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Abstract

We review someaspectsof the isotopeeffect (IE) in superconductors.Our focus
is on the influenceof factorsnot relatedto the pairing mechanism.After summariz-
ing themainresultsobtainedfor conventionalsuperconductors,we review theeffect of
magneticimpurities,the proximity effect andnon-adiabaticityon the valueof the iso-
topecoefficient (IC). We discussthe isotopeeffect of Tc andof the penetrationdepth
δ. The theory is appliedto conventionalandhigh-Tc superconductors.Experimental
resultsobtainedfor YBa2Cu3O7 � δ relatedmaterials(Zn andPr-substitutedaswell as
oxygen-depletedsystems)andfor La2 � xSrxCuO4 arediscussed.

1 INTRODUCTION

Historically, the isotopeeffect (IE) playeda major role in unravelling thequestionsrelated
to theorigin of theeffectiveattractive interactionbetweencharge-carrierswhich leadsto the
superconductingstate. The theoreticalconsiderationsof Fröhlich[1] and the experimental
discoveryof theIE of Tc in mercury[2]pointedtowardsthecontribution of latticedynamics
to theinstability of thenormalstate.Sincethen,theIE hasoftenbeenconsideredasa mea-
sureof the contribution of phononsto the pairing mechanism.Furthermore,it is generally
assumedthatonly thosethermodynamicalquantitiesthatdependexplicitely on thephonon
frequencies(asTc or theorderparameter∆ in theBCSmodel)displayanIE.

Onecanshow[3, 4, 5, 6, 7], however, thatsuchunderstandingof theisotopeeffect is in-
completeandleads,therefore,to confusion;this is particularlytruefor thehigh-temperature
oxides.Indeed,severalfactorsnot relatedto thepairingmechanismcanalterthevalueof the
isotopecoefficient (IC). Moreover, thesefactorsarenotnecessarilyrelatedto latticedynam-
ics. Herewe focusour attentionon threesuchfactors:magneticimpurities,the proximity
effectandnon-adiabaticcharge-transferasit occursin high-Tc superconductors.

In addition,we alsoshow [6] that fundamentalquantitiessuchasthepenetrationdepth
δ of a magneticfield alsodisplayanIE becauseof thethreefactorsmentionedabove. Note
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thatthis effectoccursdespitethefactthatδ doesnotexplicitely dependon quantitiesrelated
to latticedynamics.

It resultsfrom ourconsiderationsthatthevalueof theIC (evenits absence)doesnotallow
any a priori conclusionaboutthepairingmechanism.Nevertheless,it remainsaninteresting
effect thatenablesoneto determinethepresenceof magneticimpurities,proximity effect or
non-adiabaticityin thesystem.Thecalculationof theIC andits comparisonwith experimen-
tal resultswasalsousedin previousworksto determinethevalueof theCoulombrepulsion
µ
�

or therelative weightof differentelectron-phononcouplingstrengthsin superconductors
(seebelow). It canthusbeusedasa tool for thecharacterizationof superconductors.

Thisreview is mainlybasedonourpapers[3,4,5,6,7]. Weapplythetheoryto analysethe
oxygenisotopeeffect of Tc in Zn andPr-doped(YBCZnO andYPrBCO)aswell asoxygen-
depletedYBa2Cu3O7 � δ (YBCO). We alsoreview calculationsof thepenetrationdepthiso-
topeeffect. The latter superconductingpropertyis a goodexampleof a quantitythat does
not directly dependon phononfrequenciesandyet candisplaya substantialisotopicshift
[6]. In this context, we alsodiscussrecentexperimentalresultsobtainedfor La2 � xSrxCuO4

(LSCO).
Thestructureof thepaperis asfollows. In section2 we presentsomeof theearlyresults

relatedto theisotopeeffectandshow thatevenfor conventionalsuperconductorstherelation
betweenthe isotopeeffect and the pairing mechanismis not simple. We alsodiscussthe
applicabilityof theseearlyresultsto thedescriptionof high-temperaturesuperconductors.

The remainingsectionsare devoted to the descriptionof new, unconventionalisotope
effects.In section3 westudytheinfluenceof magneticimpuritieson thevalueof theisotope
effect. Weshow thataddingmagneticimpuritiesto asuperconductorcanenhancetheisotope
coefficientα of Tc andinduceatemperature-dependentisotopeeffectof δ. Weshow thatboth
isotopeeffectsareuniversalfunctionsof Tc. Thatis, α

�
Tc � andβ

�
Tc � areindependentof any

adjustableparameter. We discussZn-dopedYBa2Cu3O7 � δ in this context.
Section4 is concernedwith the influenceof a normal layer on the isotopeeffect of a

superconductor. We show that dueto the proximity effect, the isotopecoefficient of Tc is
linearin theratio of thenormalto thesuperconductingfilm thicknessesρ. Furthermore,the
proximity effect inducesatemperatureandρ-dependentisotopecoefficientof thepenetration
depth.

Section5 reviews theconceptof thenon-adiabaticisotopeeffect introducedin Ref. [3]
andfurtherdiscussedin Refs.[4, 5, 6, 7]. We show that in systemsasthehigh-temperature
superconductorswherecharge-transferprocessesbetweenreservoir andCuO2-planesoccur
via ions thatdisplaya non-adiabaticbehaviour, thecharge-carrierdensityin theplanesde-
pendontheionic mass.This leadsto theunconventionalnon-adiabaticcontributionto theIE
of Tc. It is alsointerestingthatnon-adiabaticityinducesan isotopicshift of thepenetration
depthδ.

In the last section(Sec.6) we apply our theory to the oxygenisotopeeffect (OIE) in
high-temperaturesuperconductorsof theYBCO-family. Focusis seton theoxygenisotope
effect becausemostexperimentalstudieshave beenperformedon the oxygenion which is
the lightest in the CuO2 plane. The situationis lessclear in the caseof copperisotopic
substitutionwhereaneffect hasalsobeenobserved[8, 9]. This lattercasewill bediscussed
in moredetailelswhere.

Weconcludethereview in section7.
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2 THE ISOTOPE EFFECT: DISCOVERY,
CONVENTIONAL VIEW

The isotopeeffect of superconductingcritical temperatureTc is bestdescribedin termsof
the isotopecoefficient (IC) α definedby therelationTc � M � α, whereM is the ionic mass.
Undertheassumptionthat theshift ∆Tc inducedby isotopicsubstitution(M � M

�
) is small

comparedto Tc, onecanwrite

α �	� M
∆M

∆Tc

Tc 
 (1)

where∆M � M � M
�

is thedifferencebetweenthetwo isotopicmass.If thesuperconductor
is composedof differentelements,onedefinesa partial isotopecoefficient αr asin Eq. (1),
but whereM is replacedby Mr , themassof elementr that is substitutedfor its isotope.In
addition,onedefinesthetotal isotopecoefficientby

αtot � ∑
r

αr ��� ∑
r

Mr

∆Mr

∆Tc

Tc � (2)

BesidesTc thereareotherquantitiesthat displayan isotopeeffect. In the next sections
we focuson theisotopeshift of thepenetrationdepthδ. In analogyto theIC of Tc (denoted
α) wedefinetheisotopecoefficientβ of thepenetrationdepthby therelation

β �	� M
∆M

∆δ
δ � (3)

Oneshouldnotethatthereis aconventionalBCS-typeisotopeeffectof thepenetrationdepth
relatedto its temperaturedependenceδ � 2 � �

1 � T4  T4
c � . BecauseTc displaysan isotope

effect, the penetrationdepthis alsoshifteduponisotopicsubstitution.The effect becomes
strongasoneapproachesTc. Thepresentarticleis not concernedwith this trivial effect.

