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Abstract

We review someaspectof the isotopeeffect (IE) in superconductorsOur focus
is on the influenceof factorsnot relatedto the pairing mechanism.After summariz-
ing the mainresultsobtainedfor corventionalsuperconductorsye review the effect of
magneticimpurities, the proximity effect and non-adiabaticityon the value of the iso-
tope coeficient (IC). We discussthe isotopeeffect of T, and of the penetrationdepth
0. Thetheoryis appliedto corventionaland high-T; superconductorsExperimental
resultsobtainedfor YBa,CuzO;_g relatedmaterials(Zn and Pr-substitutedaswell as
oxygen-depletedystemspandfor La, xS CuQy arediscussed.

1 INTRODUCTION

Historically, the isotopeeffect (IE) playeda majorrole in unravelling the questiongelated
to theorigin of the effective attractve interactionbetweerchage-carrieravhich leadsto the
superconductingtate. The theoreticalconsideration®f Frohlich[1] and the experimental
discovery of the IE of T; in mercury[2]pointedtowardsthe contribution of lattice dynamics
to theinstability of the normalstate.Sincethen,the IE hasoftenbeenconsiderechsa mea-
sureof the contritution of phonongo the pairing mechanism.Furthermoreijt is generally
assumedhat only thosethermodynamicatjuantitiesthat dependexplicitely on the phonon
frequenciegasT. or theorderparameten in the BCSmodel)displayanlIE.

Onecanshown[3, 4, 5, 6, 7], however, thatsuchunderstandin@f theisotopeeffectis in-
completeandleads therefore to confusion;thisis particularlytruefor the high-temperature
oxides.Indeed severalfactorsnotrelatedto the pairingmechanisntanalterthevalueof the
isotopecoeficient (IC). Moreover, thesefactorsarenot necessarilyelatedto lattice dynam-
ics. Herewe focusour attentionon threesuchfactors: magneticimpurities, the proximity
effectandnon-adiabatichage-transfeasit occursin high-T. superconductors.

In addition,we alsoshaw [6] that fundamentafuantitiessuchasthe penetratiordepth
0 of amagneticfield alsodisplayan IE becausef the threefactorsmentionedabove. Note
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thatthis effect occursdespitethefactthatd doesnot explicitely dependon quantitiesrelated
to lattice dynamics.

It resultsfrom our considerationthatthevalueof thelC (evenits absencejloesnotallow
ary a priori conclusiomaboutthe pairingmechanismNeverthelessit remainsaninteresting
effectthatenableneto determinethe presencef magnetiampurities, proximity effector
non-adiabaticityn thesystem.Thecalculationof thelC andits comparisorwith experimen-
tal resultswasalsousedin previousworksto determinghe valueof the Coulombrepulsion
* or therelative weightof differentelectron-phonorouplingstrengthsn superconductors
(seebelow). It canthusbeusedasatool for the characterizatiof superconductors.

Thisreview is mainlybasednourpapers[34,5, 6, 7]. Weapplythetheoryto analysehe
oxygenisotopeeffect of T¢ in Zn andPr-doped(YBCZnO andYPrBCO)aswell asoxygen-
depletedYBa,CuzO;_5 (YBCO). We alsoreview calculationsof the penetratiordepthiso-
topeeffect. The latter superconductingropertyis a good exampleof a quantitythatdoes
not directly dependon phononfrequenciesandyet candisplay a substantiaisotopic shift
[6]. In this contet, we alsodiscussecentexperimentalresultsobtainedfor Lay xSKCuQOy
(LSCO).

The structureof the paperis asfollows. In section2 we presensomeof the earlyresults
relatedto theisotopeeffectandshav thatevenfor corventionalsuperconductortherelation
betweenthe isotopeeffect and the pairing mechanisms not simple. We also discussthe
applicability of theseearlyresultsto the descriptionof high-temperaturguperconductors.

The remainingsectionsare devoted to the descriptionof new, uncorventionalisotope
effects.In section3 we studytheinfluenceof magnetiampuritieson thevalueof theisotope
effect. We show thataddingmagnetiampuritiesto asuperconductatanenhanceheisotope
coeficienta of Tc andinduceatemperature-dependerbtopeeffect of 8. We shav thatboth
isotopeeffectsareuniversalfunctionsof Te. Thatis, a(Tc) andB(Tc) areindependenof ary
adjustablegparameterWe discussZn-dopedYBay,CuzO;_5 in this context.

Section4 is concernedwith the influenceof a normallayer on the isotopeeffect of a
superconductorWe shawv that dueto the proximity effect, the isotopecoeficient of T is
linearin theratio of the normalto the superconductinglm thicknesseg. Furthermorethe
proximity effectinducesatemperatur@andp-dependenisotopecoeficient of thepenetration
depth.

Section5 reviews the conceptof the non-adiabatigsotopeeffect introducedin Ref. [3]
andfurtherdiscussedn Refs.[4, 5, 6, 7]. We shaw thatin systemsasthe high-temperature
superconductorgtherechage-transfeiprocessebetweenresernoir and CuO,-planesoccur
via ions thatdisplaya non-adiabatidehaiour, the chage-carrierdensityin the planesde-
pendontheionic mass.This leadsto theuncorventionalnon-adiabaticontributionto the IE
of T.. It is alsointerestingthat non-adiabaticitynducesan isotopicshift of the penetration
depthd.

In the last section(Sec.6) we apply our theory to the oxygenisotopeeffect (OIE) in
high-temperatursuperconductorsef the YBCO-family. Focusis seton the oxygenisotope
effect becausemostexperimentalstudieshave beenperformedon the oxygenion which is
the lightestin the CuQ, plane. The situationis lessclearin the caseof copperisotopic
substitutionwherean effect hasalsobeenobsered[8 9]. This latter casewill bediscussed
in moredetailelswhere.

We concludethereview in section?.



2 THE ISOTOPE EFFECT: DISCOVERY,
CONVENTIONAL VIEW

The isotopeeffect of superconductingritical temperaturel. is bestdescribedn termsof
theisotopecoeficient (IC) a definedby therelationT, ~ M~%, whereM is theionic mass.
Underthe assumptiorthatthe shift AT. inducedby isotopicsubstitution(M — M*) is small
comparedo T, onecanwrite

M AT
a=——— 1
AM T ’ @)
whereAM = M — M* is thedifferencebetweerthetwo isotopicmass.If thesuperconductor
is composedf differentelementspnedefinesa partial isotopecoeficienta, asin Eq. (1),
but whereM is replacedby M,, the massof elementr thatis substitutedor its isotope.In
addition,onedefineshetotal isotopecoeficient by

M, AT,
Otot = ) Of = — — . 2
tot Z r ZAMr Te 2)

Besidesl. thereare otherqguantitiesthat display an isotopeeffect. In the next sections
we focuson theisotopeshift of the penetratiordepthd. In analogyto theIC of T, (denoted
o) we definetheisotopecoeficient 3 of the penetratiordepthby therelation
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Oneshouldnotethatthereis aconventionalBCS-typeisotopeeffect of the penetratiordepth
relatedto its temperaturedependencé—2 ~ (1—T4/T#). Becausel, displaysan isotope
effect, the penetratiordepthis alsoshifted uponisotopic substitution. The effect becomes
strongasoneapproache3.. The presentrticleis notconcernedvith thistrivial effect.

Let usfirst discusswvhatvaluesof theisotopecoeficientsa and3 canbeexpectedor dif-
ferenttypesof superconductorslablel showvs characteristiwaluesof theisotopecoeficient
for differenttypesof superconductors/ery differentvaluesof theIC have beenobsened(in
therangefrom —2 to +1). Onenotesthatsomesystemshave a nggligible coeficient, some
displayevenan*inverseisotopecoeficient” (a < 0) andsometake valuesgreaterthan0.5,
the value predictedby Frohlich andthe BCS model (for a monoatomicsystem). The pur-
poseof the next paragraphss to describeshortly differenttheoreticalmodelsallowing one
to understandhe coeficientsobsered (seeTable1 andRefs.[10, 11]). We begin with the
descriptionof corventionalsuperconductorand discussthe relevanceof thesemodelsfor
high-T; materials.In the following sectionswe thenintroducenew considerationgboutthe
IE allowing oneto give a consistenpictureof thelE in high-temperatursuperconductors.



Table 1. Experimentalaluesof the isotopecoeficient of T. (seealsoRefs.[11, 20]). The
lettersin thelastcolumncorrespondo Ref.[2].

Superconductor Referencesee[2])
Hg 0.5+0.03 a

Tl 05+0.1 a,and[11]
Cd 0.5+0.1 b

Mo 0.33+0.05 c

Os 0.21+0.05 de
Ru 0.0 e

Zr 0.0 e
PdH(D) -0.25 [33, 34]
U -2 [12]
La; 8sSIh.1sCu0,  0.07 [55]
La; goSlp11Cu0s  0.75 [55]
(*60 — 180 subst.)

K3Ceo 0.370r1.4 [40]

(*2C — 13C subst.)

2.1 Monoatomic Systems

Letusbeginwith thecaseof amonoatomidBCS-typesuperconductoiSubstitutingheatoms
by anisotopeaffectsthe phonondispersior(for amonoatomidatticeQ ~ M~1/2 whereQ is
a characteristiphononfrequeng). Thus,ary quantitythatdependon phononfrequencies
is affectedby isotopicsubstitution. Assumingthat the electron-electromairing interaction
is mediatedoy phononsandneglectingthe Coulombrepulsionbetweerelectronsthe BCS
theorypredictsthat T, [0 Q (seebelow, Eqg. (4) for p* = 0). Thus,for a monoatomicsystem
theisotopecoeficient of T. givenby Eq. (1) isa = 0.5.

As seenin Table 1, the IC of mostmonoatomicnon-transitionmetalsis approximately
equalto 0.5. Many othersystemspn the otherhand,deviate from this value. In particular
transitionmetalsandalloys displayvaluesthataresmallerthan,or equalto 0.5. PdHdisplays
aninverseisotopeeffect apgy ~ —0.25 [33] (thereis alsoonereporton a large inverselC
of Uraniumay ~ —2[12]). Furthermorehigh-T. materialscanhave valuesbothsmallerand
largerthan0.5, dependingon thedoping.

2.2 The Coulomb Interaction

Oneof thefirst reasonsadwancedto explain the discrepang betweentheory (a = 0.5) and
experimentwasthatthe BCS calculationdescribedabove did not take properlyinto account
the Coulombrepulsionbetweerchage-carriers.It wasshovn in Refs.[13, 14,15, 16] that
inclusionof Coulombinteractiondeadsto the introductionof the pseudo-potentigh* in the
BCSequationfor Tg:

1
Tc=1.13Qexp (_)\—H*) , 4)
wherep* is the pseudo-potentiajivenby

* _ H
=17 pin (55) ' ®)

4



K is the CoulombpotentialandEr is the Fermienegy. OnenotesthatQ is presenin pu* and
thusin theexponentof Eq. (4). Thevalueof a canthusbe substantiallyjdecreaseérom 0.5.
Indeed from Eq. (1) and(4) oneobtains

“:%{1_ (Aﬁ*u*)z} ' ©)

Theisotopecoeficientis shavn asafunctionof A for differentvaluesof p* in Fig. 1. Natu-

rally, only thecase\ > " is relevant,sincesuperconductity is otherwisesuppressed.
The effect of Coulomb interactionscan be includedin a similar way in the strong-

couplingEliashbeg theory Usingthe formuladerivedby McMillan [17]:

0 1.04(1+\)
Te= ﬁexp <—Tﬁ>a (7)

with fil= (1+ 0.62\)u* andp* is givenby Eg. (5), oneobtainsthe following resultfor the
isotopecoeficient:

a=

;{1_ 1.04(1+)\)ﬁu*} -

2 A -2

A similar resulthasalsobeendervedin Ref.[10]. Fig. 1 shows the dependenceescribed
by Eq. (8) andallows oneto comparethe weakandstrong-couplingcasesthatis, Egs. (6)
and(8).

