) A : fr_ao2(Ath)$

(%i33) A : trigsimp(A);

(%033) matrix([-(m * cos(th)-m)/2,-(m * sin(th))/2,-((cos(th)-1) * E+p* cos(th)-p)/2,
-(sin(th) * E+p=* sin(th))/2],
[-(m = sin(th))/2,(m * cos(th)+m)/2,-(sin(th) * E+p* sin(th))/2,
((cos(th)+1) * E+p* cos(th)+p)/2],
[-((cos(th)-1) * E-p * cos(th)+p)/2,-(sin(th) * E-p * sin(th))/2,
-(m * cos(th)-m)/2,-(m * sin(th))/2],
[-(sin(th) * E-p * sin(th))/2,((cos(th)+1) * E-p * cos(th)-p)/2,
-(m = sin(th))/2,(m * cos(th)+m)/2])
(%i34) B : P(-1,Spl) . (sL(pl) + m *14)$
(%i35) B : uv_simp(B,p,E,m)$
(%i36) B : trigsimp(B);
(%036) matrix([-(m * cos(th)-m)/2,-(m * sin(th))/2,-((cos(th)-1) * E+p* cos(th)-p)/2,
-(sin(th) * E+p=* sin(th))/2],
[-(m *sin(th))/2,(m * cos(th)+m)/2,-(sin(th) * E+p* sin(th))/2,
((cos(th)+1) * E+p* cos(th)+p)/2],
[-((cos(th)-1) * E-p * cos(th)+p)/2,-(sin(th) * E-p * sin(th))/2,
-(m * cos(th)-m)/2,-(m * sin(th))/2],
[-(sin(th) * E-p * sin(th))/2,((cos(th)+1) * E-p * cos(th)-p)/2,

-(m = sin(th))/2,(m * cos(th)+m)/2])
(%i37) is(equal(A,B));
(%037) true

For massiven > 0 antileptons, we have the identity

U(pa 0-) Q_)(pa 0-) - S(pa 0-) (ﬁ - m) - (}6 - m) S(pa 0)
In the case of zero mass leptons

u(p,o)u(p,o) =z (1+07°)p

N | —

and for zero mass antileptons

"U(p,O') "l_)(p,O') - (1_075)¢'

DO | —

(14.33)

(14.34)

(14.35)
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14.4.2 Unpolarized Cross Section using the Trace Operation

Calculation of unpolarized cross sections requires sumittia absolute value squared of a polarized amplitude oeer th
helicity quantum numbers of the particles involved, andrdseilt can be written as the matrix trace of a 4 matrix. A
simple example follows. We use a compressed notation inhyfiac exampley:; stands foru(py, o1) andus stands for
u(pe, 02). LetT" be an arbitraryt x 4 matrix.

One can show that

(ﬂz r ul)* = Uy T U9 (14.36)
in which
[ =~2TTA0. (14.37)
Then
Z ‘Z_IJQFU1|2 = Z o I uq ﬂlfUQ (14.38)
0109 0102

We use the sum over; to replaceu; i by (p; + m), and are left with

> wTuy, T=T(p+mT. (14.39)

Writing out the matrix indices explicitly, the sum becomasifg the summation convention for repeated matrix indlices

Zﬂzafab Ugp = fab Z Uop U g = fab (ﬁz -+ m)ba = Trace {f (ﬁg -+ m)} (14.40)

Note thatTrace (A B) = Trace (B A). We then have
> |asTw [ = Trace{(pa +m) T (1 +m) T'}. (14.41)

14.5 The Levi-Civita Tensor
14.5.1 Mo Eps(la,mu,nu,si), eps4[la,mu,nu,si]

The Levi-Civita tensoe?*? is the totally antisymmetric tensor, using the conventioat ¢°'23 = +1 and this implies
that

61230 = —1, €0123 = —1 (1442)

and
Cure = —€A. (14.43)

See Ch. 1, Sect. 6, “Four Vectors”, of The Classical Theoryields, 4th Rev. Ed., Landau and Lifshitz, for the defini-
tions and properties used here.

We letEps[la,mu,nu,si] andeps4[la,mu,nu,si] stand fore***? | and in the filedirac3.mac ~ we have the code

declare (eps4,antisymmetric)$
tellsimpafter ( eps4[0,1,2,3], 1 )$

which results in the behavior

(%i2) eps4[0,1,2,3];
(%02) 1
(%i3) eps4[1,0,2,3];
(%03) -1
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There is no corresponding definition féps, which is just a symbolic place holder. The functimmncov can be used to
converteps(...)  intoeps4]....]

(%i4) Eps(0,1,2,3);
(%04) Eps(0, 1, 2, 3)
(%i5) Eps(1,0,2,3);
(%05) Eps(1, 0, 2, 3)
(%i6) noncov (Eps(0,1,2,3));
(%06) 1
(%i7) noncov (Eps(1,0,2,3));
(%07) -1
(%i8) noncov (Eps(n1,n2,n3,n4));
(%08) eps4

nl, n2, n3, n4
(%i9) grind(%)$
eps4[n1,n2,n3,n4]$

14.5.2 eyue, EpsL(la,mu,nu,si), eps4L[la,mu,nu,si]

We let EpsL[la,mu,nu,si] and eps4L[la,mu,nu,si] stand fore,,,, and in the filedirac3.mac  we have the
code

declare (eps4L,antisymmetric)$
tellsimpafter ( eps4L[0,1,2,3], -1 )$

which results in the behavior

(%il0) eps4L[0,1,2,3];

(%010) -1
(%ill) eps4L[1,0,2,3];
(%011) 1

The is no corresponding definition fapsL, which is just a symbolic place holder. The functieencov can be used to
convertEpsL(...)  intoeps4L]....]

(%il2) EpsL(0,1,2,3);
(%012) EpsL(0, 1, 2, 3)
(%il3) EpsL(1,0,2,3);
(%013) EpsL(1, O, 2, 3)
(%il4) noncov (EpsL(0,1,2,3));
(%014) -1
(%il5) noncov (EpsL(1,0,2,3));
(%015) 1
(%i16) noncov (EpsL(nl,n2,n3,n4));
(%016) eps4L

nl, n2, n3, n4
(%i17) grind(%)$
eps4L[n1,n2,n3,n4]$

14.5.3 Contraction of a Product of Two Levi-Civita Tensors,Con, mcon
Four index contraction

Four index contraction of common indices using the summatimnvention, of a product of two Levi-Civita tensors in
the usual notation is written
A € e = —24, (14.44)

and is carried out with the dirac package us@un, scon , andmcon, provided you supply the four contraction indices
at the end of the command.
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Con, scon, mcon

The package contraction functio@sn, scon , andmcon can be used for contraction of indices, withn being a general
starting point, butncon being usually faster if provided the right args. The geneoalraction functiorCon callsscon if
the elements to be contracted are all known symbolic esititigllsmcon if all the elements are explicit arrays or matrices,
and callsecon for intermediate cases.