Let usfirst discusswhatvaluesof theisotopecoefficientsα andβ canbeexpectedfor dif-
ferenttypesof superconductors.Table1 showscharacteristicvaluesof theisotopecoefficient
for differenttypesof superconductors.Verydifferentvaluesof theIC havebeenobserved(in
therangefrom � 2 to � 1). Onenotesthatsomesystemshave a negligible coefficient, some
displayevenan“inverseisotopecoefficient” (α � 0) andsometake valuesgreaterthan0 � 5,
the valuepredictedby Fröhlich andthe BCS model(for a monoatomicsystem).The pur-
poseof thenext paragraphsis to describeshortlydifferenttheoreticalmodelsallowing one
to understandthecoefficientsobserved(seeTable1 andRefs.[10, 11]). We begin with the
descriptionof conventionalsuperconductorsanddiscussthe relevanceof thesemodelsfor
high-Tc materials.In thefollowing sectionswe thenintroducenew considerationsaboutthe
IE allowing oneto giveaconsistentpictureof theIE in high-temperaturesuperconductors.
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Table 1. Experimentalvaluesof the isotopecoefficient of Tc (seealsoRefs.[11, 20]). The
lettersin thelastcolumncorrespondto Ref. [2].

Superconductor α Reference(see[2])
Hg 0 � 5 � 0 � 03 a
Tl 0 � 5 � 0 � 1 a,and[11]
Cd 0 � 5 � 0 � 1 b
Mo 0 � 33 � 0 � 05 c
Os 0 � 21 � 0 � 05 d,e
Ru 0 � 0 e
Zr 0 � 0 e
PdH(D) � 0 � 25 [33, 34]
U � 2 [12]
La1� 85Sr0 � 15CuO4 0 � 07 [55]
La1� 89Sr0 � 11CuO4 0 � 75 [55]
(16O � 18O subst.)
K3C60 0 � 37 or 1 � 4 [40]
(12C � 13C subst.)

2.1 Monoatomic Systems

Let usbegin with thecaseof amonoatomicBCS-typesuperconductor. Substitutingtheatoms
by anisotopeaffectsthephonondispersion(for amonoatomiclatticeΩ � M � 1� 2, whereΩ is
a characteristicphononfrequency). Thus,any quantitythatdependson phononfrequencies
is affectedby isotopicsubstitution.Assumingthat the electron-electronpairing interaction
is mediatedby phononsandneglectingtheCoulombrepulsionbetweenelectrons,theBCS
theorypredictsthatTc ∝ Ω (seebelow, Eq. (4) for µ

� � 0). Thus,for a monoatomicsystem
theisotopecoefficientof Tc givenby Eq.(1) is α � 0 � 5.

As seenin Table1, the IC of mostmonoatomicnon-transitionmetalsis approximately
equalto 0 � 5. Many othersystems,on theotherhand,deviate from this value. In particular,
transitionmetalsandalloysdisplayvaluesthataresmallerthan,or equalto 0 � 5. PdHdisplays
an inverseisotopeeffect αPdH � � 0 � 25 [33] (thereis alsoonereporton a large inverseIC
of UraniumαU � � 2[12]). Furthermore,high-Tc materialscanhavevaluesbothsmallerand
largerthan0 � 5, dependingon thedoping.

2.2 The Coulomb Interaction

Oneof thefirst reasonsadvancedto explain the discrepancy betweentheory(α � 0 � 5) and
experimentwasthattheBCScalculationdescribedabovedid not take properlyinto account
theCoulombrepulsionbetweencharge-carriers.It wasshown in Refs.[13, 14, 15, 16] that
inclusionof Coulombinteractionsleadsto theintroductionof thepseudo-potentialµ

�
in the

BCSequationfor Tc:

Tc � 1 � 13Ωexp

� � 1
λ � µ

��� 
 (4)

whereµ
�

is thepseudo-potentialgivenby

µ
� � µ

1 � µln � EF
Ω � � (5)
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µ is theCoulombpotentialandEF is theFermienergy. OnenotesthatΩ is presentin µ
�

and
thusin theexponentof Eq. (4). Thevalueof α canthusbesubstantiallydecreasedfrom 0 � 5.
Indeed,from Eq.(1) and(4) oneobtains

α � 1
2 � 1 � � µ

�
λ � µ

��� 2 � � (6)

Theisotopecoefficient is shown asa functionof λ for differentvaluesof µ
�

in Fig. 1. Natu-
rally, only thecaseλ � µ

�
is relevant,sincesuperconductivity is otherwisesuppressed.

The effect of Coulomb interactionscan be included in a similar way in the strong-
couplingEliashberg theory. Usingtheformuladerivedby McMillan [17]:

Tc � Ω
1 � 2 exp

� � 1 � 04
�
1 � λ �

λ � µ̃
� 
 (7)

with µ̃ � � 1 � 0 � 62λ � µ� andµ
�

is givenby Eq. (5), oneobtainsthe following result for the
isotopecoefficient:

α � 1
2 � 1 � 1 � 04

�
1 � λ � µ̃µ

� 
λ � µ̃! 2 � � (8)

A similar resulthasalsobeenderived in Ref. [10]. Fig. 1 shows thedependencedescribed
by Eq. (8) andallows oneto comparetheweakandstrong-couplingcases,that is, Eqs.(6)
and(8).

An expressionfor Tc thatis valid over thewholerangeof couplingstrengths(from weak
to verystrongcouplings)hasbeenderivedby oneof theauthorsin Ref. [18]:

Tc � 0 � 25Ω"
e2� λef f � 1

(9)

with

λef f � λ � µ
�

1 � 2µ
� � λµ

�
t
�
λ � 
 (10)

andt
�
λ � � 1 � 5exp

� � 0 � 28λ � [18]. As usual,theparameterµ
�

is givenby Eq. (5). Theisotope
coefficient resultingfrom Eq.(1), (9) and(10) reads

α � 1
2 #$&% 1 � µ

� 2
λef f ' 1 � e� 2� λef f (*) 1

λ � µ
� � 2 � λt

�
λ �

3 � λt
�
λ �,+.-&/0 � (11)

This isotopecoefficient is alsodisplayedin Fig. 1 for two valuesof theparameterµ
�
. Note

thatfor all models,becauseof thepresenceof µ
�

theisotopecoefficientof Tc is loweredwith
respectto theBCSvaluefor α � 0 � 5. OnerecoverstheBCSresultasymptoticallyat largeλ
(or Tc

 Ω). Only Eq.(11),however, is valid in thestrongcouplinglimit (λ � 1).
An interestinggeneralfeatureof theresultspresentedaboveis thatthestrongestdeviation

from theBCSmonoatomicvalue0 � 5 occurswhenµ
�

(or µ̃) is of theorderof λ (seeEqs.(6),
(8) or (11)). Thus,excludinganharmonicorband-structureeffects,a smallisotopecoefficient
is correlatedto a low Tc. This is indeedobservedin mostconventionalsuperconductors.In
certaincasesoneevenobtainsanegative(alsocalledinverse) isotopecoefficient(α � 0). For
realisticvaluesof theparameters,Tc shouldnot exceedTc � 1K for this inverseeffect to be
present.Several systemsdisplaythis inverseisotopeeffect, amongthemPdH (whereH is
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Figure 1. Isotopecoefficient α asa functionof Tc 1 Ω (i.e. λ) for differentvaluesof µ2 . Solid lines
from Eq.(6), dashedlinesfrom Eq.(8) anddash-dottedlinesfrom Eq.(11). For eachtypeof line, the
uppercurve correspondsto µ243 0 � 1 andthelower to µ253 0 � 2.

replacedby its isotopeD) [33, 34] andUranium(where235U is replacedby 238U) [12]. We
discussthiscasebelow (sec.2.3).

Thesituationencounteredin high-temperaturesuperconductorsis very unusual.Indeed,
oneobservesthattheisotopecoefficienthasaminimumvalueatoptimaldoping(highestTc).
Theexplanationof asmallα for oxygensubstitutioncoincidingwith ahighTc is likely to be
relatedto thecontributionof theoxygenmodesto thepairing.

The main conclusionof this sectionis that the Coulombinteractionandits logarithmic
weakeningleadsto thedeviation of theisotopecoefficient from thevalueα � 0 � 5 andto the
non-universalityof α.

2.3 Band Structure Effects; Transition Metals

Up to now we have only consideredtheeffect on Tc inducedby theisotopicshift of phonon
frequencies.Furthermore,wehaveconsideredthecasewherethephononfrequency appears
explicitely in theexpressionfor Tc (asprefactorandin µ

�
; seeEqs.(4), (7) and(9)). Band

structureeffectshavefirst beenconsideredto explainthediscrepanciesobservedbetweenthe
resultsfollowing from thestrong-couplingMcMillan equation(Eq.(7)) andtheIC measured
in transitionmetals.Severalothergeneralizationsof thebasicmodelhave beenconsidered,
especiallyin thecontext of high-temperaturesuperconductors.