An expressiorfor T thatis valid over thewholerangeof couplingstrengthgfrom weak
to very strongcouplings)hasbeenderivedby oneof theauthorsin Ref. [18]:

0.25Q
Te=—F——== 9)
Ve et 1
with
A—
Aetf = T o Aty (10)

andt(A) ~ 1.5exp(—0.28\)[18]. As usual theparametep* is givenby Eq. (5). Theisotope
coeficientresultingfrom Eq. (1), (9) and(10) reads

a::_L 1 “*2 [ 1 +2—{—)\t()\):| ‘ (11)
2 Aeff(l_e—z/xeff) A—p o 3+At(N)

This isotopecoeficientis alsodisplayedin Fig. 1 for two valuesof the parametep*. Note
thatfor all models becausef the presencef p* theisotopecoeficientof T; is loweredwith
respecto the BCSvaluefor a = 0.5. Onerecoversthe BCSresultasymptoticallyat large A
(or Tc/Q). Only Eq. (11), however, is valid in the strongcouplinglimit (A > 1).

An interestinggenerafeatureof theresultspresente@dboveis thatthestrongestleviation
from the BCS monoatomiovalue0.5 occurswhenp* (or {i) is of the orderof A (seeEqgs.(6),
(8) or(11)). Thus,excludinganharmonior band-structureffects,a smallisotopecoeficient
is correlatedo alow T;. Thisis indeedobsenedin mostcorventionalsuperconductordn
certaincase®neevenobtainsa ngyative(alsocalledinverse isotopecoeficient (a < 0). For
realisticvaluesof the parameters]. shouldnot exceedT. ~ 1K for thisinverseeffectto be
present.Several systemdlisplaythis inverseisotopeeffect, amongthem PdH (whereH is
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Figure 1. Isotopecoeficient a asa functionof T/Q (i.e. A) for differentvaluesof p*. Solid lines
from Eq. (6), dashedinesfrom Eq. (8) anddash-dottedinesfrom Eq.(11). For eachtype of line, the
uppercune correspondso ¥ = 0.1 andthelowerto p* = 0.2.

replacedby its isotopeD) [33, 34] andUranium(where?3°U is replacedby 238U) [12]. We
discusghis casebelow (sec.2.3).

The situationencounteredh high-temperatursuperconductorss very unusual.Indeed,
oneobsenesthattheisotopecoeficienthasa minimumvalueat optimaldoping(highestT;).
Theexplanationof asmalla for oxygensubstitutioncoincidingwith ahigh T¢ is likely to be
relatedto the contribution of the oxygenmodesto the pairing.

The main conclusionof this sectionis thatthe Coulombinteractionandits logarithmic
wealeningleadsto the deviation of theisotopecoeficientfrom thevaluea = 0.5 andto the
non-unversalityof a.

2.3 Band Structure Effects; Transition M etals

Up to now we have only consideredhe effect on T; inducedby the isotopicshift of phonon
frequenciesFurthermoreywe have consideredhe casewherethe phononfrequeng appears
explicitely in the expressiorfor T. (asprefactorandin p*; seeEqgs.(4), (7) and(9)). Band
structureeffectshave first beenconsideredo explainthediscrepanciesbsenedbetweerthe
resultsfollowing from the strong-couplingMcMillan equation(Eq. (7)) andthelC measured
in transitionmetals.Several othergeneralization®ef the basicmodelhave beenconsidered,
especiallyin the contet of high-temperatureuperconductors.

Let usfirst describethe situationencounteredh transitionmetals.As hasbeenshowvn in
Refs.[15, 16], thetwo-squarenodelfor which (5) is derivedleadsto valuesof thelC thatare
only 10— 30% lower than0.5. However, the deviation is muchstrongerfor sometransition
metals,leadingevento a vanishingcoeficient for Ruthenium.As shavn in Ref. [19] it is
necessaryo take into accountthe bandstructureof transitionmetals. The presenceof a
“metallic” s-bandandanarrov d-band,andthe associategealed structureof the electronic
densityof statedDOS)hasanimpactonthevalueof *. FurthermoreEr is muchsmallerin
transitionmetalsthanin non-transitiormetalsandleadsthusto a smallereffective screening
of theCoulombinteraction.Theseactshave beenincludedin Ref.[19] by modifying thetwo
square-welmodelusedto derive Eq. (5). Thevaluesobtainedfrom the modifiedexpression
of a (seeEq.(9) in Ref.[19]) arein goodsemi-quantitatie agreementvith theexperimental



results.

One shouldadd that the two-bandstructureis importantevenin dirty transition-metal
superconductorsglthoughthe superconductingtateis characterizedy only onegapin this
case(seeRef. [11] for furtherdiscussion®n transitionmetals).

Theexampleof transitionmetalsshavs thata quantitatve descriptionof the IC requires,
amongotherthings,a preciseknowledgeof thebandstructure This hasalsobeensuggested
in Ref. [12, 20] to explain the large inverseisotopeeffect obsered in Uranium. In this
contet, it would be interestingto determinethe uraniumisotopeeffect in heary-fermion
systems(one should note, however, that thereis only one report of the isotopeeffect in
uranium[13).

Anothereffect of the bandstructurearisesif oneassumeshatthe electronicdensityof
statesvariesstronglyon a scalegivenby Q, theBCSenengy cutoff (e.g.,in thepresencef a
vanHove singularity). To obtainthe BCSexpression(4) we assumedhattheelectronicden-
sity of statedDOS)is constanin theenegy intervall [—Q, Q] aroundthe Fermieneny. A is
thengivenby N(Eg)V, whereN is the DOS atthe Fermilevel andV is the attractie partof
the electron-electroreffective interaction.In a moregeneralcase however, onehasto con-
siderthe enegy dependencef the DOS. Thougha purely electronicparameterthe enegy
dependencef the DOS appeardo influencetheisotopeeffect[21]. Onecanunderstandhis
effectqualitatively within a crudeextensionof the BCS model.Insteadof takingthe DOS at
the Fermilevel, onereplaceN(Er) by < N(g) >q, theaveragevalueof theDOSN(g) over
theinterval [—Q, Q] aroundEg. Obviously, this averagedependsn the cutoff enegy Q of
the pairinginteraction.lsotopicsubstitutionmodifiesQ which affects< N(g) >q, andthus
A=<N>qV andT.

A moregeneralanalysisof this effect within Eliashbeg’s theorywasgivenin Ref.[21].
They find that whereagthe IC canreachvaluesabove 0.5, its minimal value obtainedfor
reasonablehoicesof the parametersever reacheghe smallvalues(~ 0.02) foundin opti-
mally dopedhigh-T, compoundsHowever, morerecentstudiesof theinfluenceof vanHove
singularitieson theisotopecoeficient shav thatsuchsmallvaluescanbe obtained because
in thisscenaridhecutoff enegy for theeffective interactionbetweerchage-carrierss given
by min(Er — Eyn; Q) (whereE,y is the enegy of the van Hove singularityandQ is a char
acteristicohononenegy) [22, 23, 24]. If the cutoff enegy is givenby Er — Eyy andis thus
electronicin origin, Tc displaysno shift uponisotopicsubstitution. Takinginto accounthe
Coulombrepulsionit hasbeenshovn[24] thatonecanevenobtaina negative IC.

Anotherway to extendthe resultspresentecatarlieris to consideran anisotropicEliash-
beig couplingfunction a?F (g, w). Generallyit is assumedhatthe systemis isotropicand
the coupling function can be averagedover the Fermi surface,leadingto a g-independent
Eliashbeg function. If the systemis stronglyanisotropigasis the caseof high-T. supercon-
ductors),the averagemay not leadto an accuratedescriptionof the situation. The isotope
effect hasbeenstudiedfor differentg-dependenform factorsenteringa?F in Ref. [25].
They showv thata smallisotopecoeficientasobsenedin YBa,CuzO;_5 canbe obtainedfor
anisotropicsystemsNeverthelessto obtainhigh critical temperatureatthe sametime, they
areforcedto introducedanothey electronicpairing mechanism.Sucha situationis further
discussedbelon (seeSec.2.6).

Notethatthe theoriespresentedn this sectiongive only a qualitative pictureof the situ-
ationencounteredh high-temperatursuperconductoranddo presentlynot accountfor the
isotopeeffect obsenedin varioussystemgseealsoRefs.[21, 26]).



2.4 Polyatomic Systems

Until now we focusedmainly on the study of monoatomicsystemsn which the attractve
interactionleadingto the formation of pairsis mediatedby phonons.All previous effects
arenaturallyalsoencountereth polyatomicsystemsHowever, the presencef two or more
elementsin the compositionof a superconductohasseveral direct consequencefr the
isotopeeffect that we summarizen the following. The first consequencef a polyatomic
systemis thatthe characteristidrequeng Q which determineghe value of T, dependson
the massof the differentionsinvolvedQ = Q(Mj, Mg, - - -). Obviously, thedependenc® ~
M, % for elementr = 1,2,... mustnot be equalto a, = 0.5. It is thus not surprisingif
the partial isotopecoeficient (obtainedby substitutingonetype of ionsfor its isotope;see
Eq. (3)) differsfrom thetextbookvalue0.5.

Let usconsidettheexampleof a cubiclatticewith alternatingnasse$/1; andM»[27, 28].
The acousticandoptical branchesanbe calculatedanalytically[27. Fromthis oneobtains
thefollowing partialisotopecoeficients:

1 —  K2My,+ 2K /M,
ap = K+ 12~ , 12
! 292|v|1{ (QFKM) (12)
1 —  —K2ME, 42K /My
dr=——>—< K+ 12 _ , 13
? 292|v|2{ (QFKM) (13)

whereMp, =M1 —M, 1, M, = M1 +M, 1. Theuppersignstandgor the Debyefrequeny
andthe lower sign hasto be consideredvhenthe characteristidrequeny is given by the
optical phonon. K = ¥, ,K; is the sumof the force constantsand K, = ¥, ,KjcogqL)
(g = 0 for the opticalbranchandq = 11/L for acousticmode;L is thelattice constant).One
notesthatthetotal isotopecoeficientis givenby aiq = 01 + a2 = 0.5 whetheronetakesthe
acousticabr the optical phononasthe characteristienegy for the determinatiorof Te.

Given the previous result, one can askif thereexists a maximalvalue of the IC. It is
often statedin the literaturethat 0.5 is the maximal value that the isotopecoeficient can
reachwithin a harmonicphonon,andelectron-phonomnducedpairing model. Althoughto
the knowledge of the authorsnoneof the systemsstudiedso far seemsto contradictthis
assertionpneshouldnotethatthereis no proof of this statementlt wasshowvn in Ref. [29]
thatfor apolyatomicsystemoiq = 5 o, = 0.5 (definedin Eq.(2)) if oneassumethaty* =0
andall masse®f the unit cell aresubjectto the sameisotopicshift (i.e., AM, /M, takesthe
sameconstantvaluefor eachelementr of the systemseeEq. (2)). Theseassumption$old
approximatelyfor certainsystemsas, e.g.,the Chevrel-phaseMogSe material[29, but are
certainlynotvalid for examplein high-temperatursuperconductordt is thusnotclearif the
total isotopecoeficient, Eq. (2), is indeedalways0.5. Thegeneralproof of sucha statement
requiresthe knowledgeof the polarizationvectorsandtheir dervativeswith respecto the
isotopicmasseshothof which have to be calculatedor eachspecificsystemstudied.