Contraction ofkKD(n,n) should produce the numbér

(%i18) Con(KD(n,n),n);
(%018) 4
(%i19) Con(KD(n1,nl));
(%019) 4
(%i20) scon(KD(n,n),n);
(%020) 4
(%i21) mcon(KD(n,n),n);
(%021) 4

More examples of contraction involvirgp.

14.5.4 indexL

For symbolic contractionCon andscon can find repeated indices if the index symbols appear on shéntlexL .
However, you can supply any explicit contraction index foniraction and the package then doesn't care about the
indexL list.

(%i22) indexL;
(%022) [nl, n2, n3, n4, n5, n6, n7, n8, n9, nl0O, la, mu, nu, rh, s i, ta, al,
be, ga, de, ep]
(%i23) Con(KD(n1,nl));
(%023) 4
(%i24) Con(KD(n,n));
scon: no repeated index symbols supplied or found

(%024) KD(n, n)
(%i25) Con(KD(n,n),n);

(%025) 4
(%i26) Con(Gm(nl,n2) *KD(n1,n3));

(%026) Gm(n2, n3)
(%i27) Con(Gm(nl,n2) *KD(nl,n3),nl);

(%027) Gm(n2, n3)
(%i28) scon(Gm(ni,n2) *KD(n1,n3));

(%028) Gm(n2, n3)
(%i29) scon(Gm(ni,n2) *KD(n1,n3),nl);

(%029) Gm(n2, n3)

But when usingncon, you must supply the contraction indices.

(%i30) mcon(gmet[nl,n2] *KD(n1,n3),nl);
(%030) gmet

n3, n2
(%i31) grind(%)$
gmet[n3,n2]$
(%i32) mcon(gmet[nl,n2] * KD(n1,n3));
find_eps4_prod: no symbolic contraction indices found
mcon: fatal error
(%032) done

Returning to the four index contraction of a product of amtisetric tensors, i€on detects a term which includes both
Eps andEpsL, or botheps4 andeps4L , Con will transfer the contraction job tmcon, after being sure the right argu-
ments are in place.

Contraction of a product of Levi-Civita tensors is thenmbtitely done byncon. You must supply the contraction indices
with the call toCon to getmcon to do the job.
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(%i33) trace(mcon);

(%033) [mcon]

(%i34) Con(Eps(nl,n2,n3,n4) * EpsL(n1,n2,n3,n4),n1,n2,n3,n4);

1 Enter mcon [eps4 eps4L , nl, n2, n3, n4]
nl, n2, n3, n4 nl, n2, n3, n4

1 Exit mcon - 24

(%034) - 24

(%i35) Con(eps4[nl,n2,n3,n4] *eps4L[nl,n2,n3,n4],n1,n2,n3,n4);

1 Enter mcon [eps4 eps4L , nl, n2, n3, n4]
nl, n2, n3, n4 nl, n2, n3, n4

1 Exit mcon - 24

(%035) - 24

(%i36) Con(Eps(nl,n2,n3,n4) * EpsL(n1,n2,n3,n4));

1 Enter mcon [eps4 eps4L ]
nl, n2, n3, n4 nl, n2, n3, n4

find_eps4_prod: no symbolic contraction indices found
mcon: fatal error
1 Exit mcon done

(%036) done

(%i37) untrace();

(%037) [mcon]

(%i38) mcon(eps4[nl,n2,n3,n4] *eps4L[nl,n2,n3,n4],n1,n2,n3,n4);
(%038) - 24

(%i39) econ(eps4[nl,n2,n3,n4] *eps4L[nl,n2,n3,n4],n1,n2,n3,n4);
(%039) - 24

A straightforward multiple use afum reproduces the value returned ©gn (although our code does not use this brute

force method):

(%i40) sum( sum( sum( sum(eps4[nl,n2,n3,n4] *eps4L[nl,n2,n3,n4],n1,0,3),n2,0,3),n3,0,3),n4,0,3);
(%040) - 24

Three index contraction of common indices, using the sunomatonvention, of a product of two Levi-Civita tensors

obeys

HvAo _ o
€ €uvrp = —607.

(14.45)

The coefficient—6 can be checked by contracting erand p, using (14.3), and finding agreement with the four index

contraction result (14.44).

Using our package functions:

(%i41) Con(Eps(nl,n2,n3,n4) * EpsL(n1,n2,n3,m4),n1,n2,n3);
(%041) - 6 kron_delta(m4, n4)
(%i42) Con(eps4[nl,n2,n3,n4] *eps4L[nl,n2,n3,m4],n1,n2,n3);
(%042) - 6 kron_delta(m4, n4)
(%i43) mcon(eps4[nl,n2,n3,n4] *eps4L[nl,n2,n3,m4],n1,n2,n3);
(%043) - 6 kron_delta(m4, n4)

Two index contraction of common indices, using the summatimmvention, of a product of two Levi-Civita tensors obeys

v po _ P SO _ SP SO
€ €pys = 2(5755 05 v)

Using our package functions: Usingcon with the needed product foreps4 + eps4L :

(14.46)

(%i44) Con(Eps(nl,n2,n3,n4) * EpsL(n1,n2,m3,m4),n1,n2);

(%044) 2 kron_delta(m3, n4) kron_delta(m4, n3) - 2 kron_del ta(m3, n3) kron_delta(m4, n4)
(%i45) Con(eps4[nl,n2,n3,n4] *eps4L[nl,n2,m3,m4],n1,n2);

(%045) 2 kron_delta(m3, n4) kron_delta(m4, n3) - 2 kron_del ta(m3, n3) kron_delta(m4, n4)
(%i46) mcon(eps4[nl,n2,n3,n4] *eps4L[nl,n2,m3,m4],n1,n2);

(%046) 2 kron_delta(m3, n4) kron_delta(m4, n3) - 2 kron_del ta(m3, n3) kron_delta(m4, n4)
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14.6 Explicit Gamma Matrix Algebra and Contraction Theorems: Con, mcon

The basic gamma matrix algebra relations are
AP AV = AVt 9 g ] (14.47)
for Lorentz indiceu andv which can have value®), 1,2,3) and
Pt = Ayt y® (14.48)
At =t :

14.6.1 Anti-commutator Function acomm

We can use our explicit matrix definitions to check these tatations (and to check our definitions). We use our anti-
commutator functioracomm which can be used with matrices. We first confirm that the sfsWwandB are not bound
to anything:

(%i2) [AB];
(%02) [A, B]

and then applycomm

(%i3) acomm(A,B);
(%03) B.A+A.B

We use the notatioam[mu] (for muequal to0, 1, 2, 3) for the matrix representation ef* andi4 for the explicit4 x 4
unit matrix, and the arragmet[mu,nu] for the matrix representation of the metric tensor. We dedixicit matrix
functionsf andg here:

(%i4) f (mu,nu) := acomm (Gam[mu],Gam[nu])$

(%i5) g (mu,nu) = 2 *gmet[mu,nu] *14%

(%i6) f(0,0);
[2 0 0 0]
[ ]
[0 2 0 0]

(%06) [ ]
[0 0O 2 0]
[ ]
[0 0O 0O 2]

(%i7) 9(0,0);
[2 0 0 0]
[ ]
[0 2 0 0]

(%07) [ ]
[0 0O 2 0]
[ ]
[0 O 0O 2]

(%i8) for nl:0 thru 3 do

for n2:0 thru 3 do if f(n1,n2) # g(n1,n2) then print("false") $
(%i9)

To check the second relation, we can use the explicit matix[5] , representing/® andz4, the4 x 4 zero matrix.