Let usfirst describethesituationencounteredin transitionmetals.As hasbeenshown in
Refs.[15,16], thetwo-squaremodelfor which(5) is derivedleadsto valuesof theIC thatare
only 10 � 30%lower than0 � 5. However, thedeviation is muchstrongerfor sometransition
metals,leadingeven to a vanishingcoefficient for Ruthenium.As shown in Ref. [19] it is
necessaryto take into accountthe bandstructureof transitionmetals. The presenceof a
“metallic” s-bandandanarrow d-band,andtheassociatedpeakedstructureof theelectronic
densityof states(DOS)hasanimpactonthevalueof µ

�
. Furthermore,EF is muchsmallerin

transitionmetalsthanin non-transitionmetalsandleadsthusto asmallereffectivescreening
of theCoulombinteraction.Thesefactshavebeenincludedin Ref.[19] bymodifyingthetwo
square-wellmodelusedto deriveEq. (5). Thevaluesobtainedfrom themodifiedexpression
of α (seeEq.(9) in Ref. [19]) arein goodsemi-quantitativeagreementwith theexperimental
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results.
Oneshouldadd that the two-bandstructureis importanteven in dirty transition-metal

superconductors,althoughthesuperconductingstateis characterizedby only onegapin this
case(seeRef. [11] for furtherdiscussionson transitionmetals).

Theexampleof transitionmetalsshowsthataquantitativedescriptionof theIC requires,
amongotherthings,apreciseknowledgeof thebandstructure.Thishasalsobeensuggested
in Ref. [12, 20] to explain the large inverseisotopeeffect observed in Uranium. In this
context, it would be interestingto determinethe uraniumisotopeeffect in heavy-fermion
systems(one shouldnote, however, that there is only one report of the isotopeeffect in
uranium[12]).

Anothereffect of thebandstructurearisesif oneassumesthat theelectronicdensityof
statesvariesstronglyonascalegivenby Ω, theBCSenergy cutoff (e.g.,in thepresenceof a
vanHovesingularity).To obtaintheBCSexpression(4) weassumedthattheelectronicden-
sity of states(DOS)is constantin theenergy intervall

 � Ω 
 Ω ! aroundtheFermienergy. λ is
thengivenby N

�
EF � V, whereN is theDOSat theFermilevel andV is theattractivepartof

theelectron-electroneffective interaction.In a moregeneralcase,however, onehasto con-
sidertheenergy dependenceof theDOS.Thougha purelyelectronicparameter, theenergy
dependenceof theDOSappearsto influencetheisotopeeffect[21]. Onecanunderstandthis
effectqualitatively within acrudeextensionof theBCSmodel.Insteadof takingtheDOSat
theFermilevel, onereplacesN

�
EF � by � N

�
ε � � Ω, theaveragevalueof theDOSN

�
ε � over

the interval
 � Ω 
 Ω ! aroundEF . Obviously, this averagedependson thecutoff energy Ω of

thepairing interaction.IsotopicsubstitutionmodifiesΩ which affects � N
�
ε � � Ω, andthus

λ �6� N � Ω V andTc.
A moregeneralanalysisof this effect within Eliashberg’s theorywasgivenin Ref. [21].

They find that whereasthe IC can reachvaluesabove 0 � 5, its minimal valueobtainedfor
reasonablechoicesof theparametersnever reachesthesmallvalues( � 0 � 02) foundin opti-
mally dopedhigh-Tc compounds.However, morerecentstudiesof theinfluenceof vanHove
singularitieson theisotopecoefficient show thatsuchsmallvaluescanbeobtained,because
in thisscenariothecutoff energy for theeffectiveinteractionbetweencharge-carriersis given
by min

�
EF � EvH;Ω � (whereEvH is theenergy of thevanHove singularityandΩ is a char-

acteristicphononenergy) [22, 23,24]. If thecutoff energy is givenby EF � EvH andis thus
electronicin origin, Tc displaysno shift uponisotopicsubstitution.Taking into accountthe
Coulombrepulsionit hasbeenshown[24] thatonecanevenobtainanegative IC.

Anotherway to extendtheresultspresentedearlieris to considerananisotropicEliash-
berg couplingfunction α2F

�
q 
 ω � . Generallyit is assumedthat thesystemis isotropicand

the coupling function canbe averagedover the Fermi surface,leadingto a q-independent
Eliashberg function. If thesystemis stronglyanisotropic(asis thecaseof high-Tc supercon-
ductors),the averagemay not leadto an accuratedescriptionof the situation. The isotope
effect hasbeenstudiedfor different q-dependentform factorsenteringα2F in Ref. [25].
They show thatasmall isotopecoefficientasobservedin YBa2Cu3O7 � δ canbeobtainedfor
anisotropicsystems.Nevertheless,to obtainhighcritical temperaturesat thesametime,they
areforcedto introducedanother, electronicpairing mechanism.Sucha situationis further
discussedbelow (seeSec.2.6).

Notethatthetheoriespresentedin this sectiongiveonly a qualitativepictureof thesitu-
ationencounteredin high-temperaturesuperconductorsanddo presentlynot accountfor the
isotopeeffectobservedin varioussystems(seealsoRefs.[21, 26]).
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2.4 Polyatomic Systems

Until now we focusedmainly on the studyof monoatomicsystemsin which the attractive
interactionleadingto the formationof pairs is mediatedby phonons.All previous effects
arenaturallyalsoencounteredin polyatomicsystems.However, thepresenceof two or more
elementsin the compositionof a superconductorhasseveral direct consequencesfor the
isotopeeffect that we summarizein the following. The first consequenceof a polyatomic
systemis that the characteristicfrequency Ω which determinesthe valueof Tc dependson
themassof thedifferentionsinvolvedΩ � Ω

�
M1 
 M2 
878797 � . Obviously, thedependenceΩ �

M � αr
r for elementr � 1 
 2 
8�:�;� must not be equal to αr � 0 � 5. It is thus not surprisingif

thepartial isotopecoefficient (obtainedby substitutingonetype of ions for its isotope;see
Eq.(3)) differsfrom thetextbookvalue0 � 5.

Let usconsidertheexampleof acubiclatticewith alternatingmassesM1 andM2[27,28].
Theacousticandopticalbranchescanbecalculatedanalytically[27]. Fromthis oneobtains
thefollowing partial isotopecoefficients:

α1 � 1
2Ω2M1 � K̄ < K̄2M �12 � 2K̄L

 M2� Ω = K̄M >12� � 
 (12)

α2 � 1
2Ω2M2 � K̄ < � K̄2M �12 � 2K̄L

 M1� Ω = K̄M >12� � 
 (13)

whereM �12 � M � 1
1 � M � 1

2 , M >12 � M � 1
1 � M � 1

2 . Theuppersignstandsfor theDebyefrequency
andthe lower sign hasto be consideredwhenthe characteristicfrequency is given by the
optical phonon. K̄ � ∑x ? y? zKi is the sumof the force constantsand K̄L � ∑x ? y? zKi cos

�
qL�

(q � 0 for theopticalbranchandq � π  L for acousticmode;L is thelatticeconstant).One
notesthatthetotal isotopecoefficient is givenby αtot � α1 � α2 � 0 � 5 whetheronetakesthe
acousticalor theopticalphononasthecharacteristicenergy for thedeterminationof Tc.

Given the previous result, onecanask if thereexists a maximal valueof the IC. It is
often statedin the literaturethat 0 � 5 is the maximalvalue that the isotopecoefficient can
reachwithin a harmonicphonon,andelectron-phononinducedpairingmodel. Althoughto
the knowledgeof the authorsnoneof the systemsstudiedso far seemsto contradictthis
assertion,oneshouldnotethatthereis no proof of this statement.It wasshown in Ref. [29]
thatfor apolyatomicsystemαtot � ∑r αr � 0 � 5 (definedin Eq.(2)) if oneassumesthatµ

� � 0
andall massesof theunit cell aresubjectto thesameisotopicshift (i.e., ∆Mr

 Mr takesthe
sameconstantvaluefor eachelementr of thesystem,seeEq. (2)). Theseassumptionshold
approximatelyfor certainsystemsas,e.g.,theChevrel-phaseMo6Se8 material[29], but are
certainlynotvalid for examplein high-temperaturesuperconductors.It is thusnotclearif the
total isotopecoefficient,Eq.(2), is indeedalways0 � 5. Thegeneralproofof suchastatement
requiresthe knowledgeof the polarizationvectorsandtheir derivativeswith respectto the
isotopicmasses,bothof which have to becalculatedfor eachspecificsystemstudied.