Anotherimportantremarkconcernghe valueof the (very small) IC for optimally doped
high-T. superconductor€Experimentallyonemeasuregienerallythe partial oxygenisotope
effect (in somecasesalsothe Cu andBa IE). Sincethe unit cell of a high-temperatursu-
perconductorcontainsmary differentatoms,one expectsvaluesof the partial IC that are
significantlysmallerthan0.5. A crudeestimatecanbe given by observingthat underthe
assumptiorof a samecontribution of eachatomto theisotopecoeficient (whichis certainly
notthe caseasmentionedabove) the valueof theisotopeeffect for oxygenin YBCO would
bea ~ 0.5/N ~ 0.04, whereN is the numberof atomsperunit cells (N = 13 in the caseof
YBCO). Sincethereare6 — 7 oxygenatomsin theunit cell, oneshouldmultiply aex by this
number



If, in additionto the multiatomic structureof the system,one takes into accountthe
effect of Coulombinteractionsand/orthe factthatthe chage-carrieramay strongly couple
to certainphononsonly one can obtain valuesof the order obsered in high-temperature
oxides. The secondpossibility hasfor examplebeenstudiedin the context of the Chevrel-
phasecompoundMogSes[29] or organic superconductors[30 It hasalso beenstudiedfor
high-Tc superconductors Ref.[31, 32]. They concludethatthe oxygenisotopeeffect can
bewell describedor reasonablparameters thecaseof Lay_xSKCuQy, but thatunphysical
valuesof the couplinghave to be consideredo describethe partial oxygenisotopeeffect of
YBayCusO;_5. A carefulstudyof the effect of Coulombinteractionson the IE of high-T¢
superconductorsasnot beendoneyet.

Onthusconcludesrom thepreviousconsiderationghatit is notimpossibleto explainthe
smallvaluesof thelC obsenedin conjuctionwith high T¢’sin high-temperaturenaterials jf
oneconsiderghe combinedeffect of a polyatomicsystem the Coulombinteractionandthe
bandstructure.

2.5 Anharmonicity

Anharmoniceffectsplay animportantrole in materialssuchasPdH(D)[33,34], M0ogS&[29]
or, accordingto sometheories[26 35, 36, 37], in high-temperaturguperconductorsAmong
otherconsequencethe presencef anharmonicitieaffectsthe value of the isotopecoefi-
cient. We presenteretwo differentaspect®f theanharmonigsotopeeffect: anharmonicity
of thecharacteristiphononmode(for PdH)andvolumeeffects(for Molybdenum).

Quantitiesthatareindependenof ionic massesn the harmonicapproximationcanbe-
comemassdependenin the presencef anharmonicity We mentionthreesuchproperties
thatareof interestfor theisotopeeffectin superconductorghelatticeforceconstants[34],
theunit-cellvolume[38, 39] andtheelectron-phonorouplingfunctionA[26, 35]. In thefirst
casejt wasshavn thattheaccounif Coulombinteractionsalone(seeabove) cannotexplain
theinverse(a < 0) hydrogensotopeeffectobsenedin PdH(seeTablel). Ontheotherhand,
a changeof 20% of the lattice force constantsvhenreplacingH for Deuterium(D) in PdH
wasinferedfrom neutron-scatteringata[34]. This resultsfrom large zero-pointmotion of
H ascomparedo D. Takingthis factinto accountn the Eliashbeg formalismallows oneto
obtainquantitatve agreementvith the experiment[34.

Anothereffectdueto the presencef anharmonicityis theisotopicvolumeeffect[38,39].
This effectwasdiscussedh the context of Molybdeneandis relatedto thedifferencen zero-
point motion of the two isotopes.In sucha systemonecanwrite theIC asa = agcs—+ Oyl
with

Guoi = By o (14)
whereB = —VadP/oV is thebulk modulus,P is the pressurandAV = V* —V is thevolume
differenceinducedby isotopicsubstitution.In the caseof Molybdenumthe volumeisotope
effectamountdo a4 ~ 0.09 andaccountdor ~ 27% of thetotalisotopecoeficient, which
is nota negligible effect.

Thepresencef avolumeisotopeeffect hasalsobeensuggestedh the caseof PdH, Cgo
materialsaswell asin Pb[38].

The other major effect of anharmonicityis the appearencef anionic-massdependent
electron-phonortoupling function A[26, 35, 42]. In this casenot only the prefactor Q of
Eqg. (4), but alsothe exponentdependn ionic masses.As stressecearlierin the context
of band structureeffects, this fact canleadto a strongdeviation from agcs = 0.5, even

for monoatomicsystems.An explicit expressionfor the motion of the oxygenin a simple



double-wellpotentialwasobtainedn Ref.[35] for high-T. superconductorslhemodelwas
extendedfurtherin Refs.[35]b and[26] andit was shown that the isotopecoeficient can
be muchsmallerthan0.5 with moderatevaluesof the coupling constantor exceed0.5 for
(very) strongcouplings(thefunctiona(A) goesthrougha minimumatA ~ 1; seeRef.[35]).
Regardinghigh-T; superconductorghe anharmonianodelcould explain qualitatvely the
behaiour of the isotopecoeficient if one considersthe fact that the coupling function A
alsodependon doping (seeRef. [43] for this dependeng). Assumingthatthesesystems
arestrong-couplingsuperconductorgndthatthe couplingdecreaseapondoping,onecan
describequalitatively the behaiour of a(Tc) for underdopedystemsHowever, it is difficult
to obtainquantitatve agreemenespeciallyin the optimally dopedandstronglyunderdoped
regime. In thefirst casethe couplinghasto beintermediateo obtainsmalla’s but thenT is
alsosmall. In thesecondstronglyunderdopedasethe IC canexceed0.5, but the coupling
hasto bevery strong. Oneway to solve this problemis to assumehatthe superconducting
pairingis mediatedoy anadditional,non-phononichannelseeRef. [42] andbelow).

The influenceof anharmonicityon the electron-phonorcouplingA andon the hopping
parameteffor atight-bindingtype of lattice) hasalsobeenconsideredn the context of 12C
«~13C isotopesubstitutiorin AzCgo material/A =Na, Ru; see e.g.,Ref.[40] andreferences
therein). Experimentallythe isotopecoeficient was shovn to vary between0.37 to 1.4,
dependingon the isotopicsubstitutionprocesyin the first caseeachCgo moleculecontains
an equalamountof 1°C and 13C isotopeswhereasn the secondcasethe systemcontains
Ceo-moleculeghatarecomposedf eitherpure?C or purel3C atoms)[40].

2.6 Non-Phonon and Mixed M echanisms

Thesuperconductingransitioncanalsobecausedy anon-phonomechanismHistorically,
the introduction of the electronicmechanismg41] startedthe racefor higherT.'s. The
pairingcanbe providedby the exchangeof excitationssuchasexcitons,plasmonsmagnons
etc... (see,e.g.,Ref. [28]). In generalponecanhave a combinedmechanismAn electronic
channelcan provide for an additional contribution to the pairing, asis the case,e.g.,in a
phonon-plasmomechanisnj44]. In the contet of theisotopeeffect, the mixedmechanism
may provide for an explanationfor the unusualoccurenceof high T.’s and small isotope
coeficientsa (seeabove).

Let usinitially considerthe casewhereonly electronicexcitationsmediatethe pairing
interactionandthe Eliashbeg functiona?F canbe approximatedy a singlepeakat enegy
Qe, thecharacteristi@lectronicenegy. Thetheoryconsideredn weakcouplingyieldsthen
arelationof theform T, ~ Qee ¥/A. For anelectronicmechanisne is independenof the
ionic mass.Thereforetheisotopecoeficient of T. vanishegor suchcases.

If, ontheotherhand,the superconductingtateis dueto the combinationof phononand
a high-enegy excitations(as, e.g.,plasmong44]) thenonehasto include both excitations
in a?F. In this case the simplestmodelconsidersan Eliashbeg function composedf two
peaks,oneatlow enegies(Qo) for the phononsandoneat high enegies(Q1) for theelec-
tronic mechanismFor sucha model,oneobtainsthefollowing expressiorfor Tc[45]:

To = 1.1400°Q exp (—M> (15)
Po+P1
whereh is aslow varyingfunctionof p; andQ;, fi = pi/(po+ p1) andp; = Ai/(1+ Ao+ A1)
(i=1,2). In weakcoupling,h = 1 andthe exponents independentf theionic massesThe
resultingisotopecoeficient for this mixed mechanismakesthentheform:

fo_ 1 A
BT TREE -
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If only the phononmechanisms active A; = 0 andonerecoversthe BCSvalue0.5. Other
wise, the presencef the non-phononianechanisnreduceghe value of the isotopecoefi-
cient,while enhancingdl.. For A\g < A1 onehasa = 0. A joint mechanisnwould thusallow
oneto explain the smallvaluesof the IC for optimally dopedhigh-T; superconductorsince
thecouplingto non-phononidegreesof freedomwould provide for high To’s while it would
reducetogethemith the Coulombrepulsive term,thevalueof thelC.

Anotherway to includenon-phononicontributionsto the pairing mechanismis to con-
sideranegative effective Coulombtermp* in the Eliashbeg theory[28,46, 31]. Thepseudo-
potentialy* canthusbe seenasan effective attractve pairing potentialcontribution andthus
supportsuperconductity. Suchanegative i* is for exampleobtainedn the plasmommodel
[44, 28, 46]. Onenotesthatthe small valuesof the partial isotopecoeficientin optimally
dopedhigh-T; materialscaneasilybe explainedwithin sucha model.

Several other non-phononiaswell ascombinedmechanism$iave beenproposed31,
42, 47,48 thatalsoleadto areductionof theisotopeeffect. We referto theliteraturefor the
details.

2.7 |sotope Effect of Properties other than Tc

All previous considerationsvere concernedvith the isotopeeffect of the superconducting
critical temperaturd.. Onecanaskif thereareotherpropertiegdisplayinganisotopeeffect

in corventionalsuperconductorsNaturally, every quantity dependingdirectly on phonon

frequenciewill displaysuchaneffect. Let us considerherea propertythatwill be studied

furtherin the next sectionspamelythe penetratiordepthof a magneticfield 8. In theweak-

couplingLondonlimit the penetratiordepthis givenby thewell-known relation

mc2 mc2

2 _ _
0" = 4amee?  Amo(T/To)€e?

(17)

wheremi s the effective mass.ng is the superconductingensityof chage carriers relatedto
the normaldensityn throughns = nd(T/T¢). Thefunction$(T /T¢) is a universalfunction
of T/T. Forexample,p ~ 1— (T /T.)* nearT,, whereash ~ 1 nearT = 0 (in theabsencef
magnetiampurities;theirinfluenceis discussedn section3).

