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Sharkovskii order for non-wandering points

Maria Carvalho and Fernando Moreira*

Abstract

For amap f: I — I, a point = € I is periodic with period p € N if fP(z) = x and
fi(x) # x for all 0 < j < p. When f is continuous and I is an interval, a theorem
due to Sharkovskii ([I]) states that there is an order in N, say <, such that, if f has
a periodic point of period p and p < ¢, then f also has a periodic point of period gq.
In this work, we will see how an extension of this order < to an ultrapower of the
integer numbers yields a Sharkovskii-type result for non-wandering points of f.

MSC 2000: primary 37E05; 26E35; secondary 54J05.
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1 Introduction

Let f : [a,b] — R be a continuous map. A point z¢ € |[a,b] is non-wandering if, for
each neighborhood V of zg, there is a positive integer N such that f¥(V) NV # 0. If
ffF V) Ny =0 for all k € {1,2,--- N — 1}, we say that N is a first return of V to
itself. This notion is a weak form of recurrence and gathers recurrent points (the ones
that are accumulated by their orbits) and the periodic ones. The aim of this work is
to generalize Sharkovskii’s theorem to non-wandering points, where periodic points are
replaced by neighborhoods of the non-wandering point, and periods by return times. The
main difficulty of such a formulation lies on the control of the speed of the return and its
nearness to the starting point, parameters that, in the case of a periodic orbit, are not only
elementary to express but completely determined by the period.

A straight extension of Sharkovskii’s result should state that, given sequences (R,,)nen
and (S, )nen of positive integers related by the ultrapower extension of the order <, if
f :]a,b] — R has a non-wandering point z, with a fundamental system of neighborhoods
whose first returns happen at times (R, ),en, then f has a non-wandering point x; with
a fundamental system of neighborhoods returning at times (S,)nen. This is true, but
uninteresting, if the sequences (R, )neny and (S, )nen are eventually constant (equal to ¢
and d, respectively). In fact, if each neighborhood V), of a fundamental system at xy has
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a first return by the power f€, then there is y,, € V, (so the sequence (y,)nen converges to
xo) such that f¢(y,) € V, (the sequence (f°(yn)),cn also converges to x¢), and, therefore,
as f is continuous, x is periodic with period c¢; so, as ¢ < d, Sharkovskii’s theorem informs
that f has a periodic point with period d, to whom we may easily find a fundamental
system of neighborhoods first returning by f<.

However, for more general sequences of returns, our argument demands a strict mastery
of the size of the neighborhoods with respect to the amount of time a return needs to occur.

Theorem 1.1 Let [ : [a,b] — R be a continuous function and xy a non-wandering point
of f. Consider two sequences, (Ry)nen and (Sp)nen, of positive integers related by the
nonstandard extension of the order <. Given € > 0, there exists a sequence of positive real
numbers (0 (€,S,))nen converging to zero such that, if the fundamental system of neigh-
borhoods (Vn)nen = (Jzo — 0 (€, Sp), w0 + 6 (€, Sn)[) ey has first returns at times (Ry,)nen,
then there ezists a subsequence (Sy, )ren and a non-wandering point xy of f which has a
fundamental system of neighborhoods returning at times (Sy, )ken-

In this work, we apply techniques coming from nonstandard analysis in such a way that,
infinite returns of a set to itself may be described by a periodic point of a suitable dynamics
acting on the set of hyperreals, *R, to where the statement of Sharkovskii’s theorem may
be conveyed. The proof goes as follows: starting with a non-wandering point xy, we create,
through small local perturbations of f, a sequence of periodic points of a countable family
of dynamics transferable to *R; here, the corresponding dynamical system is continuous
and has a periodic point with period equal to the hyperinteger represented by the sequence
(R,)nen; then, we apply the nonstandard version of Sharkovskii’s theorem, getting another
periodic point with period given by the hyperinteger associated to (S, )nen; finally, this
information is projected on f and R, thus emerging the requested non-wandering point z;.
This strategy has its cost: in general, we can not ensure that x; # o nor that (S, )ken
are first returns.

2 Preliminaries from nonstandard analysis

In this section we present the nonstandard tools used in the proof of Theorem [I.1 We will
not need all the strength of a general nonstandard framework; therefore we will follow the
approach to basic nonstandard analysis from [2].