(%i9) Gaml5];

- ]
(%09) [ |
]
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(%i10) Z4;
[0 O O 0]
[ ]
[0 0 0 0]
(%010) [ ]
[0 0 0 0]
[ ]
[0 0 0 0]
(%ill) for n1:0 thru 3 do
if acomm(Gam[5], Gam[nl1]) # Z4 then print (“false")$
(%i12)
Contraction Theorems
Yo Y =41 (14.49)
Using eitherCon or mcon, we get (note thaB(1) is thesymbolic unit matrix):
(%il12) Con(G(mu,mu));
(%012) 4 G(1)
(%i13) Con(G(mu,mu),mu);
(%013) 4 G(1)
(%il4) Con(Gam[mu]™"2,mu);
[4 0 0 0]
[ ]
[0 4 0 0]
(%014) [ ]
[0 0O 4 0]
[ ]
[0 O 0O 4]
(%il5) Con(Gam[mu] . Gam[mu],mu);
[4 0 0 0]
[ ]
[0 4 0 0]
(%015) [ ]
[0 0 4 0]
[ ]
[0 0 0 4]
(%i16) mcon(Gam[mu]™"2,mu);
[4 0 0 0]
[ ]
[0 4 0 0]
(%016) [ ]
[0 0O 4 0]
[ ]
[0 O 0O 4]
(%il7) mcon(Gam[mu] . Gam[mu],mu);
[4 0 0 0]
[ ]
[0 4 0 0]
(%017) [ ]
[0 0 4 0]
[ ]
[0 0 0 4]
v v
YA =2y (14.50)

We can again use eith€on or mcon contraction functions to check this relation. Note thatha tefinition off(n2)

below,n1 is a dummy contraction variable.

(%i18) Con(G(mu,nu,mu));

(%018) - 2 G(nu)
(%i19) Con(G(mu,nu,mu),mu);

(%019) - 2 G(nu)
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(%i20) f(n2) := mcon (Gam[nl] . Gam[n2] . Gam[nl], nl)$
(%i21) g(n2) = -2 * Gam[n2]$
(%i22) is(equal(f(0),9(0)));
(%022) true
(%i23) for mu:0 thru 3 do
if f(mu) # g(mu) then print (“false")$

(%i24)

Yy’ YA =4g"M (14.51)

Note thatG(1) is a symbolic representation of the usi 4 matrix andi4 is the explicit unit matrix.

(%i24) Con (G (mu,nu,la,mu));

(%024) 4 G(1) Gm(la, nu)

(%i25) Con (G (mu,nu,la,mu),mu);

(%025) 4 G(1) Gm(la, nu)

(%i26) f(n2,n3) := mcon (Gam[nl] . Gam[n2] . Gam[n3] . Gam[nl 1,n1)$

(%i27) g(n2,n3) = 4 *gmet[n2,n3] 4%
(%i28) is(equal(f(0,0),9(0,0)));
(%028) true
(%i29) for mu:0 thru 3 do
for nu:0 thru 3 do
if f(mu,nu) # g(mu,nu) then print (“false")$

(%i30)

A general contraction pattern for the case that the pair nfracting gamma matrices surround an odd number (3, 5, ...)
of gamma matrices: we get the order reversed tifrey.

VA O oAV

YuY VAT =297y (14.52)
(%i30) Con (G(mu,nu,la,si,mu));
(%030) - 2 G(si, la, nu)
(%i31) Con (G(mu,nu,la,si,mu),mu);
(%031) - 2 G(si, la, nu)
(%i32) f(n2,n3,n4) := mcon (Gam[nl] . Gam[n2] . Gam[n3] . Gam [n4] . Gam[nl],n1)$
(%i33) g(n2,n3,n4) = -2 *Gam[n4] . Gam[n3] . Gam[n2]$
(%i34) is(equal(f(0,0,0),g(0,0,0)));
(%034) true

(%i35) for n2:0 thru 3 do
for n3:0 thru 3 do
for n4:0 thru 3 do
if f(n2,n3,n4) # g(n2,n3,n4) then print (“false")$

(%i36)

A general contraction pattern for the case that the pair nfracting gamma matrices surround an even number (4, 6, ...)
of gamma matrices: we get two terms with the first term brigdhe last gamma to the front, and the second term being
the new first term in reversed order, all multiplied (2y.

YV AT A =2 A AP AP AN (14.53)
(%i36) Con (G(mu,la,nu,rh,si,mu));
(%036) 2 G(si, la, nu, rh) + 2 G(rh, nu, la, si)

14.7 Trace Theorems for Gamma Matrices: tr, Gtr, mattrace, m_tr

The trace of the product of add number of gamma matricesigro.
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(%i2) tr(mu);

(%02) 0
(%i3) tr(mu,nu,la);

(%03) 0
(%i4) Gtr(G(mu));

(%04) 0
(%i5) Gtr(G(mu,nu,la));

(%05) 0

(%i6) f(mu) := mat_trace (Gam[mu])$
(%i7) map (f,[0,1,2,3));
(%07) [0, 0, 0, 0]

For the trace of a product of @vennumber of gamma matrices (including zero) is based on a nuaibelations.

The trace of the unit matrix is.

Tr(1) =4 (14.54)
(%i8) tr(1);
(%08) 4
(%i9) Gtr (G(1));
(%09) 4
(%i10) mat_trace(14);
(%010) 4
(%ill) m_tr(2);
(%011) 4

The functionm_tr (used above) allows one to write matrix and momenta arguwsriarihe same form as when usitig,
but translates the arguments into explicit matrices and taismat_trace

The trace of a product of two gamma matrices is given by:

Tr(y*~%) =4g"" (14.55)

Note thatGm(mu,nu) is the symbolic metric tensor amghetmu,nu] is the explicit array of metric tensor values.