Eq. (17) doesnotdependxplicitely on phononfrequenciesNeverthelessit candisplay
anisotopicdependencehroughTe. In fact,this dependengis commonto all superconduct-
ing propertieswithin the BCS theory Indeed,all major quantitiessuchas heatcapacity
penetrationdepth, critical field, thermalconductvity etc... canbe expressedas universal
functionsof T.. As aresult,all thesequantitiesdisplaya trivial isotopicshift, causedy the
isotopicshiftin T.. Thevalueof the shiftis growing asoneapproache3.. Furthermorethe
shift vanishedor T — 0. As will be shown in section3 andfollowing the situationis very
differentin high-temperatursuperconductorand manganites.For example,the influence
of non-adiabaticityon chage-transfeprocessesesultsin anuncorventionalionic massde-
pendencef the chage-carrierconcentratiom = n(M), which, accordingto Eq. (17), leads
to anew isotopeeffect (seesec.5).

Sofar, we have presentedarioustheoriesexplaining the deviation of the measuredso-
topecoeficientin corventionalsuperconductorfom the valuea = 0.5 derived within the
BCSmodel. Theremainderof this review is devotedto the studyof threefactorsthatarenot
relatedto the pairinginteractionbut affecttheisotopecoeficient: magnetiampurities,prox-
imity contactsandnon-adiabatichage-transfeprocessesWe show thatthey canstrongly
modify the value of the isotopecoeficient and caneveninducean isotopic shift of super
conductingpropertiessuchasthe penetratiordepthd. In thelastpartof this review, we then
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apply the theoryto the caseof the oxygenisotopic substitutionin high-temperatursuper
conductors.

3 MAGNETICIMPURITIESAND
THE ISOTOPE EFFECT

The presencef magnetidmpuritiesstronglyaffectsvariouspropertiesof a superconductor
It hasbeenshavn[49, 50] thatbecausef magneticimpurity spin-flip scatteringprocesses,
Cooperpairsare broken andthusremoved from the superconductingondensate Several
propertiesareaffectedby the pair-breakingeffect. Magneticscatteringeadsto adecreasef
the critical temperaturd,, theenegy gap,thejump in the specificheatat T, etc... At some
critical impurity concentratiomy = ny ¢r superconductity is totally suppressedvioreover,
thereexistsanimpurity concentratiomy = ny g < nNu ¢r (for corventionalsuperconductors
nv,g = 0.9 cr, seeRef. [49, 50]) beyond which the superconductingtateis gapless Pair-
breakingalso leadsto an increaseof the penetrationdepthd. We show in the following
sectionghatthe presencef magnetiampuritiesleadsto a changeof the isotopecoeficient
of Tc ando.

3.1 TheCritical Temperature

The changeof T; inducedby magneticimpuritiesis describedn the weak-couplingregime
by the Abrikosos-Gor’kov equation[4$:

o(5)-o() )

whereys = I's/21T; andT. (Teo) is the superconductingritical temperaturén the presence
(absencepf magneticimpurities. 's = ['sny is the spin-flip scatteringamplitudeandis
proportionalto the magnetiampurity concentratiomy ([’s is a constant).

It is easyto derivearelationbetweertheisotopecoeficientag in theabsencef magnetic
impurities[ag = —(M/AM)(ATe/Teo), Eq. (1)] andits valuein the presenceof magnetic
impurities[a = —(M/AM) (AT /T¢)]. FromEgs.(1) and(18) oneobtains[514, 5, 52]:

1-W(ys+1/2)ys

wherey is thederivative of thepsifunctionandis apositive monotonouslecreasindunction
of ys. Thefactthatap anda arenotidenticalrelieson the essentiafeaturethattherelation
betweenTy andT; (Eq. (18)) is non-linear It is interestingto notethatmagneticscattering
decrease3; (reductionof the condensatebut increasegshe value of the IC (o, > 0p; see
Eq.(19)).

An importantconsequencef Egs.(18)and(19)is thatonecanwrite thelC asauniversal
functiona(Tc). This relationdoesnot containary adjustableparameterbut dependsolely
on the measurableguantitiesag and T.. The universalcurve is shovn in Fig. 2. Note also
thatap, can,in principle,exceedthevalueagcs = 0.5. Thus,theobsenationof largevalues
of a arenotnecessarilyelatedto the pairingmechanism.

Om (19)

3.2 Zn-doped YBayCuz07_j5

Zn substitutionfor Cu in the CuQ, planesof YBCO hasattracteda lot of interest,since
it leadsto a drasticdecreasen T; [53] anda strongincreaseof the penetratiordepth[54]
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Figure 2. Isotopecoeficient of T; in the presenceof magneticimpurities. Solid line: Universal
dependence(T;) (normalizedto 0p; seeRef. [4]); Points: Isotopeeffect for YBay(Cu;—_xZny)307
obtainedwith variousexperimentakechniquesandnormalizedo oo = 0.025 (from Ref.[56, 4]).

(superconductity is destroyedwith ~ 10%of Zn). In addition,thisdecreasef T; is accom-
paniedby anincreaseof theisotopecoeficient (seeRef. [53, 56] andFig. 2). We think that
the peculiarbehaiour of Zn dopingis relatedto the pair-breakingeffect. It hasbeenestab-
lishedby severalmethodgseeRefs.[53, 54]) that Zn substitutionleadsto the formationof

local magneticmoments(~ 0.63ug/Zn, wherepg is the Bohr magnetonjn the vicinity of

Zn.

Fig. 2 displaystheexperimentaresultsobtainedor the oxygenisotopecoeficientof Zn-
dopedYBCOQ[56, 4] (normalizedto ag ~ 0.025[57). Onecanseefrom this figure thatthe
agreemenbetweerthetheoreticadependence (T;) andthe experimentis very good. Note
thatthe uncertaintyin the datais growing asT; — 0 (seeRef.[56]).

3.3 The Penetration Depth

Theisotopeeffect of the penetratiordepthis morecomplicatedhantheisotopeeffect of Tg,
sinceit appearso betemperaturelependentHerewe presenthemainresultsnearT; andat
T = 0 andreferthereaderto Ref.[5, 6] for details.NearT,, the penetratiordepthis givenin
secondrderof the superconductingrderparamete = A(T, T's) by[50]:
N? 1
3 2=0=—0(2,Vs+ =
GTC Z( ay5+ 2) ’
whereo = 4oy /c (o is thenormalstateconductvity), {(z,0) = ¥ n>01/(n+0)* andys was
definedin Eq.(18). Onecancalculateheisotopeeffectfrom Egs.(3), (20) andtheanalytical
expressiorfor A nearT; (seeRefs.[50, 5]):
1-Zo+(1-1) [3 -+ N
I okl Gl il ol S YL (21)
(3— (4 D1
with {; =y 12(z ys+1/2), 2= 1,2,... andt = T/Te.
As mentionedin Sec.2, d experiencesa trivial BCS isotopeeffect nearT;. Sincewe
areonly interestedn the uncorventional lE resultingfrom the presenceof magneticim-
purities, we substractthe BCS isotopeeffect by calculatingthe isotopecoeficient 3, of

(20)
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o(T,ls)/8(T,0). NearT; this coeficient canbe written as [~3m = Bm — Bo, WhereBm (Bo)
is the isotopecoeficient of & in the presencgabsencepf magneticimpurities. One can
show[6] that(nearT.) Bm canberewrittenin theform:

Bn= (Ri—Ro)am . (22)
where
_ 1. 1(N Do %
1 1 .
Ry = —5ofo=—5[1-Wet1/2vfo . (24)

andfo = (3—1?)/(1—1)(3—1). ThefunctionsNy, D; aredefinedin Eq. (21)and

Ny = 3(1:T)2_[Z_2—EZ_3+Z_4}+T(2—T)—Z_2
D = 2(304—{3—2s)

This relationis valid nearT. (whereA is small) andfor impurity concentrationsuchthat
ATe/Te < 1.

One notesfirst that the isotopecoeficient of & is proportionalto the IC of T.. As for
theisotopecoeficient of T, (EqQ. (19)) all quantitiescaneitherbe obtainedfrom experiment
(e.g.,aq, Teo andTe) or calculatedself-consistentlyusingEgs. (18) and(19). Thereis thus
no free parametein the determinatiorof By, Fig. 3 displaystheIC [y, (normalizedto ag)

0

—-10 / ] ] ]
0.2 04 0.6 0.8 1

TC/TCO

Figure 3. Isotopecoeficient [~3m nearT. (normalizedto ap) asa function of T; (i.e. of magnetic
impurity concentrationjor T /T, = 0.75 (solid line), 0.85 (dashedand0.95 (dotted).Multiplying by
0 = 0.025¢givestheIC expectedor YBay(Cuy_xZny)307_s.

asafunctionof T; (i.e. onthe concentratiomy) for fixedvaluesof thetemperatureSetting
0p = 0.025,0neobtainstherelationa(Te) expectedfor YBCZnO. It would beinterestingto
measuraheisotopeeffect of & nearT; in this system{o verify our predictions.

An interestingpropertyof Eqg. (22) thatis shavn in Fig. 3 is the fact that the isotope
coeficient of & is temperaturedependentan unusualfeaturein the context of the isotope
effect. We will seein Sec.4 thatatemperaturelependentC is alsoobseredfor a proximity
system.
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As canbe seenby comparingFigs.2 and3, thequalitatve behaiour of f&m(Tc) is similar
to am(Te) [EQ. (19) with ag = app] but with oppositesign. Furthermorejn the absencef
magnetidmpuritiesonehasﬁm = 0, whereasiy(Te) = aph.

Note finally, that sinceR; — Ry < 0, the IC of the penetrationdepthis always negatif
whenmagnetiampuritiesareaddedo the system.This conclusiormightnotholdin certain
casesf thenon-adiabatichannels alsoincluded(thenonehasBiot = Bm— Bo + Bna andPna
is positive,seeSec.5).

All previousconsiderationbave beendonenearT;. At T = 0, theBCScontrilbution aris-
ing from the Tc dependeng of the superconductinghage-carrierdensityns (seeEq. (17))
vanishespecause)(T = 0) = 1. The only contritution to the IE is thusdueto magnetic
impurities. In the framewnork of the Abrikosos-Gor’kov theory one canwrite the isotope
coeficientatT = 0in theform:

Bm=Ro0o (25)

whereRy is givenin appendix.NotethatRy is a negative functionof I'; (thedirectscattering
amplitude)andl"s =1 — "> (the spin-flip, or exchangescatteringamplitude)asdefinedby
Abrikosor andGor’kov[49]. ThelC of & is thusnegative bothnearT; andatT = 0. Thishas
to be seenin contrastto the IC of T; whichis alwayspositive (seeFig. 2). Fig. 4 shavsthe

Bm/do

_5 | ! !
0.2 0.4 0.6 0.8 1

TC/TCO
Figure 4. Isotopecoeficient of the penetratiordepthat T = 0 in the presencef magnetiampurities

(normalizedto 0p). Thereis no free parametein therelationBm(T). Solid anddashedinesarefor
2/T's=10and50respeciiely (seeRef.[6]).

universalrelation3(T¢) for two valuesof I';. Onerememberghat T is determinedby the
magnetidmpurity concentration.

Therearetwo majordifferencedetweertheresultsobtainedhearT. (Fig. 3) andatT =0
(Fig. 4). First, the direct scatteringamplitudel ; appearsonly at T = 0. SecondlythelC
nearT. is proportionalo a, givenby Eq. (19),whereaghelC atT = 0is functionof ag, the
IC of To in the absenc®f magnetiampurities. This differences dueto thefactthaty = 1
atT = 0 (seeEq. (17)) andthe penetratiordepthdoesconsequentliyiot dependon T (the
critical temperaturén the presencef magnetiampurities).