2.1 The space of hyperreals

The hyperreals, denoted by *RR, is the structure obtained by an ultrapower construction of
the real numbers R. The building process begins considering the space of real sequences,
RN, and the equivalence relation given by

(O‘n>neN = (5n)n€N ~ {n eEN:a, = Bn} is big,



where big means that the set belongs to a fixed ultrafilterf] of N that contains all the co-
finite sets. In the sequel, the quotient space RY/ = will be denoted by *R. Within it, each
real number « is identified with the equivalence class of the constant sequence equal to «,
say [(a)nen]. Besides, it may be endowed with a sum operation

[(n)nen] @ [(Bn)nen] = [(om + Bn)nen],

a product
[(QN)HEN] ® [(SN)HEN] = [(an X ﬁn)neN]

and an order defined by
[(an)nen] < [(Bn)nen] © {n € N: a,, < f3,,} is big,

[(@n)nen] 2 [(Br)nen] & {n € N: a,, < 5,} is big.

With this structure, (*R, @, ®, <, <) is an ordered field with infinitesimalsd and unlimited
numbers

2.2 Extension of sets and functions

Let A be a subset of R. By *A, we denote the subset of *R defined by the condition
[(an)nen] € "A <= {n e N: «,, € A} is big.

Given amap f : A C R — R, its extension to *A is the function *f : *A — *R
that assigns to each [(au)nen] € *A the hyperreal [(f(cn))nen]. There are hyperfunctions
which are not extensions of maps of a real variable |%so called not internal), as the map
that assigns to each bounded hyperreal 0 its shadow [3.

With these two notions, we may extend the concepts of sequence and dynamical system.

1. A hypersequence is a map S : *N — *R.
Therefore, on the sequel, the term Sy is also defined for hyperintegers N.

2. A discrete dynamical system in *R is a map F': *N x *R — *R such that, for each
X € R and all pair N, M € *N, we have F(N & M, X) = F(N,F(M, X)).

Accordingly, an element « in *R is periodic by F with period P € *N if and only if
F(P,a) = a and F(Q,a) # «a for every @ € *N such that [(1),en] X Q < P.

1Given a nonempty subset S, an ultrafilter of S is a collection § of subsets of S such that () ¢ F;
AABeF=>ANBefF AcFandA C BC S = B € F, VAC Seither A € ForS — A €
3§, but not both by the two first properties.

2A hyperreal [(r),)nen] is an infinitesimal if and only if lim,, oo 7, = 0.

3A hyperreal [(7,)nen] is unlimited if and only if lim, ., 7, = 00; it is the inverse of an infinitesimal.

4The shadow of a bounded hyperreal 6 is the unique real number ¢ such that 6 @ [(—t),en] is an
infinitesimal.



2.3 Nonstandard closeness

Two hyperreals 6 and ¢ are infinitely close to each other (abbreviated into 6 ~ ) if 6 — ¢
is an infinitesimal. This condition defines in *R an equivalence relation, say o<, whose
classes are called halos. This notion is useful to reformulate real assertions in nonstandard
notation, or by suggesting on how to extend them to the nonstandard realm. For instance:

1. Amap f: R — R is continuous at ¢ € R if and only if for any x € R such that
[()nen] = [(¢)nen] we have [(f(2))nen] & [(f(c))nen]-

Similarly, a map I on the hyperreals is continuous at a point C' if and only if

F(halo(C)) < halo(F(C)).

2. A sequence of real numbers (ay,)nen converges to L € R is and only if [(ay)nen] =
[(L)neN]-

Analogous definition in *R.

3. L € R is an accumulation point of the real sequence («),ey if and only if there is a
non-boundedd element in *N such that ay ~ [(L)nen]-

4. Given amap f : A € R — R, a point g € A is non-wandering if there are
z € *R and N € *N, say N = [(mq, ma, -+ ,my,---)], such that z ~ [(z¢)nen] and
fY(2) & [(zo)ken], where f¥(z) = [(f™ (2), f™(2), -+, f™(2), )]

If we are allowed to choose z = [(xg)nen], then zq is said to be recurrent.

If 2z = [(z0)nen] and N = [(p)nen] for a positive integer p, then zq is periodic with
period p.

2.4 Transfer principles

The construction of *R endows it with logical principles that allow the exchange of notions
and valid properties between R and *R. More precisely, we have:

1. The x-transfer.

The field R has a complete structure R =< R, Rel(R), Fun(R) >, where Rel(R)
represents all the finite relations on R and Fun(R) all the real maps with real variable.
Accordingly, to *R we assign the structure *R =< *R, {*P : P € Rel(R)},{*f : f €
Fun(R)} >. This way, *R is the natural extension of all the relations and maps
in R. However, this mere extension does not ensure completeness of *R since, for
instance, the map f : *R — *R given by f(z) = €, where € is an infinitesimal,
is not an extension of any element of Fun(R). Anyway, this is a mechanism that
transforms a formula ¢ of the language Lr with relational symbols P and functionals

A hyperreal [(t,)nen] is bounded if and only if there is a real M such that the set {n € N: ¢, < M}
is big.



F into another formula of a la nguage L+«g from the structure *R, replacing P by *P
and F by *F. For example, the proposition

VreR3IneN : z<n

yields
VX e RIN €*N : X < NJ.