(%il2) tr (mu,nu);

(%012) 4 Gm(mu, nu)
(%il3) Gtr (G(mu,nu));
(%013) 4 Gm(mu, nu)

(%i14) f(mu,nu) := mat_trace(Gam[mu] . Gam[nu])$
(%i15) f(0,0);
(%015) 4
(%il6) for nl1:0 thru 3 do
for n2:0 thru 3 do
if f(n1,n2) # 4 *gmet[n1,n2] then print (“false")$

(%i17)

T?“(’)/H'YV 7)\70) _ 4(9;“/9)\0' . g)\ugua +guagAV) (1456)

(%il7) tr(mu,nu,la,si);
(%017) (- 4 Gm(la, mu) Gm(nu, si)) + 4 Gm(la, nu) Gm(mu, si)
+ 4 Gm(la, si) Gm(mu, nu)

For the trace of a product of an even number of gamma matrioegan use the general formula for the reduction of a
trace of a product of2 N ) matrices to a sum involving the traces of product$2ofN - 2) matrices.

Let's use a more efficient notation here:

tr(nl,n2,n3,...,2N) < Tr(y™ "2 ~" . ~42N) (14.57)
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The reduction formula is then (see, for example, Barger dnildig3, p. 550 or Kaku, p. 752):

tr(nl,n2,n3,...,2N) = ¢"* " tr(n3,n4,n5, ...,2N)
—g""™tr(n2,n4,n5,...,2N)
+ ¢g" "™ tr(n2,n3,n5,...,2N)
— ..+ g "N tr(n3,n4,nb, ..., 2N — 1)

For example, iRN = 6 we have
tr(nl,n2,n3,n4,n5 n6) = g" " tr(n3,nd, nb,n6)

— g™ "™ tr(n2,n4,n5 n6) + g" " tr(n2,n3,n5,nb)
— g tT(?’LQ, n3,n4, n6) + g t?“(?”LQ, n3, n4, 715)

Traces Involving v°

Sincev® = i~°%~1 42 ~3 is proportional to the product of @vennumber of gamma matrices, the trace of the product
of gammab by an odd number of gamma matrices is zero. For égamp

Tr(v®~4*) =0 (14.58)

(%il8) tr(G5,mu);

(%018) 0
(%il9) Gtr (G(G5,mu));

(%019) 0
(%i20) f(mu) := mat_trace (Gam[5] . Gam[mu])$
(%i21) map (f,[0,1,2,3]);

(%021) [0, 0, 0, 0]

and
Tr(‘y‘r’ 0%k 7>‘) =0 (14.59)

(%i22) tr(G5,mu,nu,la);
(%022) 0
(%i23) Gtr (G(G5,mu,nu,la));
(%023) 0
(%i24) f(mu,nu,la) := mat_trace(Gam[5] . Gam[mu] . Gam[nu] . Gam[la])$
(%i25) for n1:0 thru 3 do
for n2:0 thru 3 do
for n3:0 thru 3 do
if f{(n1,n2,n3) # 0 then print("false")$

(%i26)

On the other hand, whey? is multiplied by anevennumber of gamma matrices, we have (first for multiplicatigrzero
gamma matrices):

Tr(v%) =0 (14.60)
(%i26) tr(G5);
(%026) 0
(%i27) Gtr (G(Gb));
(%027) 0
(%i28) mat_trace (Gam[5]);
(%028) 0

(%i29) m_tr(G5);
(%029) 0
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and next for multiplication by two gamma matrices:

68

Tr(y*4*~") =0 (14.61)
(%i30) tr(G5,mu,nu);
(%030) 0
(%i31) Gtr(G(G5,mu,nu));
(%031) 0
(%i32) f(mu,nu) := mat_trace(Gam[5] . Gam[mu] . Gam[nu])$
(%i33) for nl1:0 thru 3 do
for n2:0 thru 3 do
if f(n1,n2) # 0 then print("false")$
(%i34)
and next for multiplication by four gamma matrices:
5 WV A0\ __ - VAo
Tr(v> A"y y*~7) = —4die (14.62)

(%i34) tr(G5,mu,nu,la,si);

(%034) - 4 %i Eps(mu, nu, la, si)
(%i35) noncov(%);
(%035) - 4 %i eps4

la, mu, nu, si
(%i36) grind(%)$
-4 * %i* eps4[la,mu,nu,si]$
(%i37) Gtr(G(G5,mu,nu,la,si));
(%037) - 4 %i Eps(mu, nu, la, si)
(%i38) f(mu,nu,la,si):= mat_trace(Gam[5] . Gam[mu] . Gam[ nu] . Gamfla] . Gam[si]) +
4% %i* eps4[mu,nu,la,si]$
(%i39) f(0,1,2,3);
(%039) 0
(%i40) for n1:0 thru 3 do
for n2:0 thru 3 do
for n3:0 thru 3 do
for n4:0 thru 3 do
if f(n1,n2,n3,n4) # 0 then print("false")$
(%i41)

For the cases that® is multiplied by six or eight gamma matrices, we have usedhisholm-Kahane gamma matrix

identity which replaces a product of three Dirac gamma moedrby a series of four terms. With our (Peskin/Schroeder)

conventionsg?123 = +1 andvy® = +1~°% 4! 42 ~3, that identity is (using the summation convention for theeated

index\):
YA AP =gtV AP — ghP A + gv P At — i e P A0

Here is the symbolic calculation of the trace of the produicebwith six gamma matrices.

(14.63)

(%i41) tr6:tr(G5,n1,n2,n3,n4,n5,n6);

(%041) (- 4 %i Eps(nl, n2, n3, n4) Gm(n5, n6))

+ 4 %i Eps(nl, n2, n3, n5) Gm(n4, n6) - 4 %i Eps(nl, n2, n3, n6) Gm (n4, nb5)
- 4 %i Gm(nl, n2) Eps(n3, n4, n5, n6) + 4 %i Gm(nl, n3) Eps(n2, n4 , N5, n6)
- 4 %i Eps(nl, n4, n5, n6) Gm(n2, n3)

(%i42) noncov(tr6);

(%042) (- 4 %i eps4d gmet )
nl, n2, n3, n4 n5, n6
+ 4 %i eps4d gmet - 4 %i eps4 gmet
nl, n2, n3, n5 n4, n6 nl, n2, n3, n6 n4, n5
- 4 %i gmet eps4 + 4 %i gmet eps4
nl, n2 n3, n4, n5, n6 nl, n3 n2, n4, n5, n6
- 4 %i eps4 gmet

nl, n4, n5, n6 n2, n3
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Here we calculate a trace of gammab multiplied by eight gammazices:

(%i43) tr8:tr(G5,n1,n2,n3,n4,n5,n6,n7,n8);