As shavn in Fig. 2, the IC of T; fits the dataof Zn-dopedYBCO. On the otherhand,
thereareno experimentaldatafor corventionalsuperconductorg-urthermorethe magnetic
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impurity contritution to the IE of & shavn in Fig. 3 hasnever beenmeasured.It would
thusbe interestingto perform measurementsf theseeffects, especiallysincethey canbe
describedy universalrelations.

4 |SOTOPE EFFECT IN A
PROXIMITY SYSTEM

In this sectionwe consideranothercase,a proximity system,in which a factornot related
to lattice dynamicsinducesa changeof the isotopecoeficient of T, andd. Consideran
S— N sandwichwhereS (N) is a superconductingnormal) film. The value of the critical
temperaturd; andthe penetratiordepthd differ substantiallyfrom the valuesTeo anddg of
the isolatedsuperconductof58, 59]. We shaw in the following that the proximity effect
alsoinfluencegheisotopecoeficient of T, andd.

4.1 TheCritical Temperature

Let usconsidera proximity systemcomposeaf aweak-couplingsuperconductos of thick-
nesd.s andametalor asemiconductoN of thicknesd_y (e.g.Nb-Ag). In theframeawork of
theMcMillan tunnelingmodel[17, which canbeusedwhend < Ly < &n (§n = hve:n /21T
is the coherencdengthof the N-film asdefinedin Ref. [60]), the critical temperaturd, of
the S— N systemis relatedto the critical temperaturd of Sby therelation[58:

T[T(;o)p _ UnLn

To=Teo [ =2 —
¢ CO<2VU vsls

wherey ~ 0.577 is Euler’s constant. The value of u is determinedby the interplay of the
McMillan tunnelingparametef = gy + IN'ns andthe averagephononfrequeny Q. For an
almostideal S— N contact(l" > Q) onehasu ~ Q. In the oppositelimit, whenl" < Q one
obtainsu~ I' (seeRef.[58]).

Letusfirstconsidetthecasd™ > Q. In theBCSmodel,onehasT 0 Q. Thus,according
to Eq.(26) T and T have thesamedependengontheionic massn thislimit (becausdco/u
is thenindependenof Q). Thisresultsin thesimplerelationa prox = 0 for theIC of T (ag
is theisotopecoeficient of T; for theisolatedS-film).

The oppositesituationwherel” < Q is moreinterestingsinceu = I' is independenbf
ionic massesUsingEQgs.(1) and(26) oneobtainsfor theisotopecoeficientof T in thelimit
N<Q:

: (26)

VnLn
Oprox=0p| 1 . 27
prox 0 < + VSLS) (27)

Onenotedfirstthatwhereashepresencef anormalfilm onthesuperconductatecreases,
thefilm inducesanincreaseof theisotopecoeficientof T.. Thesames truefor thepresence
of magnetidmpuritiesandfor thenon-adiabatidE whenodT;/on > 0 (seenext section).The
secondnterestingfeatureof Eq. (27) is thatonecanmodify the valueof aprox by changing
thethicknessesf thefilms. For example,if vy/vs= 0.8 andLy/Ls= 0.5thena prx = 0.28.
By increasinghethicknessof thenormalfilm suchthatLy = Ls, oneobtainsa prox = 0.36.

We stressthefactthat, asin the previous sectionon magneticimpurities, the changeof
thelC is dueto afactornotrelatedto latticedynamics.Thereforethereis noreasorfor o prox
to belimited to valuesbelow 0.5.

To the bestof our knowledgethe changein the IC causedby the proximity effect has
never beenmeasuredevenin conventionalsuperconductordt would beinterestingo carry
out suchexperimentdn orderto obsene this phenomenon.
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4.2 ThePenetration Depth

The proximity effect alsoaffectsthe shieldingof a magneticfield. The mostdramaticeffect
of the normallayeron the penetratiordepthis seenin the low-temperatureegime (T /T, <
0.3). Althoughthe penetratiordepthof a pure conventionalsuperconductois only weakly
temperaturalependenin this regime (52 ~ ¢ = 1— T4/T¢) the presenceof the normal
layerinducesa temperaturelependencéhroughthe proximity effect. For the sameS— N
proximity systemasconsideredibove the penetratiordepthis givenby[59]

6_3 =an® 3 (28)

whereay is a constantdependingonly on the materialpropertiesof the normalfilm (it is
ionic-massndependentand

1
2,201

Xn = wn/es(T) with wy = (2n+ 1)TT (the Mastubararequenciespndes(T) is the super

conductingenegy gapof S. In theweak-couplindimit consideredere,es(0) = €TtTo With

€ ~ 0.56. Thedimensionlesparametet = ¢/ S with £ = Ly /Lo andS =T /1Teo (T ~ 1/Lo

is the McMillan parameter[17]).Ln andLg arethe thicknessof the normalfilm andsome
arbitrarythicknessyespectiely (in the following we take Lo = Lsg, the thicknessof the su-
perconductindilm). FromEqgs.(3) and(28) oneobtainsthe IC of the penetratiordepthfor

the proximity system:

® =T Pn=1+ety/X3+1 . (29)

2010 X2p2 et
— 1-— , 30
Berox 3P nZO> X2p2 +1 Pn x% +1 (30)

whereay is againthe IC of T for the superconductingilm Salone. This resulthasthree
interestingfeatures. First, asfor the caseof magneticimpurities, the IC of T, and d have
oppositesigns. This obsenationis valid aslong asonedoesnot mix the differentchannels
presentedn this work (magneticimpurities, proximity effect and non-adiabaticity). The
additionof a non-adiabaticontribution (next section)may leadto a differentconclusion.
Secondly onecanseefrom Eq. (30) that Bprox dependson the proximity parametet. One
canthus modify the IC eitherby changingthe ratio £ = Ly/Ls or the McMillan tunneling
parametefl” (e.g.by changingthe quality of the interface;seeRef. [6]). Fig. 5 shaws this
dependencéor differenttemperaturesOnenotesthat, contraryto the valueof o prox, thelC
of the penetratiordepthdecreasewith increasingatio £. Finally, onenotesthattheC Bprox
is temperature-dependenthis uncorventionalfeaturewasalsoobsenedfor the IC of d in
the presenceof magneticimpuritiesnearT.. Fig. 6 showvs the temperaturelependencéor
differentvaluesof the parametersThe trendis similar to the caseof magneticimpurities:
IBprox| increasesvith increasingr . Note,however, thatthetwo effectsarecalculatedn very
differenttemperatureangegnearT. andnearT = 0). A completedescriptionof this effect
canbefoundin Ref.[5].

5 NON-ADIABATICISOTOPE EFFECT

Thenon-adiabatiésotopeeffectintroducedn Ref.[3] wasusedin Refs.[3, 4,5, 6, 7] to de-
scribethe unusualbehaior of theisotopecoeficientin severalhigh-temperatursupercon-
ductors.The theoryalsoallowedusto describethe large isotopicshift of the ferromagnetic
phasedransitionin manganite$/]. Theconcepof thenon-adiabatidE reliesonthefactthat
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Figure 5. Isotopecoeficient (hormalizedto ap) of the penetratiordepthfor a proximity systemasa
functionoft, for T /T = 0.1 (solid), 0.2 (dashed)0.3 (dotted).SeeRef.[6].

in the abore-mentionedsystemschage-transfemprocessesvolve a non-adiabatichannel.
In otherwords, the electronicground stateof the group of atomsover which the chage-
transfertakes placeis degenerateleadingto a dynamicJahn-Eller (JT) effect (Ejr <how,

whereE;t is theJT enepgy; seee.g.,Ref. [61]).

The conceptof the non-adiabatidsotopeeffect canbe understoodoy consideringtwo
examples:the apex oxygenin high-T oxidesandthe motionof chage-carriersn mangan-
ites. Let usfirst considerhigh-T. materials. This systemcanbe seenasa stackof chage
reservirs (CuO chains)andconductingsubsystem$CuQ, planes).Chagesaretransfered
from the reserwir to the conductinglayersthroughthe apex oxygenthat bridgesthe two
subsystems Several experimentshave shovn[62, 63, 64] that the apex oxygendisplaysa
non-adiabatidehaiour. Theion oscillatesbetweenwo closepositionsthat correspondo
two configurationaminimaof the potentialenegy surface.Thesetwo minimaaredueto the
Jahn-Eller effect sincewe aredealingwith the crossingof electronicterms(seeFig. 7).

TheJahn-Eller effectleadsto a “double-well” type potential(which shouldnot be con-
fusedwith the double-wellappearingvhenthe crystalis anharmonicherewe consideren-
ergy termscrossingandfor eachterm we usethe harmonicapproximation).This structure
hasa strongimpacton chage-transfeprocesse# thesematerials. Indeed,the motion of
chagesfrom the chainsto the planesoccursthroughthe apex oxygen. Thus, the chage-
transferprocessnvolvesthe motion of the non-adiabaticgon. The immediateconsequence
of thisobsenationis thatthedensityof chage-carriers in the CuO,-planeqtheconducting
subsystemjlepend®n the massof thenon-adiabatidonsinvolvedn = n(M) (seebelow).

The situationencounteredh manganitess differentfrom the examplejust describedlIn
thesematerialsthereis no transferbetweerareserwir anda conductingsubsytemlnstead,
themotionof chage-carriersoccurson the Mn-O-Mn complex thatdisplaysa non-adiabatic
behaiour[65]. As aconsequencehe electronhoppinginvolvesthe motion of theionsand
depend®ntheirmass.It wasshovnin Ref.[7] thatthisfactcanaccounfor theunexpectedly
low ferromagneticcritical temperaturélc [66] (which is determinedoy the hoppingof the
electrondbetweerMn ions)aswell asfor the hugeisotopicshift of T ([67].

Notethatalthoughthe chage-transfeprocessearedifferentin high-temperaturguper
conductorandin manganitegheformalismdescribedelov andin Ref.[68] appliesequally
well to the two systems.In the following we referto the exampleof the apex oxygen. The
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Figure 6. Isotopecoef. Bprox (Normalizedto ag) for a proximity systemasa functionof T /T, for
S =0.2:1 =1(solid)| = 0.5 (dashedandS = 1: | = 1 (dash-dotted) = 0.5 (dotted).SeeRef. [5].

caseof manganiteganbe mappedoy replacing‘resenoir’” and“conductingsubsystemby
“Mn ions”.

It isimportantto realizethatthedependence(M) is specificto systemavherethemotion
of chagesoccursthroughnon-adiabaticons. In metals,the chage-carriersarenot affected
by the motion of the ions becausef the validity of the adiabaticapproximation.We also
stresghefactthattheapex oxygenis givenasasimpleexamplebut, aswill beshovn below,
thetheoryis notlimited to this case Finally, oneshouldnotethata phenomenologicaheory
of thelC basedntheassumptiorthatn = n(M) hasbeenproposedn Ref.[69].