. The universal transfer and its dual.
The principle that rules this operator asserts that if a property is valid for all reals,
then it is valid for all hyperreals. That is, (Vo € R) p — (VX € *R) *p.

Dually, if there exists an hyperreal verifying some property, than there is a real one
that also satisfies it. That is, (3X € *R)*p = (Jz € R) ¢.

The main example we have in mind is Sharkovskii’s theorem. Its full extension to
the hyperreals depends on the lift of Sharkovskii’s ordering

345Q7<...<42n+1)<(2n+3) <. ..

<2 x3<92Xx5<92XT7<...42x (2n+1)<2x (2n+3)<...
A2 x 3422 X592 xT74... 422 x2n+ 1) <922 x (2n+3) ...

26 x 3928 x542x T a2 x (2n+1) <2 x (2n+3) ...

a2ttt a2 922 q1

to the nonstandard setting. The %-transfer of the positive integers and corresponding
positions in this ordering

[(3)nen] * A[(B)nen] * -+ A[(2)nen] @ [(3)nen] * A[(2)nen] @ [(5)Inen " <---7 <+

< (2%)nen] * <27 nen] * < [(2)nen] * <D [(L)nen]
works finely and suggests how to pursue.

Definition 2.1 Two elements 0 = [(tp)nen] and ¥ = [(up)nen] in *N wverify the
relation 0 * <9 if and only if the set {n € N : t, <wu,} is big.

Moreover, as < is complete in N, the universal transfer guarantees its extension to
all other hypernatural numbers of *N. Thus the nonstandard version of Sharkovskii’s
theorem states that:

Theorem 2.1 Let F': *N x *R — *R be a dynamical system in *R. Consider two
sequences of positive integers, say [(Ry)nen] and [(Spn)nen], verifying [(Rp)nen] * <
[(Sn)nen]- If F has a periodic point with period [(Ry,)nen], then F has a periodic
point with period [(Sy)nen]-



3 The size of the neighborhoods

In the sequel we will consider the uniform norm || g || = max{|g(x)|: a < x < b} on the
space of real continuous maps defined on the interval [a,b]. Let f : [a,b] — R be such a
map. As f is uniformly continuous in [a, b], given 7 > 0 there exists n(7) > 0 such that, if
r and y belong to [a,b] and |z — y| < n(7), then |f(z) — f(y)| < 3.

Consider a non-wandering point xy of f, a sequence (S, )nen of positive integers and
e > 0.

Definition 3.1 For eachn € N, the number §(e, S,,) is the maximum of the set with S, +1
elements given by

{1 e nle) nnle) n(n(n(---n(e)---)))}
n'2 2 2 2 '

Notice that, this way, 0 < d(e, S,) < % Besides,

Lemma 3.1 Given n € N, if |f — g|| < (¢, S,), then ||f* — g*|| < € for all k €
{1a2>"' asn}

Proof:  Let us fix n and the corresponding S,,. If & = 1, the assertion is a direct
consequence of the fact that (e, S,) < e. For k = 2, as ||f — ¢g]| < (¢, 5,), we know

that |f —g|| < § and [|f — g|| < n(e). Therefore, by the definition of n(e), we have

If o f—fogll <$; besides, [[fog—gogll <|f—gll <5 So
1f7 =l <Ifof—fogll+lfeg—gogl<e

Similarly, from [|f — g|| < d(e,Sn), we deduce that |[f — g[| < 5, [|[f — g < 77(26) and
|f — gl < n(n(e)), which together imply, as just checked, that

12 =gl < fof~Fogl+Ifog—gogl <D+ 1D _pq

and so

€ €
1= <fofP=Ffog®|+|fog®—gog’| < 5+

The argument proceeds inductively. O

4 A related dynamical system in *R

Let f : [a,b] — R be a continuous function and xy a non-wandering point of f. Consider
two sequences, (R, )nen and (S, )nen, of positive integers related by *<1 and assign to them,
according to Definition B.I] the sequence (6(¢,Sy)),cy. Take the fundamental system of
neighborhoods of z given by

(VTL)nEN = (]SL‘O -0 (67 STL>7 Zo + d (67 S”)DneN’

6



whose first returns happen at times (R,)nen. Since f%2(V,) NV, # 0, we may choose a
sequence (Y, )nen Of elements of [a, b] such that, for all n, y, and f%(y,) both belong to
Vi

Proposition 4.1 For each n, there is a continuous map ¢, : la,b] — R such that
9" (Yn) = yn and || f — gnll < 6(e, S).