Anotherimportantremarkconcernsthevalueof the(very small) IC for optimally doped
high-Tc superconductors.Experimentallyonemeasuresgenerallythepartialoxygenisotope
effect (in somecasesalsothe Cu andBa IE). Sincethe unit cell of a high-temperaturesu-
perconductorcontainsmany differentatoms,oneexpectsvaluesof the partial IC that are
significantlysmallerthan0 � 5. A crudeestimatecanbe given by observingthat underthe
assumptionof asamecontributionof eachatomto theisotopecoefficient (which is certainly
not thecaseasmentionedabove) thevalueof theisotopeeffect for oxygenin YBCO would
beα @ 0 � 5 N @ 0 � 04,whereN is thenumberof atomsperunit cells (N � 13 in thecaseof
YBCO). Sincethereare6 � 7 oxygenatomsin theunit cell, oneshouldmultiply αox by this
number.
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If, in addition to the multiatomic structureof the system,one takes into accountthe
effect of Coulombinteractionsand/orthe fact that the charge-carriersmay stronglycouple
to certainphononsonly one can obtain valuesof the order observed in high-temperature
oxides. Thesecondpossibilityhasfor examplebeenstudiedin thecontext of theChevrel-
phasecompoundMo6Se8[29] or organicsuperconductors[30]. It hasalsobeenstudiedfor
high-Tc superconductorsin Ref. [31, 32]. They concludethat theoxygenisotopeeffect can
bewell describedfor reasonableparametersin thecaseof La2 � xSrxCuO4, but thatunphysical
valuesof thecouplinghave to beconsideredto describethepartialoxygenisotopeeffect of
YBa2Cu3O7 � δ. A carefulstudyof the effect of Coulombinteractionson the IE of high-Tc

superconductorshasnot beendoneyet.
Onthusconcludesfrom thepreviousconsiderationsthatit is not impossibleto explainthe

smallvaluesof theIC observedin conjuctionwith highTc’s in high-temperaturematerials,if
oneconsidersthecombinedeffect of a polyatomicsystem,theCoulombinteractionandthe
bandstructure.

2.5 Anharmonicity

Anharmoniceffectsplayanimportantrole in materialssuchasPdH(D)[33,34], Mo6Se8[29]
or, accordingto sometheories[26, 35,36, 37], in high-temperaturesuperconductors.Among
otherconsequencesthe presenceof anharmonicitiesaffectsthe valueof the isotopecoeffi-
cient.Wepresentheretwo differentaspectsof theanharmonicisotopeeffect: anharmonicity
of thecharacteristicphononmode(for PdH)andvolumeeffects(for Molybdenum).

Quantitiesthatareindependentof ionic massesin theharmonicapproximation,canbe-
comemassdependentin the presenceof anharmonicity. We mentionthreesuchproperties
thatareof interestfor theisotopeeffect in superconductors:thelatticeforceconstantsKi [34],
theunit-cellvolume[38,39] andtheelectron-phononcouplingfunctionλ[26, 35]. In thefirst
case,it wasshown thattheaccountof Coulombinteractionsalone(seeabove)cannotexplain
theinverse(α � 0) hydrogenisotopeeffectobservedin PdH(seeTable1). Ontheotherhand,
a changeof 20%of the lattice forceconstantswhenreplacingH for Deuterium(D) in PdH
wasinferedfrom neutron-scatteringdata[34]. This resultsfrom large zero-pointmotion of
H ascomparedto D. Takingthis fact into accountin theEliashberg formalismallowsoneto
obtainquantitativeagreementwith theexperiment[34].

Anothereffectdueto thepresenceof anharmonicityis theisotopicvolumeeffect[38,39].
Thiseffectwasdiscussedin thecontext of Molybdeneandis relatedto thedifferencein zero-
point motionof thetwo isotopes.In sucha systemonecanwrite theIC asα � αBCS � αvol

with

αvol � B
M

∆M
∆V
V

∆Tc

∆P 
 (14)

whereB ��� V∂P ∂V is thebulk modulus,P is thepressureand∆V � V
� � V is thevolume

differenceinducedby isotopicsubstitution.In thecaseof Molybdenumthevolumeisotope
effectamountsto αvol @ 0 � 09andaccountsfor � 27%of thetotal isotopecoefficient,which
is nota negligible effect.

Thepresenceof a volumeisotopeeffect hasalsobeensuggestedin thecaseof PdH,C60

materialsaswell asin Pb[38].
The othermajor effect of anharmonicityis the appearenceof an ionic-massdependent

electron-phononcoupling function λ[26, 35, 42]. In this casenot only the prefactorΩ of
Eq. (4), but alsothe exponentdependson ionic masses.As stressedearlier in the context
of bandstructureeffects, this fact can lead to a strongdeviation from αBCS � 0 � 5, even
for monoatomicsystems.An explicit expressionfor the motion of the oxygenin a simple
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double-wellpotentialwasobtainedin Ref.[35] for high-Tc superconductors.Themodelwas
extendedfurther in Refs.[35]b and[26] and it wasshown that the isotopecoefficient can
be muchsmallerthan0 � 5 with moderatevaluesof the couplingconstantor exceed0 � 5 for
(very)strongcouplings(thefunctionα

�
λ � goesthroughaminimumatλ � 1; seeRef. [35]).

Regardinghigh-Tc superconductors,the anharmonicmodelcould explain qualitatively the
behaviour of the isotopecoefficient if one considersthe fact that the coupling function λ
alsodependson doping(seeRef. [43] for this dependency). Assumingthat thesesystems
arestrong-couplingsuperconductors,andthat thecouplingdecreasesupondoping,onecan
describequalitatively thebehaviour of α

�
Tc � for underdopedsystems.However, it is difficult

to obtainquantitativeagreementespeciallyin theoptimally dopedandstronglyunderdoped
regime. In thefirst casethecouplinghasto beintermediateto obtainsmallα’sbut thenTc is
alsosmall. In thesecond,stronglyunderdopedcase,theIC canexceed0 � 5, but thecoupling
hasto bevery strong.Oneway to solve this problemis to assumethat thesuperconducting
pairingis mediatedby anadditional,non-phononicchannel(seeRef. [42] andbelow).

The influenceof anharmonicityon the electron-phononcouplingλ andon the hopping
parameter(for a tight-bindingtypeof lattice)hasalsobeenconsideredin thecontext of 12CA 13C isotopesubstitutionin A3C60 materials(A � Na,Ru;see,e.g.,Ref. [40] andreferences
therein). Experimentallythe isotopecoefficient was shown to vary between0 � 37 to 1 � 4,
dependingon the isotopicsubstitutionprocess(in thefirst caseeachC60 moleculecontains
an equalamountof 12C and 13C isotopeswhereasin the secondcasethe systemcontains
C60-moleculesthatarecomposedof eitherpure12C or pure13C atoms)[40].

2.6 Non-Phonon and Mixed Mechanisms

Thesuperconductingtransitioncanalsobecausedbyanon-phononmechanism.Historically,
the introductionof the electronicmechanisms[41] startedthe race for higher Tc’s. The
pairingcanbeprovidedby theexchangeof excitationssuchasexcitons,plasmons,magnons
etc... (see,e.g.,Ref. [28]). In general,onecanhave a combinedmechanism.An electronic
channelcanprovide for an additionalcontribution to the pairing, as is the case,e.g., in a
phonon-plasmonmechanism[44]. In thecontext of theisotopeeffect, themixedmechanism
may provide for an explanationfor the unusualoccurenceof high Tc’s andsmall isotope
coefficientsα (seeabove).