To demonstrateéhatin the presencef non-adiabatichage-transfelonehasn = n(M),
one bestusesthe so-calleddiabaticrepresentation[7]0(seealso Ref. [68]). Herewe only
recall the main stepsof the calculation. Let us assumehat, becauseof the degenerayg of
electronicstateqor Jahn-Eller crossing)thepotentialenegy surfaceE(R) (Ris therelevant
configurationakoordinate)of the groupof non-adiabaticons (suchasthe apex O, in-plane
CuandO for high-T; materialsor Mn andO ionsin manganiteshastwo closeminima (see
Fig. 7). In the diabaticrepresentatiotthe total wave-functionW(r,R,t) (r is the electronic
coordinate)s written asa linear combinationof the wave-functionsin the two crossingpo-
tential surfaces. The total wave-functioncannotbe decomposeas a productof electronic
andlatticewave-functions.Ontheotherhand,onecanwrite thetotal wave-functionasasum
of symmetricandantisymmetricderms. The enegy splitting betweenthesesymmetricand
antisymmetricerms,which correspondso the inverselifetime of oscillationsbetweenthe
configurationgminimaof the potentialenegy surface),hastheform[3, 5, 7, 68]:

Hio =< Wl‘He|qJ2>2 LoF12 (32)

whereHg is the electronicpartof the total Hamiltonianand
Lo=L(Ro) = | dryi(r,RHe(r,R) (32
Fio = /dch;(R)cpz(R) . (33)

The last equality in Eq. (31) is obtainedunderthe assumptionthat the electronicwave-
functiony; (i = 1,2) is a slowly varying functionsof R. Lo canthenbe evaluatedat Ry,
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Figure 7. Potentialenegy surface (PES)as a function of the configurationalcoordinateR. The
crossingof electronictermsleadsto a dynamicaldahn-Eller distortion(two minimaof the PES).

the crossingof electronicterms,andtaken out of the integral over R. It doesnot dependon
ionic masses.On the otherhand,the importantFranck-Condorfactor (33) dependson the
latticewave-functions®d; (R), andthusonionic massesGiventheperturbationfEq.(31),one
cancalculatetheprobabilityof findingthechage-carrielin theconductindayer[3, 5, 7, 68].
Notethatnonadiabaticityaffectsthe bandwidthof thereserwoir andconductingoandsrather
than the chemicalpotential (which is the samebecauseof thermodynamicequilibrium).
Thus, in the caseof YBCO, the planeand chain bandshave the samechemicalpotential,
but differentwidths. This affectsthe chage-carrierconcentrationn thetwo subsystems.

Qualitatively, the chage transfercan be visualizedas a multi-step process. First, the
chage carrier can move from the reserwir to the group of ions (e.g. from the chainsto
theapicaloxygenin YBCO). Then,thenon-adiabaticonstunnelto the otherelectronicterm
(W1 — W2). Asafinal step,thechagecarriercanhopto theconductindayer(from theapical
oxygento theCuQ; planes).Thecrucialpointof thetheoryis thatasaresultof thismulti-step
processthe probability P of finding the chage-carrierin the conductingsubsystendepends
on Eq. (31) andthuson the Franck-CondoriactorF12 = F12(M), Eq. (33), thatdependn
ionic massesln otherwordsthe chage-carrierconcentratiom, which is proportionalto the
probability P, depend®ntheionic masaM. It is thisunusuabdependence = n(M), foundin
high-temperatureuperconductorandmanganiteshatis responsibléor theuncorventional
isotopeeffect of T, andd.

5.1 TheCritical Temperature

Giventhatn = n(M), we canwrite the isotopecoeficient of To asa = aph+ 0pa, Where
Oph = (M/T¢)(0Te/0Q)(0Q/0M) is the usual(BCS) phononcontritution (Q is a character
istic phononenegy) andthe non-adiabaticontritutionis givenby:

n ot

Oha=

wherethe parametery = —M/n(dn/dM) hasa weak logarithmic dependencen M (see
Ref. [3]). This parameteishouldnot be confusedwith Euler’s constant. Eq. (34) shovs
thatthe IC of T, dependson the dopingof the conductinglayer andon the relation T¢(n).
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This resultwasusedin Refs.[3, 4] to analysethe IE of high-temperatursuperconductors
(seebelow).

5.2 The Penetration Depth

Theconcepif thenon-adiabatigsotopeeffectrelieson thefactthatthe chage-carriercon-
centrationrdepend®n theionic masshecaus®f the Jahn-Eller crossingof electronicterms.
Obviously, any quantitythat dependson n(M) will alsodisplayan uncorventionalisotope
effect. Onesuchquantityis the penetrationdepthof a magneticfield d givenin Eq. (17).
Notethattherelationd=2 ~ ng is alsovalid in the strong-couplingcase(see e.qg.,Refs.[5]).

FromEq.(3) onehas

g=_Mo 0N Mons (35)

O 0nsoM  2nsoM
As mentionedn Sec.2.7,becausef therelationns = n$(T), onehasto distinguishtwo con-
tributionsto (3. Thereis a usual(BCS) phononcontritution, Bph, arisingfrom the factthat
¢ (T /T;) dependonionic massthroughthe dependeng of T, on the characteristigphonon
frequeny. This BCS contritution was discussedn Sec.2. In the presentpaperwe fo-
cuson the non-trivial manifestatiorof isotopicsubstitutionarisingfrom the isotopedepen-
denceof the chage-carrierconcentratiomn. Suchan effect can even be obsered in the
low-temperatureegion where¢ ~ 1. FromEg. (35) andtherelationns = n¢(T) it follows
that
M 00(T) M on

B= Bph‘l‘Bna: — = T

20(T) oM ' 2noM (36)

wheren(M) is the normal-statechage-carrierconcentration.ComparingEg. (34) andthe
seconderm of theright handsideof Eq. (36) oneinfersthatpn, = —y/2 andthusestablish
arelationbetweerthe non-adiabatigsotopecoeficientsof T, andd:

Oha= _ZBnaTﬂc%
This resultholdsfor Londonsuperconductorsl he equationcontainsonly measurablguan-
tities andcanthusbe verified experimentally It is interestingto notethat 3,5 anda,, have
oppositesignswhen dT;/on > 0 (which correspondgo the underdopedegion of high-T;
materials).

Note,finally, thatin the presencef magnetiampuritiestherelationns = n¢(T) remains
valid, but ¢(T) dependshow on the direct scatteringamplituderl™ s definedin Sec.3.3 (this
results,e.g., in the inequality ns(T = 0) < n in the gaplessregime). As a consequence,
magnetiampuritiesaffect thefirst termin Eq. (36) (thatnow depend®nT ), but leavesPna
andthusEq. (37) unchanged.

(37)

6 OXYGEN ISOTOPE EFFECT
IN HIGH-T. MATERIALS

In this sectionwe briefly discussexperimentsdoneon high-temperatursuperconductors
the light of the theoryexposedin sections3 and5. A detailedstudy of the oxygenisotope
effectin high-T, materialscanbefoundin Refs.[3, 4, 5, 6].

The oxygenisotopeeffect of T, hasbeenobsened in a numberof experiments[71
57, 56, 72, 73]. Here we discussthe resultsobtainedon Prdopedand oxygen-depleted

21



YBa,CuzO;_5 (YPrBCO and YBCO respectiely). We alsodiscussshortly the isotopeef-
fectof the penetratiordepthobsenedin Lay_xSKCuQy (LSCO). Theanalysisof theisotope
effectin Zn-dopedYBCO hasalreadybeenpresentedn Sec.3.

6.1 TheCritical Temperature

Let usfirst considerthe isotopecoeficient of T, for PrdopedYBCO (YPrBCO). Several
experimentshave establishedhatthe Prreplacesy whichis locatedbetweernthetwo CuG;,
planesof a unit cell. The doping affects YBCO mainly in two ways. First, it wasshavn
thatbecaus®f the mixed-\valencestateof Pr, holesaredepletedrom the CuQ, planes(see,
e.g.,Ref.[74]). Secondlyasfor Zn substitutionpraesodimiunthangeshe magnetiampu-
rity concentratiorof the system[56 74]. Regardingthe IE, theseexperimentalfactsimply
thatthroughthefirst effect, the non-adiabatichannels activated,whereaghe secondeffect
leadsusto considerthe magnetiampurity channeffor the calculationof a. ThelE is there-
fore describedy d; = aph+ Amyna, Wherea pp = 0.025[57 is the phononcontrikution, and
Omena IS definedby Eq. (19) with ag givenby Eq. (34). Theresultingexpressiondepends
on two parametery and[ s, characterizinghe non-adiabatiand magneticimpurity chan-
nels,respectiely. The latter quantity hasbeenextractedfrom a fit to the relation T¢(Xx) (x
describeghe Prdoping)[74 andis s = 123K. The parametey = 0.16 is determinedrom
the mean-squardt to the experimentaldata. The resultis shavn in Fig. 8. Thetheoryis

0.6 | | | | | | | | |
0.5
04
o 0.3
0.2

01

0 1 1 1 1 1 1 1 1 1
O 10 20 30 40 50 60 70 80 90

Te[K]

Figure 8. Dependencef theisotopecoeficienta on T for Y1 P BaCuwsO;_5. Theory:solid line
with y=0.16, s = 123K, aig = 0.025; Experiment:dc magnetizationesistvity andacsusceptibility
from Refs.[71, 56].

in goodagreementvith the experimentaldata. Note thatthe negative curvatureat high T¢’s
reflectsthe influenceof the non-adiabatichannel(magneticimpuritiesgive a contribution
with oppositecurvature),whereaghe positive curvatureseenatlow T; is dueto thepresence
of magnetiampurities[3.

Oxygen-depletedBCOis verysimilarto thepreviouscaséan thatoxygendepletionboth
introducesmagneticimpuritiesinto the systemand removes holesfrom the CuQ, planes.
The sameequationsas above can thus be used, however, with appropriatevaluesof the
parametersTheresultis shovnin Fig. 9, togethemwith theexperimentatatafrom Ref.[57].
Notethe sharpdropobsenednearT; = 60K. This dropandthe peakabove it arerelatedto
the presenc®f a plateauin thedependenc@:(n) nearT. = 60K (seee.g.,Ref.[57]). Since
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Figure 9. Dependencef theisotopecoeficienta on T, for YBa,CuzOgx. Theory: solid line with
y=0.28,s = 15K, 0g = 0.025; Experimentpointsfrom Ref.[57].

Eq. (34) containsthe derivative dT./dn, ana will be nearly zeroat 60K. As oneincreases
Te, the slopeof T¢(n) jumpsto alargevalue,anddecreaseagainto zeroasT. — 90K. This
behaior of T¢(n) explainsthemaximumappearingn ona(Tc) above 60K. Thepeakstructure
is thus specificto oxygen-depleted BCO becauseneitherYPrBCO nor YBCZnO display
suchaplateaun therelationT¢(n). It would beinterestingto verify thisresult,by measuring
the oxygenisotopeeffect betweer60 and90K.

ThemaindifferencebetweerPr-substitutedFig. 8) andoxygen-depletedBCO (Fig. 9)
lies in the factthatthe dopingaffectsdifferentions of the system.Magneticimpuritiesare
introducedatdifferentsites(on’Y for thefirst materialandin the chainsor theapicaloxygen
positionfor the secondsystem). Furthermore non-adiabaticchage-transfermprocessesn-
volve mainly Praswell asCuandO of theplanesn YPrBCO,whereaghey involve mainly
theapical O in oxygen-depleted BCO (to a lower extent,chainandin planeO andCu are
alsoinvolved).