(%043) (- 4 %i Eps(nl, n2, n3, n4d) Gm(n5, n6) Gm(n7, n8))
+ 4 %i Eps(nl, n2, n3, n5) Gm(n4, n6) Gm(n7, n8)
- 4 %i Eps(nl, n2, n3, n6) Gm(n4, n5) Gm(n7, n8)
- 4 %i Gm(nl, n2) Eps(n3, n4, n5, n6) Gm(n7, n8)
+ 4 %i Gm(nl, n3) Eps(n2, n4, n5 n6) Gm(n7, n8)
- 4 %i Eps(nl, n4, n5, n6) Gm(n2, n3) Gm(n7, n8)
+ 4 %i Eps(nl, n2, n3, n4) Gm(n5, n7) Gm(n6, n8)
- 4 %i Eps(nl, n2, n3, n5) Gm(n4, n7) Gm(n6, n8)
+ 4 %i Eps(nl, n2, n3, n7) Gm(n4, n5) Gm(n6, n8)
+ 4 %i Gm(nl, n2) Eps(n3, n4, n5, n7) Gm(n6, n8)
- 4 %i Gm(nl, n3) Eps(n2, n4, n5, n7) Gm(n6, n8)
+ 4 %i Eps(nl, n4, n5, n7) Gm(n2, n3) Gm(n6, n8)
- 4 %i Eps(nl, n2, n3, n4) Gm(n5, n8) Gm(n6, n7)
+ 4 %i Eps(nl, n2, n3, n5) Gm(n4, n8) Gm(n6, n7)
- 4 %i Eps(nl, n2, n3, n8) Gm(n4, n5) Gm(n6, n7)
- 4 %i Gm(nl, n2) Eps(n3, n4, n5, n8) Gm(n6, n7)
+ 4 %i Gm(nl, n3) Eps(n2, n4, n5, n8) Gm(n6, n7)
- 4 %i Eps(nl, n4, n5, n8) Gm(n2, n3) Gm(n6, n7)
+ 4 %i Eps(nl, n2, n3, n6) Gm(n4, n7) Gm(n5, n8)
- 4 %i Eps(nl, n2, n3, n7) Gm(n4, n6) Gm(n5, n8)
- 4 %i Eps(nl, n2, n3, n6) Gm(n4, n8) Gm(n5, n7)
+ 4 %i Eps(nl, n2, n3, n8) Gm(n4, n6) Gm(n5, n7)
- 4 %i Gm(nl, n2) Gm(n3, n4) Eps(n5, n6, n7, n8)
+ 4 %i Gm(nl, n3) Gm(n2, n4) Eps(n5, n6, n7, n8)
- 4 %i Gm(nl, n4) Gm(n2, n3) Eps(n5, n6, n7, n8)
+ 4 %i Eps(nl, n2, n3, n7) Gm(n4, n8) Gm(n5, n6)
- 4 %i Eps(nl, n2, n3, n8) Gm(n4, n7) Gm(n5, n6)
+ 4 %i Gm(nl, n2) Gm(n3, n5) Eps(n4, n6, n7, n8)
- 4 %i Gm(nl, n3) Gm(n2, n5) Eps(n4, n6, n7, n8)
+ 4 %i Gm(nl, n5) Gm(n2, n3) Eps(n4, n6, n7, n8)
- 4 %i Gm(nl, n2) Eps(n3, n6, n7, n8) Gm(n4, n5)
+ 4 %i Gm(nl, n3) Eps(n2, n6, n7, n8) Gm(n4, n5)
- 4 %i Eps(nl, n6, n7, n8) Gm(n2, n3) Gm(n4, n5)

The present package functisimp_trl  (which controlstrl via the lisp code irsimplifying-new.lisp ) does

not return an evaluation for the case of an even number equahtor more gamma matrices multiplyi@@b. In the
example, we us#lindex to addnll andnil2 to the listindexL , a list used by the package to recognise canonical
Lorentz indices.

(%i44) tr10:tr(G5,n1,n2,n3,n4,n5,n6,n7,n8,n9,n10);
simp_trl: present version of tr only returns nonzero gamma5b traces for

G5 times a product of 4,6,or 8 gammas

(%044) 0
(%i45) Mindex(n1l,n12);
(%045) done
(%i46) indexL;
(%046) [nl, n2, n3, n4, n5, n6, n7, n8, n9, nl0O, la, mu, nu, rh, s i, ta, al,
be, ga, de, ep, nll, nl2]
(%i47) trll:tr(G5,n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,n11 );
(%047) 0
(%i48) tr12:tr(G5,n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,n11 ,n12);
simp_trl: present version of tr only returns nonzero gamma5 traces for

G5 times a product of 4,6,or 8 gammas

(%048) 0

More compact expressions for gamma 5 traces (compared tetbsical methods used here) can be found in the paper:

A new method for calculation of traces of Dirac gamma-matric es
in Minkowski space, by Alexander L. Bondarev,
https://arxiv.org/abs/hep-ph/0504223
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15 Heaviside-Lorentz Units Compared with Gaussian Units

You can compare our discussion with the webpage
https://en.wikipedia.org/wiki/Lorentz%E2%80%93Heavi side_units

15.1 Gaussian CGSE Units

In the CGSE system (absolute electrostatic system: gramsea, force in dynes, charge in esu) the magnitude of the
electron charge in esu or “statcoulomb” (statC) is

|ge| ~ 4.803 x 10~ '%esu (15.1)
We can replace the electron’s electric charge (in Gaussids) by the fine structure constant using

2
e 1
_ G o 15.2
“T he T 137 (15.2)
The electrostatic unit of charge is defined such that the rhatg of the force (in dynes) between charggsand e,
separated by a distancas

|| = lerezl (15.3)
T
The implies that
1/2
le] = ((Fr2])"? = (%nc ) P g2 cm?/?sec. (15.4)

The mutual potential energy (in ergs) of two electric chakgeandes a distance: apart is

U= @ (15.5)

under the assumption that the potential energy should lmeveteen the charges are at an infinite distance apart.

In the SI system of units, a much larger unit of charge is usalgd thecoulomb:
1 coulomb=1 C ~ 3 x 10 statC (15.6)

We also have
|ge| = 1.6 x 1079 C =~ 4.8 x 107 esu (15.7)

and the dimensionless fine structure constart 1/137 is, in terms of the electron charge,

¢ ¢
= 2= = € . 15.8
) <hC>CGSE <47T€0 hc)m (158)

Returning to the CGSE units description, the force exerted charge: by another charge; can be written

F=¢E, (15.9)
whereE is a vector independent of the chargealled theelectric fielddue to the charge,. Its magnitude is

B = el (15.10)

r2

and is directed along the line joining the two charges.