Let us initially considerthe casewhereonly electronicexcitationsmediatethe pairing
interactionandtheEliashberg functionα2F canbeapproximatedby a singlepeakat energy
Ωe, thecharacteristicelectronicenergy. Thetheoryconsideredin weakcouplingyieldsthen
a relationof theform Tc � Ωee� 1� λ. For anelectronicmechanismΩe is independentof the
ionic mass.Therefore,theisotopecoefficientof Tc vanishesfor suchcases.

If, on theotherhand,thesuperconductingstateis dueto thecombinationof phononand
a high-energy excitations(as,e.g.,plasmons[44]) thenonehasto includeboth excitations
in α2F. In this case,thesimplestmodelconsidersanEliashberg functioncomposedof two
peaks,oneat low energies(Ω0) for thephononsandoneat high energies(Ω1) for theelec-
tronicmechanism.For suchamodel,oneobtainsthefollowing expressionfor Tc[45]:

Tc � 1 � 14Ω f0
0 Ω f1

1 exp

� � h
�
ρi 
 Ωi �

ρ0 � ρ1
� (15)

whereh is aslow varyingfunctionof ρi andΩi , fi � ρi
 � ρ0 � ρ1 � andρi � λi

 � 1 � λ0 � λ1 �
(i � 1 
 2). In weakcoupling,h @ 1 andtheexponentis independentof theionic masses.The
resultingisotopecoefficient for this mixedmechanismtakesthentheform:

α � f0
2
� 1

2 B 1 � λ1

λ0 � λ1 C � (16)
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If only thephononmechanismis active λ1 � 0 andonerecoverstheBCSvalue0 � 5. Other-
wise, thepresenceof thenon-phononicmechanismreducesthevalueof the isotopecoeffi-
cient,while enhancingTc. For λ0 D λ1 onehasα @ 0. A joint mechanismwould thusallow
oneto explain thesmallvaluesof theIC for optimally dopedhigh-Tc superconductorssince
thecouplingto non-phononicdegreesof freedomwouldprovide for highTc’swhile it would
reduce,togetherwith theCoulombrepulsive term,thevalueof theIC.

Anotherway to includenon-phononiccontributionsto thepairingmechanism,is to con-
sideranegativeeffectiveCoulombtermµ

�
in theEliashberg theory[28,46, 31]. Thepseudo-

potentialµ
�

canthusbeseenasaneffectiveattractivepairingpotentialcontributionandthus
supportssuperconductivity. Suchanegativeµ

�
is for exampleobtainedin theplasmonmodel

[44, 28, 46]. Onenotesthat the small valuesof the partial isotopecoefficient in optimally
dopedhigh-Tc materialscaneasilybeexplainedwithin suchamodel.

Several othernon-phononicaswell ascombinedmechanismshave beenproposed[31,
42, 47,48] thatalsoleadto areductionof theisotopeeffect. Wereferto theliteraturefor the
details.

2.7 Isotope Effect of Properties other than Tc

All previous considerationswereconcernedwith the isotopeeffect of the superconducting
critical temperatureTc. Onecanaskif thereareotherpropertiesdisplayinganisotopeeffect
in conventionalsuperconductors.Naturally, every quantitydependingdirectly on phonon
frequencieswill displaysuchaneffect. Let usconsiderherea propertythatwill bestudied
furtherin thenext sections,namelythepenetrationdepthof a magneticfield δ. In theweak-
couplingLondonlimit thepenetrationdepthis givenby thewell-known relation

δ2 � mc2

4πnse2 � mc2

4πnϕ
�
T  Tc � e2 � (17)

wherem is theeffectivemass.ns is thesuperconductingdensityof chargecarriers,relatedto
thenormaldensityn throughns � nϕ

�
T  Tc � . The functionϕ

�
T  Tc � is a universalfunction

of T  Tc. For example,ϕ � 1 � � T  Tc � 4 nearTc, whereasϕ � 1 nearT � 0 (in theabsenceof
magneticimpurities;their influenceis discussedin section3).

Eq. (17)doesnot dependexplicitely on phononfrequencies.Nevertheless,it candisplay
anisotopicdependencethroughTc. In fact,this dependency is commonto all superconduct-
ing propertieswithin the BCS theory. Indeed,all major quantitiessuchas heatcapacity,
penetrationdepth,critical field, thermalconductivity etc... can be expressedas universal
functionsof Tc. As a result,all thesequantitiesdisplaya trivial isotopicshift, causedby the
isotopicshift in Tc. Thevalueof theshift is growing asoneapproachesTc. Furthermore,the
shift vanishesfor T � 0. As will beshown in section3 andfollowing thesituationis very
differentin high-temperaturesuperconductorsandmanganites.For example,the influence
of non-adiabaticityon charge-transferprocessesresultsin anunconventionalionic massde-
pendenceof thecharge-carrierconcentrationn � n

�
M � , which, accordingto Eq. (17), leads

to anew isotopeeffect (seesec.5).

Sofar, we have presentedvarioustheoriesexplainingthedeviation of themeasurediso-
topecoefficient in conventionalsuperconductorsfrom thevalueα � 0 � 5 derivedwithin the
BCSmodel.Theremainderof this review is devotedto thestudyof threefactorsthatarenot
relatedto thepairinginteractionbut affect theisotopecoefficient: magneticimpurities,prox-
imity contacts,andnon-adiabaticcharge-transferprocesses.We show thatthey canstrongly
modify the valueof the isotopecoefficient andcaneven inducean isotopicshift of super-
conductingpropertiessuchasthepenetrationdepthδ. In thelastpartof this review, we then
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apply the theoryto the caseof the oxygenisotopicsubstitutionin high-temperaturesuper-
conductors.

3 MAGNETIC IMPURITIES AND
THE ISOTOPE EFFECT

Thepresenceof magneticimpuritiesstronglyaffectsvariouspropertiesof asuperconductor.
It hasbeenshown[49, 50] thatbecauseof magneticimpurity spin-flip scatteringprocesses,
Cooperpairsarebroken andthusremoved from the superconductingcondensate.Several
propertiesareaffectedby thepair-breakingeffect. Magneticscatteringleadsto adecreaseof
thecritical temperatureTc, theenergy gap,thejump in thespecificheatat Tc, etc...At some
critical impurity concentrationnM � nM ? cr superconductivity is totally suppressed.Moreover,
thereexistsanimpurity concentrationnM � nM ? g � nM ? cr (for conventionalsuperconductors
nM ? g � 0 � 9nM ? cr, seeRef. [49, 50]) beyondwhich thesuperconductingstateis gapless.Pair-
breakingalso leadsto an increaseof the penetrationdepthδ. We show in the following
sectionsthatthepresenceof magneticimpuritiesleadsto a changeof theisotopecoefficient
of Tc andδ.

3.1 The Critical Temperature

Thechangeof Tc inducedby magneticimpuritiesis describedin theweak-couplingregime
by theAbrikosov-Gor’kov equation[49]:

ln

�
Tc0

Tc
� � ψ

�
1
2
� γs � � ψ

�
1
2
� 
 (18)

whereγs � Γs
 2πTc andTc (Tc0) is thesuperconductingcritical temperaturein thepresence

(absence)of magneticimpurities. Γs � Γ̃snM is the spin-flip scatteringamplitudeand is
proportionalto themagneticimpurity concentrationnM (Γ̃s is aconstant).

It is easyto derivearelationbetweentheisotopecoefficientα0 in theabsenceof magnetic
impurities[α0 �E� � M  ∆M � � ∆Tc0

 Tc0 � , Eq. (1)] and its valuein the presenceof magnetic
impurities[α �	� � M  ∆M � � ∆Tc

 Tc � ]. FromEqs.(1) and(18)oneobtains[51, 4, 5, 52]:

αm � α0

1 � ψ F � γs � 1 2� γs 
 (19)

whereψ F is thederivativeof thepsifunctionandis apositivemonotonousdecreasingfunction
of γs. Thefact thatα0 andα arenot identicalrelieson theessentialfeaturethat therelation
betweenTc0 andTc (Eq. (18)) is non-linear. It is interestingto notethatmagneticscattering
decreasesTc (reductionof thecondensate)but increasesthevalueof the IC (αm � α0; see
Eq.(19)).

An importantconsequenceof Eqs.(18)and(19) is thatonecanwrite theIC asauniversal
functionα

�
Tc � . This relationdoesnot containany adjustableparameter, but dependssolely

on the measurablequantitiesα0 andTc. The universalcurve is shown in Fig. 2. Notealso
thatαm can,in principle,exceedthevalueαBCS � 0 � 5. Thus,theobservationof largevalues
of α arenotnecessarilyrelatedto thepairingmechanism.