Contraryto YPrBCO, it is not possibleto extract the value of s (the contribution of
magnetidmpurities). Thebestfit to thefew datagivesy = 0.28andl s = 15K. Two important
pointshave to be notedconcerninghesevalues.First, becaus®f thelimited dataavailable,
thevaluesmayvary, althoughtheorderof magnitudewill remain(seealsoRef.[6]). Theother
remarkconcernghe valueof [ for YPrBCOandYBCO. Fromthesevaluesoneconcludes
thatoxygendepletionintroducesa smalleramountof magneticnomentshanPr doping. It
would beinterestingto performmoreisotopeeffect experimenton oxygen-depleted BCO
andto determinehe effective magnetionomentper depletedoxygenthroughothermeans.

6.2 ThePenetration Depth

The only experimentalobsenation of the isotopic shift of the penetrationdepthhasbeen
doneon Lay xSKCuOy (LSCO)[73. Thereareno dataavailable on YBCO-relatedmate-
rials. Sinceonly Pr-dopedYBCO hasonefree parameteKy) we presenthe resultsof our
theoreticakalculationgnly in this case.Theoxygen-depletedasewvasstudiedasafunction
of thetwo parametery andf s in Ref.[5].

Let us begin with the caseof LSCO. This caseis simplerto studythan YBCO related
materials,sinceno significantamountof magneticimpuritieshasbeendetectedn this ma-
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terial. Our analysiscanthusbe carriedout with Egs.(34) or (37). Theisotopecoeficient

hasbeenmeasuredor Srconcentrationsearx ~ 0.11 andx ~ 0.15. Thefirst concentration
correspondso the region whereT;(x) experiencesa smalldip. Theorigin of this dip is not

well-establishedbut is probablyrelatedto electronicdinhomogeneitieandstructuralinstabil-

ity. Sincemary factorsaffect T; at this Sr concentrationit is difficult to interpretcorrectly

theisotopeeffect of T, andd.

The secondconcentratiorat which anisotopeshift of & hasbeenmeasureds at optimal
doping (T¢ is maximal). The experimentalshift Ad/d ~ 2% and Eq. (3) allows oneto de-
terminethe value of 3,3 >~ 0.16 andthusy ~ 0.32 throughEq. (37). This resultis in good
agreementvith the valuesobtainedfor Pr-dopedand O-depletedYBCO (seeRef. [6] for a
discussioron LSCO).

Let us now turn to the isotopecoeficient of the penetrationdepthfor YBCO-related
materials Fromtheevaluationof the parametey (seekEg. (34) andabove) andfrom Eq. (37)
oneobtainsthe non-adiabaticontributionto the IC of the penetratiordepthin Pr-dopedand
O-depletedyBCO. OneobtainsBha = —0.08in thefirst caseandBna = —0.14 in thesecond.

Using Egs. (19), (22) and (34), aswell asthe valuesof the parametery and[ s given
above, onecancalculatethe IC resultingfrom the contributionsof magneticmpuritiesand
non-adiabaticityfor YPrBCO nearT.. The resultis shovn in Fig. 10 for threedifferent
temperatures.One notesthat contraryto the caseof magneticimpurities alone (one sets

0 1 1 1 1
-0.2 - -

—04 | % -

Bm+na

—06 | / -

1 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Te/Teo

Figure 10. Dependenc®f the isotopecoeficient [§m+na on T for T/T. = 0.75 (solid line), 0.85
(dashed).95 (dotted).0p = 0.025,y = 0.16, andl"s = 123K (parameter$or Y 1_xPr,Ba,CuzO7_s).

y = 0) studiedin Sec.3 (Figs. 2 and3), the isotopeeffect of the penetratiordepthdoesnot
have the samequalitatve behaiour astheIC of T (compareFigs.9 and10). The changeof
curvaturedoesnot take placeatthe samevalueof T; (in the caseof Bm:na thechangeoccurs
at high T;’s andis barelyvisible on the figure; seeRef. [6] for a discussiorof this point).
OneshouldmeasurgheIC of & for YPrBCOandYBCO, sinceit would allow oneto give a
betterestimateof the parametergandto testthetheory

7/ CONCLUSIONS

We have revieweddifferentaspect®of theisotopeeffect. In afirst part,we have summarized
the main theoriesdeveloppedto explain the isotopeeffect in corventionalsuperconductors
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andwe have discussedheir relevancefor high-T; oxides. In particular we have considered
the effect of the Coulombinteraction,bandstructure(van Hove singularities), multiatomic
compoundsanharmonicityandnon-phononianechanismen the valueof theisotopecoef-
ficient. Theseeffectscanaccountfor mostexperimentaldataobtainedon conventionalsu-
perconductorsi-or example,they allow oneto describehe deviation from thestandard3CS
valuea = 0.5 in transitionmetalsor the inverseisotopeeffect (a < 0) foundin PdH. The
resultsshow clearly thata vanishingor even a negative isotopecoeficient canbe obtained
within corventionalsuperconductity wherethepairingbetweerchage-carrierss mediated
by the electron-phonointeraction. Generally however, the smallisotopecoeficient is ob-
tainedonly in conjunctionwith low T¢’s. Ontheotherhand,onecanalsoobtainvaluesof the
isotopecoeficientthatarelargerthana = 0.5 whenanharmonior band-structureffectsare
presenin thesystem.

In asecondpart, we have analyzedhe effect of magnetiampurities, proximity contacts
andnon-adiabatichage-transfemprocessesn the isotopecoeficient (seealsoRefs.[3, 4,
5, 6, 7]). An importantcommonfeatureof thesefactorsis thatthey are not relatedto the
pairingmechanisnbut, neverthelessstronglyaffecttheisotopeeffect. Onnotesthata > 0.5
is allowedin all threechannels Furthermorethesefactorscaninducea non-triial isotopic
shift of quantitiessuchasthe penetrationdepthd. In the caseof magneticimpuritiesand
the proximity effect, the isotopeeffect of the penetrationdepthis temperaturedependent.
This phenomenorhas not beeninvestigatedexperimentallyyet. In the presenceof non-
adiabaticity we have established relationbetweerthe isotopeshift of T, andd for London
superconductors.

The theory presentedn the secondpart of this review allowed us to describethe un-
conventionalbehaior of theisotopecoeficientin YBa,CuzO; relatedsystemgZn andPr-
substitutedas well asoxygen-depleteanaterials). The caseof Zn-substitutedrBCO was
describedy involving solely the magneticimpurity channelanddid not requireary fitting
parameterThetheoreticalcurve alsoappliesto corventionalsuperconductors.

Our calculationssuggesseveralexperimentsoth on corventionalandhigh-temperature
superconductorslin particular it would be interestingto measurethe changeof the iso-
tope coeficient inducedby a proximity systemor magneticimpuritiesin corventionalsu-
perconductorso testour theory Furthermoremoreexperimentshave to be doneon high-
temperaturesuperconductorso asto determinemorepreciselythe parametersppearingn
thetheory
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9 APPENDIX

We derivetheexplicit form of thefunctionRy givenin Eq.(25) (seeRef.[6]). Thepenetration
depthcalculatedby Skalskietal. atzerotemperaturés givenby 52 = — (4me?/mc)K (w=
0,q = 0) with[50]

oo 14T f(M)] == af2- WMo
K(O,O)_—T[E—ﬁ} r [gn—zn+1] (38)
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L_S {T_T _ zu —R () (arcosim — 2artanfﬂ)} (39)

3 (2- - = 1= (2 —(m -1
+n {<3n +1> (r=R()) - 2nR(r) (3”_1> —nr (4— ﬁ) }
for I,n > 1. We haveintroducedthenotationm =Ts/A, n=nl =T2/A,n=T2/Ts, R(X) =
VI1-x2withx=T,qand® = [(T-1)(n—-1)/(T+1)(n+1)]Y% A=A(T =0,lg) is
the orderparametein the presenceof magneticimpurities. Egs.(38),(39)arevalid when
s < 2. Thesetwo scatteringamplitudes] 2> andlMs (F's = M1 — IM2), definedby Abrikosos
andGor’kov[49], describehedirectandexchangescatteringrespectiely. Onecancalculate

themagnetidmpurity contributionto thelC at T = 0 from Eq. (3) in a straightforvardway
usingEgs.(38) and(39). Theresultcanbewritten as

op K1+ Ko

K0,00 = -

Br(T =0) = -~ K(0,0) (40)
wherea, is definedbelow, K(O, 0) is givenby EQs.(38),(39) and
I R TS S 1(0) AN o Kol A R
@ = - (Grm) R (R @

o - -

for F,n < 1 (uppersign, f () = arcos)) or I < 1, > 1 (lowersign, f(n) = arcosim) and

143l m o r-1 1 _ 14+rn=3 (_r(r-1
Ki = —T{E—Zﬁ—ﬁ(arcoshn—Zartan_W{)}— 5 {2 R(F)?
1 n — R r n® n
ey e ereos— 2artantt) + s (s i) iy 2
3 /(2 —
« - 3(2

T (1) - 57 - R

% %r) (§n2—1> +2rTF[§— E(_r)l (1+2R(r_r)2>]}

for [,n > 1andAT:/Te(I — 1) < 1. Thelastconditionexpresseshefactthatthe calculation
is not valid in theimmediatevicinity of ' = 1. Eqg. (40) containsaa whichis theIC of the
orderparametel). In strong-couplingsystemsoa hasto be calculatednumericallyusing
Eliashbeg’'s equationsHerewe calculatethe IC in the framewnork of the BCS modelwhere
o canbecalculatedcanalytically Indeed from therelations

n?+ 1) [M—R(N)] - %n R(M) (%nz B 1) B ﬁr—<;_ E—r)l>
[

Bl
IN

]

A -ar o : 1
" (A_o> ] —In [T +R(M)] + % — garctarR(F)—1  r>1 ’ (43)

derived by Abrikosor and Gor’kov [Ag = A(T = 0,I's = 0) is the order parameteiin the
absencef magnetidmpurities]oneobtains

(1— ’Z_}F) - i L <1
ap = 0p, [ _ R(r) -1 . . (44)

7
1— —arctarR(N) ! - —= >1
2 2r

|
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In the BCS approximationone further hasa,, = ap, wherethe last quantity was defined
beforeasthelC of Tg, thatis, in theabsencef magnetiampurities.
Finally, oneobtainsEq. (25) with Ry givenby:

op K1 +Ko

R0 200 K (0,0)

(45)

andap is givenby by Eq. (44).

References

[1] H. Frohlich, Phys.Rev. 79, 845(1950).

[2] (a) E. Maxwell, Phys.Rev. 78, 477 (1950); C.A. Reynolds,B. Serin,andL.B. Nesbitt,
Phys.Rev. 84, 691 (1951);(b) J.L. Olsen,Cryogenics2, 356 (1963);(c) B.T. Matthias,
T.H. Geballe E. CorenzwitandG.W. Hull Jr., Phys.Rev. 128, 588(1962);(d) R.A. Hein,
andJ.W. GibsonPhys.Rev. 131, 1105(1963);(e) E. Bucher J. Muller, J.L. Olsen,and
C. PalmyPhys.Lett. 15, 303(1965)

[3] V.Z.Kresin,andS.A.Wolf, Phys.Rev. B 49, 3652(1994);andin AnharmonidProperties
of High-T; Cuprates p. 18,D. Mihailovic, G. Ruani,E. Kaldis,K.A. Muller, Eds.,World
Scientific(1995).

[4] V.Z. Kresin, A. Bill, S.A. Wolf, andYu.N. Ovchinnikov, Phys.Rev. B 56, 107 (1997);
J. Supecond.10, 267 (1997).