The mutual potential energy of the chargesnde; separated by a distances

s (15.11)

T
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where thepotential ¢ of the electric field due to the chargeis

o= 2, such that E = —Vo. (15.12)

T

The unit of electric potential (called trstatvolt) has dimensions

[¢] = [%] =g"?cm'/?sec’! (15.13)

In the Sl system a unit approximate390 times smaller is used, called thielt .
1V =~ 1/300 statvolt (15.14)

If a charge of one coulomb moves between two points whosetal® differ by one volt, then the work done by the field
forces is

1
W =AU =qA¢ = (3 x 10%esy <ﬁstatvolt> =107 ergs= 1 Joule (15.15)

Thus
1CVv=1J (15.16)

Quoting Wikipedia’s page under the name “statvolt,”

The statvolt is a unit of voltage and electrical potentiadis) the esu-cgs and gaussian system of units. The
conversion to the S| system is exactlgtatvolt= 299.792458 volts. (The conversion fact@99.792458 is
simply the numerical value of the speed of light in m/s diddsy 10°) The statvolt is also defined in the cgs
system ad erg/esu. It is a useful unit for electromagnetism because, incawa, an electric field of one
statvolt/cm has the same energy density as a magnetic fieldeojauss.

We will use a subscripr to denote quantities expressed in CGSE units. The eleattit fii: has the same mechanical
units (gram,cm, sec) as the magnetic fiBg although we use statvolt cm to refer to the electric field and gauss to refer
to the magnetic field. In the CGSE system of units, Maxwelijsaions are

V-Bg=0
V'EG:4WpG
. 108Ba
V x E -—=0
G+c ot
L. 10E; 47 -
vag——a—G——ﬂ- G
c Ot c

The Lorentz force (dynes) on a particle of chagge(esu) is

—

_ 1 .
F =qq (EG + - U X BG> . (15.17)
The electromagnetic field energy (ergs) is
1 . .

Uteids = / BB (Eg + Bé) . (15.18)
The Poynting vector (ergs per centimeter squared per sgtond
5= B, x Be. (15.19)

47

The electromagnetic field momentum is

4 1 L
Prields = o /d39€ (EG X BG> : (15.20)
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15.2 Heaviside-Lorentz Units

In Heaviside-Lorentz cgs units (cm., gram, sec, force inedynve hide factors ofr by using the relations

g = VAT e,  pur = Vit pe,  Jur = Vi Jg
EG = Vdr EHL
EG = Var BHL
We then can express the dimensionless fine structure canfarterms of the square of the electron charge in HL units,
2

_ ‘oL
a= 1k (15.21)

Maxwell’s equations become

V-Byr=0
V- Epr = pur

_ 1 0B
V x Byp+ - HL _
c Ot

. 1 OE 1 -
V x By — - =22 = 2
c Ot c

The Lorentz force (dynes) on a particle of chaggg, (esu) is

. ., 1 .
F=qur <EHL + E U X BHL> . (15.22)
The electromagnetic field energy (ergs) is

1 — —,
Uteids = 5 / &z (E?{L n B%;IL> . (15.23)
The Poynting vector (ergs per centimeter squared per sgtond
gz C _’HL X EHL- (15.24)

The electromagnetic field momentum is
_ 1 . _
Pields = - /dgw (EHL X BHL) : (15.25)

In both Gaussian and Heaviside-Lorentz systems we have the reatio

provided
bc = VAT oL
[fG =Vdr AHL.

As a numerical example, suppo§g = 10statvolt/cm andgs; = 5esu. Then the electric force B = g5 &c =
50 ergs’cm = 50 dynes Using HL unitsqr, = V4m qc = 17.725esu, anEyr, = % = 2.821 statvolt/cm. Using HL
units, F' = g1, Egr = 50dynes.
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16 Natural Units

In particle physics it is convenient (and conventional) $e a system of units (called “natural units”) in which thenfor
las used are formally the same as if weset 1 andc = 1 in the corresponding Heaviside-Lorentz (HL) formula.

Let [A] stand for the units ofi.

Velocity
With v a velocity in ordinary units and the corresponding velocity in n.u., we define
v=uc, [0]=1. (16.1)

In other words, “v is dimensionless.”

Energy

The energyFE of a particle of mass: > 0, which is at rest, isn ¢?, so we set

E=Ecd, [E]=][m)] (16.2)

Linear Momentum

Since the units of linear momentum are those of the produatnoéss by a velocity,

[p] = [md, (16.3)
we set

p=pc [p|=[m] (16.4)
Angular Momentum
An angular momenturd has the same units &sso

J=Jh, [J]=1, (16.5)

so.J is “dimensionless.”

Spatial Distance

A natural unit of length we can construct from the parameters, andm is the (reduced) Compton wavelenth of a

particle of massn
h
Ae = —. (16.6)
mc
Let z be a length in conventional units aadbe the corresponding length in natural units (n.u.). Thatipos- linear
momentum uncertainty relation in ordinary units (o0.u.) is

Ax Ap >

- [3-[2]

, (16.7)

| St

Hence
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so we define . .
r=x—, [z]= [—} . (16.9)
& m
Then in natural units the position - linear momentum refatiecomes
1
AT Ap > 3 (16.10)
Gradient
With V the gradient operator in natural units
v= %, ®=|i=m (16.11)
= h 5 = j — . .

Time

A natural unit of time is the number of seconds required fohatpn to traverse the Compton wavelengthof a particle
of massm.

At = ﬁ = iQ, (16.12)
C mc
which motivates the definition . .
consistent withy = z/t being dimensionless.
Kronecker Delta Function
Since
/dw o(w) = /dw o(w) =1, (16.14)
we have .
= =1. 16.15
st = |1 (16.15)
Hence .
o(@) = 3] =lm (16.16)
and
[6(p)] = =1t (16.17)
p)| = s = \m .
Force

Let U be a potential energy in o.u. andbe the corresponding potential energy in n.u. Wite= U ¢?, ( and, of course,
[U] = [m]). If Fis aforce in ordinary units and is the corresponding force in n.u., then

oU U & 3

— C
F] = [E/a] = [”f] _ [m;‘;’] (16.19)
© mc
_03 — 2
F=F [F] = [m?). (16.20)
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Number Density

Letn be the number density afd be a specified volume in ordinary units, withandV the corresponding quantities in
n.u.. With N particles inV/,

N N _/cN\3
ney oo i i (ﬁ) . (16.21)
We have used N
==, so [a]=[md (16.22)
Vv
Mass Density
Let p,, be the mass density anda given volume in o.u., and lgt,, andV be the corresponding quantities in n.u. With
massM inV, o u
c\ 3
= = = m (= 16.23
==z ) p ( h) (16.23)
We have used v
pm ==, SO [pm]=[m"] (16.24)
Vv
Universal Constant of Gravitation
Using
2 2
U= GT , U= GZ‘ . U=TUc, (16.25)
we get
G=Ghec (16.26)
and sincdrU] = 1,
— rU 1
G] = [W} = [W} (16.27)
Electric Charge

With the electric charge in natural units beip@nd the electric charge in HL units being

q=vheq, [g=1

(16.28)
The relation between the fine structure constaand the value of the electron charge in natural units thearbes