3.2 Zn-doped YBa2Cu3O7 � δ

Zn substitutionfor Cu in the CuO2 planesof YBCO hasattracteda lot of interest,since
it leadsto a drasticdecreasein Tc [53] anda strongincreaseof the penetrationdepth[54]
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Figure 2. Isotopecoefficient of Tc in the presenceof magneticimpurities. Solid line: Universal
dependenceα H Tc I (normalizedto α0; seeRef. [4]); Points: Isotopeeffect for YBa2(Cu1� xZnx)3O7

obtainedwith variousexperimentaltechniquesandnormalizedto α0 3 0 � 025(from Ref. [56, 4]).

(superconductivity is destroyedwith � 10%of Zn). In addition,thisdecreaseof Tc is accom-
paniedby anincreaseof theisotopecoefficient (seeRef. [53, 56] andFig. 2). We think that
thepeculiarbehaviour of Zn dopingis relatedto thepair-breakingeffect. It hasbeenestab-
lishedby severalmethods(seeRefs.[53, 54]) thatZn substitutionleadsto the formationof
local magneticmoments( � 0 � 63µB

 Zn, whereµB is the Bohr magneton)in the vicinity of
Zn.

Fig. 2 displaystheexperimentalresultsobtainedfor theoxygenisotopecoefficientof Zn-
dopedYBCO[56, 4] (normalizedto α0 � 0 � 025[57]). Onecanseefrom this figure that the
agreementbetweenthetheoreticaldependenceα

�
Tc � andtheexperimentis verygood.Note

thattheuncertaintyin thedatais growing asTc � 0 (seeRef. [56]).

3.3 The Penetration Depth

Theisotopeeffectof thepenetrationdepthis morecomplicatedthantheisotopeeffect of Tc,
sinceit appearsto betemperaturedependent.HerewepresentthemainresultsnearTc andat
T � 0 andreferthereaderto Ref. [5, 6] for details.NearTc, thepenetrationdepthis givenin
secondorderof thesuperconductingorderparameter∆ � ∆

�
T 
 Γs� by[50]:

δ � 2 � σ
∆2

Tc
ζ
�
2 
 γs � 1

2 � 
 (20)

whereσ � 4σN
 c (σN is thenormalstateconductivity), ζ

�
z
 q� � ∑n J 01 � n � q� z andγs was

definedin Eq.(18). Onecancalculatetheisotopeeffect from Eqs.(3), (20)andtheanalytical
expressionfor ∆ nearTc (seeRefs.[50, 5]):

∆2 � 2Γ2
s
�
1 � τ � 1 � ζ̄2 � � 1 � τ �LK 12 � ζ̄2 � ζ̄3 M

ζ̄3 � ζ̄4
� 2Γ2

s
N1

D1
(21)

with ζ̄z � γz� 1
s ζ

�
z
 γs � 1 2� , z � 1 
 2 
8�8�8� andτ � T  Tc.

As mentionedin Sec.2, δ experiencesa trivial BCS isotopeeffect nearTc. Sincewe
are only interestedin the unconventionalIE resultingfrom the presenceof magneticim-
purities, we substractthe BCS isotopeeffect by calculatingthe isotopecoefficient β̃m of
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δ
�
T 
 Γs�  δ � T 
 0� . NearTc this coefficient canbe written as β̃m � βm � β0, whereβm (β0)

is the isotopecoefficient of δ in the presence(absence)of magneticimpurities. One can
show[6] that(nearTc) β̃m canberewritten in theform:

β̃m � � R1 � R0 � αm 
 (22)

where

R1 � � 1
2

f1 ��� 1
2 N N2

N1
� D2

D1
� 2

ζ̄3

ζ̄2
� 1O 
 (23)

R0 � � 1
2

α0

αm
f0 ��� 1

2 K 1 � ψ F � γs � 1 2� γsM f0 
 (24)

and f0 � � 3 � τ2 �  � 1 � τ � � 3 � τ � . ThefunctionsN1, D1 aredefinedin Eq. (21)and

N2 � 3
�
1 � τ � 2 K ζ̄2 � 2ζ̄3 � ζ̄4 M � τ

�
2 � τ � � ζ̄2

D2 � 2 � 3ζ̄4 � ζ̄3 � 2ζ̄5 � �
This relation is valid nearTc (where∆ is small) andfor impurity concentrationssuchthat
∆Tc

 Tc D 1.
Onenotesfirst that the isotopecoefficient of δ is proportionalto the IC of Tc. As for

theisotopecoefficient of Tc (Eq. (19)) all quantitiescaneitherbeobtainedfrom experiment
(e.g.,α0, Tc0 andTc) or calculatedself-consistentlyusingEqs.(18) and(19). Thereis thus
no freeparameterin thedeterminationof β̃m. Fig. 3 displaysthe IC β̃m (normalizedto α0)

Tc
 Tc0

β̃ m

G α 0

10 � 80 � 60 � 40 � 2

0� 2� 4� 6� 8� 10

Figure 3. Isotopecoefficient β̃m nearTc (normalizedto α0) as a function of Tc (i.e. of magnetic
impurity concentration)for T 1 Tc 3 0 � 75 (solid line), 0 � 85 (dashed)and0 � 95(dotted).Multiplying by
α0 3 0 � 025givestheIC expectedfor YBa2(Cu1 � xZnx)3O7 � δ.

asa functionof Tc (i.e. on theconcentrationnM) for fixedvaluesof thetemperature.Setting
α0 � 0 � 025,oneobtainstherelationα

�
Tc � expectedfor YBCZnO. It would beinterestingto

measuretheisotopeeffectof δ nearTc in this system,to verify our predictions.
An interestingpropertyof Eq. (22) that is shown in Fig. 3 is the fact that the isotope

coefficient of δ is temperaturedependent;an unusualfeaturein the context of the isotope
effect. Wewill seein Sec.4 thata temperaturedependentIC is alsoobservedfor aproximity
system.
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As canbeseenby comparingFigs.2 and3, thequalitativebehaviour of β̃m
�
Tc � is similar

to αm
�
Tc � [Eq. (19) with α0 � αph] but with oppositesign. Furthermore,in theabsenceof

magneticimpuritiesonehasβ̃m � 0, whereasαm
�
Tc � � αph.

Note finally, that sinceR1 � R0 � 0, the IC of the penetrationdepthis alwaysnegatif
whenmagneticimpuritiesareaddedto thesystem.Thisconclusionmightnothold in certain
casesif thenon-adiabaticchannelis alsoincluded(thenonehasβtot � βm � β0 � βna andβna

is positive,seeSec.5).

All previousconsiderationshavebeendonenearTc. At T � 0, theBCScontributionaris-
ing from theTc dependency of thesuperconductingcharge-carrierdensityns (seeEq. (17))
vanishes,becauseϕ

�
T � 0� � 1. The only contribution to the IE is thusdueto magnetic

impurities. In the framework of the Abrikosov-Gor’kov theory onecan write the isotope
coefficientat T � 0 in theform:

βm � R0α0 
 (25)

whereR0 is givenin appendix.NotethatR0 is anegativefunctionof Γ2 (thedirectscattering
amplitude)andΓs � Γ1 � Γ2 (thespin-flip, or exchangescatteringamplitude)asdefinedby
Abrikosov andGor’kov[49]. TheIC of δ is thusnegativebothnearTc andatT � 0. Thishas
to beseenin contrastto theIC of Tc which is alwayspositive (seeFig. 2). Fig. 4 shows the

Tc
 Tc0

β m

G α 0

10 � 80 � 60 � 40 � 2

0� 1� 2� 3� 4� 5

Figure 4. Isotopecoefficientof thepenetrationdepthatT 3 0 in thepresenceof magneticimpurities
(normalizedto α0). Thereis no freeparameterin therelationβm H Tc I . Solid anddashedlinesarefor
Γ2 1 Γs 3 10 and50 respectively (seeRef. [6]).

universalrelationβ
�
Tc � for two valuesof Γ2. Oneremembersthat Tc is determinedby the

magneticimpurity concentration.
Therearetwo majordifferencesbetweentheresultsobtainednearTc (Fig.3) andatT � 0

(Fig. 4). First, the direct scatteringamplitudeΓ2 appearsonly at T � 0. Secondly, the IC
nearTc is proportionalto αm givenby Eq.(19),whereastheIC atT � 0 is functionof α0, the
IC of Tc0 in theabsenceof magneticimpurities.This differenceis dueto thefact thatϕ � 1
at T � 0 (seeEq. (17)) andthe penetrationdepthdoesconsequentlynot dependon Tc (the
critical temperaturein thepresenceof magneticimpurities).