[5] A. BiIll, V.Z.Kresin,andS.A.Wolf, Z. Phys.Chem201, 271(1997);Z. Phys.B, in press.
[6] A. Bill, V.Z. Kresin,andS.A. Wolf, preprint
[7] V.Z.Kresin,andS.A. Wolf, Phil. Mag. B 76, 241(1997).

[8] J.P Franck,PhysicaScriptaT66, 220 (1996);J.P Franck,S. Harker, and J.H. Brewer,
Phys.Rev. Lett. 71, 283(1993);J.P Franck,andD.D. Lawrie, PhysicaC 235-240, 1503
(1994);J. Supecond.8, 591(1995);J. Low Temp.Phys.105, 801 (1996).

[9] G.M. Zhao, V. Kirtikar, K.K. Singh, A.P.B. Sinha,andD.E. Morris, Phys.Rev. B 54,
14956(1996).

[10] G.GladstoneM.A. JensenandJ.R.Schriefer, Superconductity in transitionmetals,
in: Supeconductivity R.D. Parks,ed.,MarcelDekker, New York (1967).

[11] E.A.Lynton.Supeconductivity Methuen,London(1969).

[12] R.D.Fowler, J.D.G.Lindsay R.W. White,H.H. Hill, andB.T. Matthias,Phys.Rev. Lett.
19, 892(1967).

[13] N. Bogolyubos, N. Tolmache, andD. Shirkov. A New Methodin the Theoryof Super
conductivity Cons.Bureau,New-York (1959).

[14] I.M. Khalatnikov, andA.A. Abrikosov, Adv in Physics3, 45(1959).
[15] J.C.Swihart,Phys.Rev. 116, 45(1959);I1BM J. Res.Develop.6, 14 (1962).
[16] P. MorelandPW. AndersonPhys.Rev. 125, 1263(1962).

27



[17] W.L. McMillan, Phys.Rev. 167, 331(1968);174, 537(1968).
[18] V.Z.Kresin,Phys.Lett. A 122, 434(1987).

[19] J.W GarlandPhys.Rev. Lett. 11, 114(1963).

[20] R. Meseney, andB.B. Schwvartz,in Ref.[10].

[21] E.SchachingeM.G. GreesonandJ.P Carbotte Phys.Rev. B 42, 406(1990);J.P Car
botte,andE.J.Nicol PhysicaC 185-189, 162(1991).

[22] J.Labbke,andJ.Bok, Europhys.Lett.3 1225(1987).

[23] A.A. Abrikosor, PhysicaC 233 (1994)102.

[24] T. HocquetJ.-R Jardin,P. GermainandJ. Labbé, Phys.Rev. B 52 (1995)10330.
[25] T. Dahm,D. Manslke,D. Fay, andT. Tewordt, Phys.Rev. B 54, 12006(1996).
[26] V.H. Crespi,andM. L. CohenPhys.Rev. B 48, 398(1993).

[27] A.A. Maradudin,E.W. Montroll, G.H. Weiss,and|I.P. Ipatova. Theoryof Lattice Dy-
namicsin the HarmonicApproximation Acad.PressNew York (1971).

[28] V.Z. Kresin, H. Morawitz, and S.A. Wolf. Medhanismsof Cornventionaland High-T¢
Materials, Oxford Univ. PressNew York (1993).

[29] D. Rainer andF.J. Culetto,Phys.Rev. B 19, 2540(1979); F.J. Culetto,andF. Pobell,
Phys.Rev. Lett. 40, 1104(1978).

[30] P. Auban-SenzieiC.BourbonnaispD. Jerome(C. Lenoir, andP. Batail, SynthetidMetals
55-57,2542(1993);J.C.R.FaulhaberD.Y.K. Ko, andP.R. Briddon, SynthetidVietals60,
227(1993).

[31] B. AshauerW. Lee,D. Rainer andJ. RammeyPhysicaB 148, 243(1987).
[32] T.W. Barbedll, M.L. CohenL.C. Bourne,andA. Zettl, J Phys.C 21, 5977(1988).

[33] B. Stritzker, andW. Buckel, Z. Phys.257, 1 (1972);T. Stoskievicz, Phys.StatusSolidi
A 11,K123(1972).

[34] B.N. Ganguly Z. Phys. 265, 433 (1973); Z. Phys.B 22, 127 (1975); B.M. Klein,
E. N. Economou,and D.A. PapaconstantopouloBhys. Rev. Lett. 39, 574 (1977);
D.A. Papaconstantopoulo®.M. Klein, E. N. Economou,andL.L. Boyer Phys.Rev.
17, 141 (1978); R.J. Miller, and C.B. Satterthvaite Phys.Rev. Lett. 34, 144 (1975);
B.M. Klein, andR.E.CohenPhys.Rev. B 45, 12405(1992);M. Yussouf, B.K. Rao,and
P. JenaSolid StateComm.94, 549 (1995).

[35] S.L. Drechsler and N.M. Plakida Phys. Stat. Sol. 144, K113 (1987); T. Galbaatar
S.L. DrechsleyN.M. Plakida,andG.M. Vujici'c, PhysicaC 176, 496 (1991).

[36] K.A. Milller, Z. Phys.B 80, 193(1990).

[37] M. Cyrotetal., Phys.Rev. Lett. 72, 1388(1994);D.S.Fisher A.J. Millis, B. Shraiman,
andR.N. Bhatt,Phys.Rev. Lett. 61, 482(1988).

[38] L. Jansenprivate communicationWe thankProf. Janserfor draving our attentionto
this effect.

28



[39] T. Nakajima,T. FukamachiO. Terasaki,andS. Hosoya, J. Low Temp.Phys.27, 245
(1977).

[40] N.W. Ashcroft,andM. Cyrot, Europhys.Lett.23, 605(1993);Yu.N. GarsteinA.A. Za-
khidov, and E.M. Conwell, Phys. Rev. B 49, 13299 (1994); A.P. Ramirezet al.,
Phys.Rev. Lett. 68, 1058(1992); T.W. Ebbserel al., Nature 355, 620(1992);P. Auban-
Senzieretal., SynthetidMetals55-57, 3027(1993).

[41] W.A. Little, Phys.Rev. 134, A1416 (1964); V. Ginzkurg, Sov. Phys.-JETP20, 1549
(1965);B. Geilikman,Sov. Phys.-JETRI8, 1194(1965).

[42] H.-B. Schiutter, andC.-H. Pao, Phys.Rev. Lett. 75, 4504 (1995);J. Supecond.8, 633
(1995).

[43] V.Z.Kresin,andH. Morawitz, Solid StateComm.74, 1203(1990).

[44] V.Z.Kresin,andH. Morawitz, Phys.Rev. B 37, 7854(1988)

[45] B.T. Geilikman,V.Z. Kresin,andN.F. Mashare, J. Low Temp.Phys.18, 241(1975).
[46] S.A.Wolf, andV.Z. Kresin,in Ref.[3]b, p. 232.

[47] S.BanerjeeA.N. Das,andD.K. Ray, Phys.Lett. A 214, 89(1996);J. Phys.C 8, 11131
(1996);S. Sil, andA.N. Das,J. Phys.C 9, 3889(1997).

[48] F. Marsiglio,R. Akis, andJ.P Carbotte Solid StateComm .64, 905(1987)
[49] A. Abrikosov, andL. Gork’ov, Sov. Phys. JETP12, 1243(1961).

[50] S.Skalski,O.BetbedeiMatibet,andP.R. Weiss,Phys.Rev. 136, 1500(1963).
[51] J.Carbotteetal. Phys.Rev. Lett. 66 (1991)1789.

[52] S.PSinghetal.,J. Supecond.9, 269(1996);K. Hanzava,J. Phys.Soc.Japan63, 2494
(1994);S.P Singhetal., J. Supecond.9, 269(1996).

[53] S.Zagouler etal. Phys.Rev. B 52, 10474(1995);PhysicaC 259, 271(1996).

[54] C. Panagopoulos).R.Cooper N. AthanassopoulouandJ. Chrosch,Phys.Rev. B 54
(1996)12721.

[55] R.B. Schwarz, PJ. Yvon, andD. Coffey, in Studiesof High Tempeature Supecon-
ductors, vol. 9, Narlikar, ed., Nova SciencePubl., New York (1992); M.K. Craw-
ford, M.N. Kunchur W.E. Farneth,M.McCarronlll, and S.J.Poon,Phys.Re/. B 41,
282 (1990); B. Batlogg et al., Phys. Rev. Lett. 59, 912 (1987);TA. Faltenset al.,
Phys.Rev. Lett. 59, 915(1987).

[56] G.SoerensermandS. Gygax, Phys.Rev. B 51, 11848(1995).

[57] D. Zech,K. Conder H. Keller, E. Kaldis, andK.A. Muller, PhysicaB 219& 220, 136
(1996).

[58] V. Kresin,Phys.Rev. B 25, 157(1982).
[59] V. Kresin,Phys.Rev. B 32, 145(1985).
[60] J.Clarke, Proc.R.Soc.London Ser A 308, 447 (1969).

29



[61] L. Salem.TheMolecularOrbital Theoryof ConjugatedSystemsBenjamin,New York
(1966).

[62] R.P Sharmaf. VenkatesanZ.H. Zhang,J.R.Liu, Phys.Rev. Lett. 77, 4624(1997).

[63] J.MustredelLeonetal., Phys.Rev. Lett. 64, 2575(1990);L. Gasparwg etal., J. Super
cond.8, 27(1995);G. Ruanietal., Solid StateComm .96, 653(1995);A. Jesavski etal.,
Phys.Rev. B 52, 7030(1995).

[64] D. Haslel, E.A. Stern,D.G. Hinks, A.W. Mitchell, andJ.D.JogensenPhys.Rev. B 56
(1997)521.

[65] R.P SharmaG.C.Xiang,C.RameshR.L. GreeneandT. VenkatesarPhys.Rev. B 54,
10014(1996).

[66] G.Jonler, andJ.vanSantenPhysical6, 337(1950).
[67] G.M. Zhao,K. ConderH. Keller,andK.A. Miller, Nature 381, 676(1996).
[68] V.Z.Kresin,thisvolume

[69] T. SchneiderandH. Keller, Phys.Rev. Lett. 69, 3374(1993);Int. Journ. Mod. Phys.B
8, 487(1993).

[70] T.F. O’Malley, Phys.Rev. 162 (1967)98; Adv. AtomicMolec.Phys.7, 223(1971).

[71] J.P Franck,J.Jung,M.A-K. Mohamed,S. Gygax,andG.l. Sproule,Phys.Rev. B 44,
5318(1991);in High-T; SupeconductivityPhysicalProperties MicroscopicTheoryand
MedanismsJ. Ashkenazietal. eds.(PlenumPressNew-York, 1991),p. 411.

[72] H.J.BornemanrandD.E. Morris, Phys.Rev. B 44, 5322(1991).

[73] G.-M. ZhaoandD.E. Morris, Phys.Rev. B 51, 16487(1995);G.-M. Zhao,K.K. Singh,
A.P.B. Sinha,andD.E. Morris, Phys.Rev. B 52, 6840(1995); G.-M. Zhao,M.B. Hunt,
H. Keller, andK.A. Muller, Nature 385, 236 (1997).

[74] M.B. Maple,C.C.Almasan,C.L. SeamanS.H.Han,J. Supecond.7, 97 (1994).

30