2
_ Cnu

=2 (16.29)
Electric Charge Density

With p the HL electric charge density apdhe HL charge, lep be the electric charge density in natural units wittne
electric charge in natural units. Then

q qvhc q c
P= 5 ===
So

V (/e VR (16.30)

(16.31)
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Electric Current Density

With J the HL electriccurrent density,p the HL electriccharge density,

c’ I
J=pv=p ﬁz’)c:p’ff) 5 (16.32)
SO
_ | _ o B 3
J=1J et [J] = [pv] = [p] = [m”]. (16.33)
Electric Field

With the electric field magnitude in natural units befi@nd the electric field magnitude in HL units beifigby consid-
ering the magnitude of the electric field force,

F Fcd/h TP
E=2_ = — , 16.34
q qvhce q n/? ( )
so we have o
E=E\/SA/R3, [€] = [ﬂ = [m?]. (16.35)

Magnetic Field

With the magnetic field magnitude in natural units belh@nd the magnetic field magnitude in HL units beiigby
considering the magnitude of the magnetic force wiiei8 = 0,

cF  Fcé'/n F /2

B=—"—= = , 16.36
qu  gvVhceve qUR? ( )

so we have o
B=By//h, [B]= [qﬂv] = [m?]. (16.37)

16.1 Summary of Mass Dependence

Using physical quantities in natural units, each quantity imensions given by some power of mas€: A dimension-
less quantity has the same dimensions:8s= 1. We omit the bar or overline from these symbols, each of wtather
than massn) represents a quantity in natural units.

quantity dim || quantity dim
v 1 n m>
E m Pm m?
D m G m=2
x m~t q 1
\Y m Pe m3
t m~t Je m?

X P 1 £ m?
F m? B m?
¢ m A m

d(x) m s(p)  m7t

This table can be used to check the dimensional consistdraayyequation written down in natural units.
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16.2 Electromagnetic Equations in Natural Units

We then can take over the set of electromagnetic equatieptagied above in the section on HL units, and using natural
units, the parameterdisappears. You can use the mass dimension of each quantitetk that each of these equations
is dimensionally consistent. In natural units we have (ralyiwe omit any bar or overline notation here)

V-B=
V.-E= p
. OB
E o
VxE+ 5 0
. 9E -
B——=1J
V x Y
The Lorentz force on a particle of chargés
F“:q(“+z7><§). (16.38)
The electromagnetic field energy is
1 ., ~
Utields = 3 /dgw (E2 + BQ) : (16.39)
The Poynting vector is
S=FE xB. (16.40)
The electromagnetic field momentum is
Bietds = / B (E x B) . (16.41)
We also have
ap -
—+V-J=0
at "
- OA
E=-V¢— —
ve ot
B=VxA.

Using GeV units

In particle physics it is common to measure quantities insufi GeV ((GeV = 10%electron volts), a choice motivated by
the fact that the rest energy of the proton is roughBeV. Since in natural units, mass and energy have the sarne itini
is convenient to speak of either mass, energy, or momentuimtarms of GeV, and to measure length and time in units
of Gev!.

Cross sections are often expressed in millibarns, where

Imb=10"3b=10"%"cn?, (16.42)
and
1GeV~2 = 0.389 mb. (16.43)
Here is a table of conventional mass, length, time, and qoositharge in terms 0f = ¢ = 1 energy units.
Conversion Factor Energy Units Conventional Units
1kg = 5.61 x 10%°GeV GeV eV
1m = 5.07 x 101°GeV™! Gev! LZe

|

1sec= 1.52 x 10*GeV! GeVv!

Q)|
@
<

e=Vidna - (ho)'/?
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17 QED Vertex Factors for Fermions and Spinless Bosons

The interactions between photons and fermions and betwesaoms and spinless bosons are implied by the interaction
Lagrangians. Total electrical charge must be conserveddht eertex. We assume here the particle (fermion or spinless
boson) has an electrical char@ein natural units (which may include a sign). Then the ver@otdr for a fermion is

—iQ, : We can use ougdraw package (Ch. 13) to make the fermion vertex factor figure:

(%il) load(draw);
(%01) "C:/Program Files/Maxima-sbcl-5.36.1/share/maxi
(%i2) load(gdraw);
" qgdraw(...), gdensity(...), syntax: type qdraw(); "
(%02) "c:/work5/gdraw.mac"
(%i25) qdraw(xr(-5,8),yr(-5,5),ex1(0.3 *sin(2  *%pi*x),x,-2,2,Ic(black),lw(2)),
line(-4,-4,-2,0,lw(4)),line(-2,0,-4,4,Iw(4)),
arrowhead(-3,-2,63.43,0.4),arrowhead(-3,2,116.57,0. 4),
label(["{/=18 P_{a}}",-4,-2],["{/=18 P_{b}}",-3.8,1.6 5],
[*{/Symbol=30 m}",2.2,0],
[{/=18 - i Q} {/{Symbol=40 g} {{/{Symbol=20 m}}}",4,0]),cu

ma/5.36.1/share/draw/draw.lisp"

t(all))$

which produces the plot

Pb

mo-iQYa

Figure 2: QED Vertex Factor for Fermions

The single photon vertex factor for a spinless bosoniQ (p, + pb)u.

(%i28) qdraw(xr(-5,10),yr(-5,5),ex1(0.3 *sin(2  *%pi*x),x,-2,2,Ic(black),lw(2)),
line(-4,-4,-2,0,lw(4)),line(-2,0,-4,4,Iw(4)),
arrowhead(-3,-2,63.43,0.4),arrowhead(-3,2,116.57,0. 4),
label(["{/=18 P_{a}}",-4,-2],["{/=18 P_{b}}",-3.8,1.6 5],
["{/Symbol=30 m}",2.2,0],
['{/=20 - i Q} {18 (P_{a} + P_{b})} {{/Symbol=20 m}}}"4,
cut(all))$
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which produces the plot

Ko -1Q(Pa+ Po)u

Figure 3: QED Single Photon Vertex Factor for Spinless Beson

The double photon vertex factor for a spinless bosopg#?g,,. .

79

(%i38) qdraw(xr(-5,10),yr(-5,5),ex1(2 + x + 0.3 *sin(2  * %pi=*x),x,-2,2,Ic(black),lw(2)),
ex1(-2 - x + 0.3 *sin(2 *%pi=*x),x,-2,2,Ic(black),lw(2)),
line(-4,-4,-2,0,lw(4)),line(-2,0,-4,4,Iw(4)),
arrowhead(-3,-2,63.43,0.4),arrowhead(-3,2,116.57,0. 4),
label(['{/=18 P_{a}}",-4,-2],["{/=18 P_{b}}",-3.8,1.6 5],
[*{/=20 + 2 i Q{2}} {/=22 g} {{/Symbol=20 m n}}",4,0],
["{/{Symbol=20 m}",2.3,-4],["{/Symbol=20 n}",2.2,4]),c ut(all))$
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which produces the plot (the “sea-gull diagram”):

+2iQ%guv

Figure 4: QED Double Photon Vertex Factor for Spinless Beson

18 Some Code Details

18.1 Symbolic Expansions
18.1.1 Symbolic Expansions of D(a,b) using Dexpand

The package usd3(a,b) to represent the symbolic four-vector dot product of tworfeectorsa andb. The package
function Dexpand will expand arguments dD which consist of two or more terms, and will do a mass expangiben
declared mass symbols (such as the defawdnhd M symbols) are found, and will also pull out scalars declarsidgi
Mscalar (the default set of scalars are called c2, ...,c10 ).