As shown in Fig. 2, the IC of Tc fits the dataof Zn-dopedYBCO. On the otherhand,
therearenoexperimentaldatafor conventionalsuperconductors.Furthermore,themagnetic
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impurity contribution to the IE of δ shown in Fig. 3 hasnever beenmeasured.It would
thusbe interestingto performmeasurementsof theseeffects,especiallysincethey canbe
describedby universalrelations.

4 ISOTOPE EFFECT IN A
PROXIMITY SYSTEM

In this sectionwe consideranothercase,a proximity system,in which a factornot related
to lattice dynamicsinducesa changeof the isotopecoefficient of Tc and δ. Consideran
S � N sandwichwhereS (N) is a superconducting(normal)film. The valueof the critical
temperatureTc andthepenetrationdepthδ differ substantiallyfrom thevaluesTc0 andδ0 of
the isolatedsuperconductorS[58, 59]. We show in the following that the proximity effect
alsoinfluencestheisotopecoefficientof Tc andδ.

4.1 The Critical Temperature

Let usconsideraproximity systemcomposedof aweak-couplingsuperconductorSof thick-
nessLS andametalor asemiconductorN of thicknessLN (e.g.Nb-Ag). In theframework of
theMcMillan tunnelingmodel[17], whichcanbeusedwhenδ � LN D ξN (ξN � hvF ;N

 2πT
is thecoherencelengthof theN-film asdefinedin Ref. [60]), thecritical temperatureTc of
theS � N systemis relatedto thecritical temperatureTc0 of Sby therelation[58]:

Tc � Tc0

�
πTc0

2γu
� ρ 
 ρ � νNLN

νSLS 
 (26)

whereγ � 0 � 577 is Euler’s constant.The valueof u is determinedby the interplayof the
McMillan tunnelingparameterΓ � ΓSN � ΓNS andtheaveragephononfrequency Ω. For an
almostidealS � N contact(Γ P Ω) onehasu � Ω. In theoppositelimit, whenΓ D Ω one
obtainsu � Γ (seeRef. [58]).

Let usfirst considerthecaseΓ P Ω. In theBCSmodel,onehasTc0 ∝ Ω. Thus,according
to Eq.(26)Tc andTc0 havethesamedependency ontheionic massin thislimit (becauseTc0

 u
is thenindependentof Ω). This resultsin thesimplerelationαprox � α0 for theIC of Tc (α0

is theisotopecoefficientof Tc for theisolatedS-film).
The oppositesituationwhereΓ D Ω is more interestingsinceu � Γ is independentof

ionic masses.UsingEqs.(1) and(26)oneobtainsfor theisotopecoefficientof Tc in thelimit
Γ D Ω:

αprox � α0

�
1 � νNLN

νSLS
� � (27)

Onenotesfirst thatwhereasthepresenceof anormalfilm onthesuperconductordecreasesTc,
thefilm inducesanincreaseof theisotopecoefficientof Tc. Thesameis truefor thepresence
of magneticimpuritiesandfor thenon-adiabaticIE when∂Tc

 ∂n � 0 (seenext section).The
secondinterestingfeatureof Eq. (27) is thatonecanmodify thevalueof αprox by changing
thethicknessesof thefilms. For example,if νN

 νS � 0 � 8 andLN
 LS � 0 � 5 thenαprox � 0 � 28.

By increasingthethicknessof thenormalfilm suchthatLN � LS, oneobtainsαprox � 0 � 36.
We stressthe fact that,asin theprevioussectionon magneticimpurities,thechangeof

theIC is dueto afactornotrelatedto latticedynamics.Therefore,thereis noreasonfor αprox

to belimited to valuesbelow 0 � 5.
To the bestof our knowledgethe changein the IC causedby the proximity effect has

neverbeenmeasured,evenin conventionalsuperconductors.It wouldbeinterestingto carry
out suchexperimentsin orderto observe this phenomenon.
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4.2 The Penetration Depth

Theproximity effect alsoaffectstheshieldingof a magneticfield. Themostdramaticeffect
of thenormallayeron thepenetrationdepthis seenin thelow-temperatureregime(T  Tc Q
0 � 3). Although thepenetrationdepthof a pureconventionalsuperconductoris only weakly
temperaturedependentin this regime (δ � 2 � ϕ � 1 � T4  T4

c ) the presenceof the normal
layer inducesa temperaturedependencethroughthe proximity effect. For the sameS � N
proximity systemasconsideredabove thepenetrationdepthis givenby[59]

δ � 3 � aNΦ 
 (28)

whereaN is a constantdependingonly on the materialpropertiesof the normalfilm (it is
ionic-massindependent)and

Φ � πT ∑
n J 0

1
x2

np2
n � 1 
 pn � 1 � εt R x2

n � 1 � (29)

xn � ωn
 εS
�
T � with ωn � �

2n � 1� πT (the Mastubarafrequencies)andεS
�
T � is the super-

conductingenergy gapof S. In theweak-couplinglimit consideredhere,εS
�
0� � επTc0 with

ε � 0 � 56. Thedimensionlessparametert �TS  S0 with SU� LN
 L0 andS0 � Γ  πTc0 (Γ � 1 L0

is the McMillan parameter[17]).LN andL0 arethe thicknessof the normalfilm andsome
arbitrarythickness,respectively (in the following we take L0 � LS, the thicknessof thesu-
perconductingfilm). FromEqs.(3) and(28) oneobtainstheIC of thepenetrationdepthfor
theproximity system:

βprox ��� 2α0

3Φ ∑
n V 0

x2
np2

n

x2
np2

n � 1 N 1 � εt

pn

"
x2

n � 1
O 
 (30)

whereα0 is againthe IC of Tc0 for thesuperconductingfilm S alone. This resulthasthree
interestingfeatures.First, as for the caseof magneticimpurities, the IC of Tc andδ have
oppositesigns.This observation is valid aslong asonedoesnot mix thedifferentchannels
presentedin this work (magneticimpurities, proximity effect and non-adiabaticity). The
additionof a non-adiabaticcontribution (next section)may lead to a differentconclusion.
Secondly, onecanseefrom Eq. (30) thatβprox dependson theproximity parametert. One
canthusmodify the IC eitherby changingthe ratio SW� LN

 LS or the McMillan tunneling
parameterΓ (e.g.by changingthe quality of the interface;seeRef. [6]). Fig. 5 shows this
dependencefor differenttemperatures.Onenotesthat,contraryto thevalueof αprox, theIC
of thepenetrationdepthdecreaseswith increasingratio S . Finally, onenotesthattheIC βprox

is temperature-dependent.This unconventionalfeaturewasalsoobservedfor theIC of δ in
the presenceof magneticimpuritiesnearTc. Fig. 6 shows the temperaturedependencefor
differentvaluesof the parameters.The trendis similar to the caseof magneticimpurities:X
βprox

X
increaseswith increasingT. Note,however, thatthetwo effectsarecalculatedin very

differenttemperatureranges(nearTc andnearT � 0). A completedescriptionof this effect
canbefoundin Ref. [5].

5 NON-ADIABATIC ISOTOPE EFFECT

Thenon-adiabaticisotopeeffect introducedin Ref. [3] wasusedin Refs.[3, 4, 5, 6, 7] to de-
scribetheunusualbehavior of the isotopecoefficient in severalhigh-temperaturesupercon-
ductors.Thetheoryalsoallowedusto describethelarge isotopicshift of theferromagnetic
phasetransitionin manganites[7]. Theconceptof thenon-adiabaticIE relieson thefactthat
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Figure 5. Isotopecoefficient (normalizedto α0) of thepenetrationdepthfor a proximity systemasa
functionof t, for T 1 Tc 3 0 � 1 (solid),0 � 2 (dashed),0 � 3 (dotted).SeeRef. [6].

in theabove-mentionedsystemscharge-transferprocessesinvolve a non-adiabaticchannel.
In other words, the electronicgroundstateof the group of atomsover which the charge-
transfertakesplaceis degenerate,leadingto a dynamicJahn-Teller (JT) effect (EJT Q h̄ω,
whereEJT is theJTenergy; see,e.g.,Ref. [61]).