Proof: As y, and ff(y,) belong to the open interval V,, we may find a ¢ > 0 such
that the intervals I, (the one that connects these two points inside [a,b], which may be
degenerated if y, = f%(y,)) and J, (which we obtain from I, adding to it two short
segments, with length ¢, on its extremes) are contained in V,. Consider a continuous
bump-function ¢, : [a,b] — R so that the restriction of ¢, to I, is constant and equal to
1, and the value of ¢, in [a, b]\J,, is zero. Denote by T}, : [a,b] — R the map

To(t) =t + [y — [ (yn)] X 0u(t).

The function T, is the identity in the complement of J,, and translates the elements of J,
of an amount that does not exceeds |y, — f% (y,)|.

Define now the map g, : [a,b] — R by g, = T,, o f. This is a continuous function and,
as R, is the first return of V,,, we have

In(Un) = (T o ) (yn) = Tl F(yn)) =
= [ () + [y — 5 (yn)] X 1= ya
and, for any positive integer £ such that 1 < £ < R,
In(yn) = Tu( ' (yn)) = F'(yn) # Y-
Besides, g, coincides with f in [a, 5]\ f~2(V,) since, it t ¢ f~1(V,), then &(f(£)) = 0 and

therefore

gn(t) = To(f(£)) = F(&) + [yn — [ (y)] x 0(f(2)) = F(2).
Moreover, if t € f~'(V,), then

19n(t) = F(O] = [F() + [yn — [ (y)] x &(F(1)) = F(2)| =

= |[ym = £ ()] X S(FED] < [y — £ (ya)] < O(e, Sn).
So ||gn — fl| < d(¢,S,). O

Definition 4.1 Denote by G : *[a,b] — *R the map that assigns to each equivalence class
[(tn)neN] in *[CL, b] the class [gl(tl)v 92(t2>7 T 7gn(tn)7 e ] .

It is straightforward to verify that:



Lemma 4.2 G is well defined, internal and continuous.

Proof: Let (s,)neny and (f,)nen be sequences in the same equivalence class of *[a, b].
This means that s,, = t,, for a big set of positive integers m. Then, for the same set,
we have g,,(Sm) = gm(tm) and, therefore, the classes [g1(s1), ga(52), "+, gn(Sn), -] and
[91(t1), g2(t2), - -+, gn(tn), - - - ] also coincide. G is internal since it is the class of the sequence
of real maps (g,)nen. Moreover, by transfer of the continuity of each g,, we get the

continuity of G: for all « in *[a, b], we have g(halo(a)> C halo (g(a)>. O

Consider now in *R the equivalence classes of the sequences (R, )nen, (Sn)nen and
(yn)n€N> sayP = [RlaR2a e >Rna oo ']7 Q = [SlaS2>' T aSna t ] andyo = [y1>y2a 5y Yn, ]

Definition 4.2 G : *Nj x *[a,b] — *R denotes the dynamical system associated with the
map G, given by

(;([nl,n%... ey [t o, - 7%...]) = [0 (h), 32 (), -+ g (), ]

Notice that, if *n = [ny,n9, -+ ,ng, -+ -], "m = [my,mg, -+ ,my,---| and *n & *m =
[n1 +ma,na + ma, -+ ,ng + my, -+ -], then

G<*n S¥) *my [tla t2> eyl ]) = |:g1111+m1 (tl)a932+m2(t2)a U >gzk+mk(tk)> o ]
and

G(*n,((}(*m, [ty, o, - - - ,tk,---])> = G(*n, (91" (t1), g5 (t2), - - - ,gink(tk)w“}) =

= [0 (91" (t1)), 957 (95" (22)), - - ,g;?’“(g?’“(tk))w']) =

[g?l—‘_ml(tl)ag;m—i_nw(t?)a o >92k+mk(tk)a te ] = G<*n@*m’ [t17t2’ e ?tk’ te ])

5 Proof of Theorem [1.1]

Proof: By construction, as (R, ).en is a sequence of first returns, the dynamical system
G has a periodic point with period P:

G(Pyo) = G([Ra oo B o] [+ ) =

= [0 (), 922 (W2) -+ g ()] = [y, w2, oo+ = W0
Thus, by Theorem 2.1 G has a periodic point zy = [21, 22, - - , 2, - - -] with period Q. Take
an accumulation point z1 of (2,)nen in [a, b] (observing that x; may coincide with zy) and
consider a sequence of positive integers (ny),oy verifying the condition
1 1

VkeN z, € - —.
5 k ]xl 27’Lk x1+2nk[



By Proposition B.1] for each nj and € = ﬁ, we have ||gn, — f|| < (¢, Sn,.), and so, by

Sn . L . .
Lemma Bl we get ||gne* — fo || < e = i Consequently, as z,, is a periodic point with

period S, by the iteration of the map g,, , the neighborhood Wy, =]z — nik, 1+ nik[ of =1
returns to itself by fu. Hence z; is the non-wandering point we were looking for. 0O
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