Here are some interactive examples which use the packagtduDexpand .

(%i2) Dexpand(D(a,b));

(%02) D(a,b)

(%i3) Dexpand(D(a,b+c));

(%03) D(a,c)+D(a,b)

(%i4) Dexpand(D(a,b+m));

(%04) D(a) *m+D(a,b)

(%i5) Dexpand(D(a+m,b+M));

(%05) m=*M+D(a) * M+D(b) * m+D(a,b)

(%i6) Dexpand(D(2 *a+m,b/3+M));

(%06) m=*M+2xD(a) * M+D(b) * m/3+2 * D(a,b)/3

(%i7) Dexpand(D(2 *cl=*a+m,b/3+M));

(%07) m*M+2cl*D(a) * M+D(b) * m/3+2 * c1* D(a,b)/3
(%i8) Dexpand ( D(a,b+c) + D(e,f+g) );

(%08) D(e,g)+D(e,f)+D(a,c)+D(a,b)

(%i9) Dexpand ( r *D(a,b+c)/D(e,f) );

(%09) D(a,c) =r/D(e,f)+D(a,b) *r/D(e,f)

(%i10) Dexpand ( r *D(a,b+c)/(s  *D(e,f+g)) );
(%010) D(a,c) =r/(D(e,g) *s+D(e,f) =s)+D(a,b) =*r/(D(e,g) *s+D(ef) =s)

18.1.2 Symbolic Expansion of G(a,b,c,...) Using Gexpand

The package usés(a,b,c,d)  to represent the product of four Dirac matrices, in whichsymmbolsa,b,c,d represent
Feynman slashed four-vectors unless they have been ditatalex symbols usinglindex . You can see the current list
of index symbols available by looking at the contents of thieiddexL .

(%ill) indexL;
(%011) [n1,n2,n3,n4,n5,n6,n7,n8,n9,n10,la,mu,nu,rh,s i,ta,al,be,ga,de,ep]
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With this (default) list of recognised Lorentz indices, theressiorG(mu,a,nu,b)  would represent the matrix product
Gam[mu] . sL(a) . Gam[nu] . sL(b)

The package functioGexpand will expand symbolic products of Dirac gamma matrices, exiigg arguments with
multiple terms, pulling out numbers and declared scalard,rmaking mass expansions when finding a term which is a
recognised mass symbol.

An additional expansion occurs (usi@expand) if a slot contains the symbd(sv) or S(sv,Sp) which are used to
symbolically represent heliciy projection matrices (timaer first case for particles treated as massless, and thhe m
complicated two argument version for the more general chs®ssive particles).

The symbolsv is a stand-in for the helicity quantum number taken to haveesgsv = 1 orsv = -1 . The symbol

Sp represents the positive helicity spin 4-vector implied lpyaaticle’s 4-momentum vector. Many examples of the use
of helicity projection operator methods will be shown in twerked out examples. Whegexpand encounters such a
helicity projection operator symbol an expansion is madeguhe symbolic gamma5b matrz5s.

(%il2) Gexpand (G (S(sv)));
(%012) sv * G(G5)/2+G(1)/2
(%il3) Gexpand (G (S(sv,Sp)));
(%013) sv *G(G5,Sp)/2+G(1)/2

Note especially that the symbGl1) represents symbolically the udit x 4 matrix, whose trace is 4.

The package trace functiomns, Gtr , andnc_tr all use the functiorGexpand as the first step in calculating a trace of a
product of Dirac gamma matrices symbolically.

Here are some examples of the us&ekpand .

(%il4) Gexpand (G());

(%014) G()

(%il5) Gexpand (G(1));

(%015) G(1)

(%il6) Gexpand (G(-1));

(%016) -G(1)

(%il7) Gexpand (G(-a));

(%017) -G(a)

(%il8) Gexpand (G(m));

(%018) G(1) *m

(%il19) Gexpand (G(a + m));

(%019) G(1) *m+G(a)

(%i20) Gtr (%);

(%020) 4 *m

(%i21) Gexpand (G(a,b+c));

(%021) G(a,c)+G(a,b)

(%i22) Gtr (%);

(%022) 4 *D(a,c)+4 =D(a,b)

(%i23) Gexpand (G (a+m,b+M));

(%023) G(1) *m M+G(a)*M+G(b)* m+G(a,b)
(%i24) Gtr (%);

(%024) 4 *m M+4+ D(a,b)

(%i25) Gexpand (G (S(1),a,S(1),b));

(%025) G(G5,a,G5,b)/4+G(G5,a,b)/4+G(a,G5,b)/4+G(a,b) 14
(%i26) Gexpand (G (2 +*cl*a,3 *c2*b - c3 *c/7));
(%026) 6 *clxc2*G(a,b)-2 *cl*c3*G(a,c)/7
(%i27) Gtr(%);

(%027) 24 xcl+c2+*D(a,b)-8 =*cl*c3+D(a,c)/7

18.2 Using simplifying-new.lisp
The following functions are based on the usesiofhplifying-new.lisp

e simp_trl : used wherrl is called byTR1to symbolically evaluate the trace of a product of Dirac mcas,
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e simp_Gexpandl : used wherGexpandl is called byGexpand,
e simp_Dexpandl : used wherDexpandl is called byDexpand,
e simp_sconl : used whersconl is called byscon ,

e simp_VP1: used wherVPcallsVP1

After the definition of, for examplesimp_VP1, there is a line of code which uses a Maxima level functionngefiin
the code filesimplifying-new.lisp

simplifying ('VP1, 'simp_VP1)

This causes a call tgyP1 to be taken over bgimp_VP1, which is an ordinary Maxima function which can cs&lP1
itself, leading to a recursive process. Each new entrysitgp_VP1 is then able to apply different sorts of massaging
of the supplied expression based on the current state ofithatification.

At the top of the filesimplifying-new.lisp is a simple example of using this code.

| am grateful to Maxima developer Barton Willis for suggegtihe use of this method and for providing valuable advice
with details.

The Maxima code file..share/contrib/simplifying.lisp was written by Maxima developer Stavros Macrakis,
and will eventually be updated to the form of our packagesiiteplifying-new.lisp , according to my sources.
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