The conceptof the non-adiabaticisotopeeffect canbe understoodby consideringtwo
examples:theapex oxygenin high-Tc oxidesandthemotionof charge-carriersin mangan-
ites. Let us first considerhigh-Tc materials.This systemcanbe seenasa stackof charge
reservoirs (CuO chains)andconductingsubsystems(CuO2 planes).Chargesaretransfered
from the reservoir to the conductinglayersthroughthe apex oxygenthat bridgesthe two
subsystems.Several experimentshave shown[62, 63, 64] that the apex oxygendisplaysa
non-adiabaticbehaviour. The ion oscillatesbetweentwo closepositionsthatcorrespondto
two configurationalminimaof thepotentialenergy surface.Thesetwo minimaaredueto the
Jahn-Tellereffect sincewearedealingwith thecrossingof electronicterms(seeFig. 7).

TheJahn-Teller effect leadsto a “double-well” typepotential(which shouldnot becon-
fusedwith thedouble-wellappearingwhenthecrystalis anharmonic;herewe consideren-
ergy termscrossingandfor eachtermwe usetheharmonicapproximation).This structure
hasa strongimpacton charge-transferprocessesin thesematerials. Indeed,the motion of
chargesfrom the chainsto the planesoccursthroughthe apex oxygen. Thus, the charge-
transferprocessinvolvesthemotion of thenon-adiabaticion. The immediateconsequence
of thisobservationis thatthedensityof charge-carriersn in theCuO2-planes(theconducting
subsystem)dependson themassof thenon-adiabaticionsinvolvedn � n

�
M � (seebelow).

Thesituationencounteredin manganitesis differentfrom theexamplejust described.In
thesematerials,thereis no transferbetweena reservoir andaconductingsubsytem.Instead,
themotionof charge-carriersoccurson theMn-O-Mn complex thatdisplaysanon-adiabatic
behaviour[65]. As a consequence,theelectronhoppinginvolvesthemotionof the ionsand
dependsontheirmass.It wasshown in Ref.[7] thatthisfactcanaccountfor theunexpectedly
low ferromagneticcritical temperatureTc ? f [66] (which is determinedby thehoppingof the
electronsbetweenMn ions)aswell asfor thehugeisotopicshift of Tc ? f [67].

Notethatalthoughthecharge-transferprocessesaredifferentin high-temperaturesuper-
conductorsandin manganites,theformalismdescribedbelow andin Ref.[68] appliesequally
well to the two systems.In the following we refer to theexampleof theapex oxygen.The
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Figure 6. Isotopecoeff. βprox (normalizedto α0) for a proximity systemasa function of T 1 Tc for
S0 3 0 � 2: l 3 1 (solid) l 3 0 � 5 (dashed)andS0 3 1: l 3 1 (dash-dotted)l 3 0 � 5 (dotted).SeeRef. [5].

caseof manganitescanbemappedby replacing“reservoir” and“conductingsubsystem”by
“Mn ions”.

It is importantto realizethatthedependencen
�
M � is specificto systemswherethemotion

of chargesoccursthroughnon-adiabaticions. In metals,thecharge-carriersarenot affected
by the motion of the ions becauseof the validity of the adiabaticapproximation.We also
stressthefactthattheapex oxygenis givenasasimpleexamplebut, aswill beshown below,
thetheoryis not limited to thiscase.Finally, oneshouldnotethataphenomenologicaltheory
of theIC basedon theassumptionthatn � n

�
M � hasbeenproposedin Ref. [69].

To demonstratethat in thepresenceof non-adiabaticcharge-transferonehasn � n
�
M � ,

onebestusesthe so-calleddiabaticrepresentation[70] (seealsoRef. [68]). Herewe only
recall the main stepsof the calculation. Let us assumethat, becauseof the degeneracy of
electronicstates(or Jahn-Tellercrossing),thepotentialenergy surfaceE

�
R� (R is therelevant

configurationalcoordinate)of thegroupof non-adiabaticions(suchastheapex O, in-plane
Cu andO for high-Tc materialsor Mn andO ionsin manganites)hastwo closeminima(see
Fig. 7). In the diabaticrepresentationthe total wave-functionΨ

�
r 
 R 
 t � (r is theelectronic

coordinate)is written asa linearcombinationof thewave-functionsin thetwo crossingpo-
tential surfaces.The total wave-functioncannotbe decomposedasa productof electronic
andlatticewave-functions.Ontheotherhand,onecanwrite thetotalwave-functionasasum
of symmetricandantisymmetricterms. The energy splitting betweenthesesymmetricand
antisymmetricterms,which correspondsto the inverselifetime of oscillationsbetweenthe
configurations(minimaof thepotentialenergy surface),hastheform[3, 5, 7, 68]:

H12 �Y� Ψ1
X
He
X
Ψ2 � � L0F12 
 (31)

whereHe is theelectronicpartof thetotalHamiltonianand

L0 � L
�
R0 � � Z drψ [1 � r 
 R � Heψ2

�
r 
 R � 
 (32)

F12 � Z dRΦ [1 � R � Φ2
�
R � � (33)

The last equality in Eq. (31) is obtainedunder the assumptionthat the electronicwave-
function ψi (i � 1 
 2) is a slowly varying functionsof R. L0 can thenbe evaluatedat R0,
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Figure 7. Potentialenergy surface(PES)as a function of the configurationalcoordinateR. The
crossingof electronictermsleadsto adynamicalJahn-Teller distortion(two minimaof thePES).

thecrossingof electronicterms,andtakenout of the integral over R. It doesnot dependon
ionic masses.On the otherhand,the importantFranck-Condonfactor(33) dependson the
latticewave-functionsΦi

�
R � , andthusonionic masses.Giventheperturbation,Eq.(31),one

cancalculatetheprobabilityof findingthecharge-carrierin theconductinglayer[3, 5, 7,68].
Notethatnonadiabaticityaffectsthebandwidthof thereservoir andconductingbandsrather
than the chemicalpotential (which is the samebecauseof thermodynamicequilibrium).
Thus, in the caseof YBCO, the planeandchainbandshave the samechemicalpotential,
but differentwidths.Thisaffectsthecharge-carrierconcentrationin thetwo subsystems.

Qualitatively, the charge transfercan be visualizedas a multi-stepprocess. First, the
charge carrier can move from the reservoir to the group of ions (e.g. from the chainsto
theapicaloxygenin YBCO). Then,thenon-adiabaticionstunnelto theotherelectronicterm
(Ψ1 � Ψ2). As afinal step,thechargecarriercanhopto theconductinglayer(from theapical
oxygento theCuO2 planes).Thecrucialpointof thetheoryis thatasaresultof thismulti-step
process,theprobabilityP of finding thecharge-carrierin theconductingsubsystemdepends
on Eq. (31) andthuson theFranck-CondonfactorF12 � F12

�
M � , Eq. (33), thatdependson

ionic masses.In otherwordsthecharge-carrierconcentrationn, which is proportionalto the
probabilityP, dependsontheionic massM. It is thisunusualdependencen � n

�
M � , foundin

high-temperaturesuperconductorsandmanganites,thatis responsiblefor theunconventional
isotopeeffectof Tc andδ.

5.1 The Critical Temperature

Given that n � n
�
M � , we canwrite the isotopecoefficient of Tc asα � αph � αna, where

αph � � M  Tc � � ∂Tc
 ∂Ω � � ∂Ω  ∂M � is theusual(BCS)phononcontribution (Ω is a character-

istic phononenergy) andthenon-adiabaticcontribution is givenby:

αna � γ
n
Tc

∂Tc

∂n 
 (34)

where the parameterγ �\� M  n � ∂n ∂M � hasa weak logarithmic dependenceon M (see
Ref. [3]). This parametershouldnot be confusedwith Euler’s constant. Eq. (34) shows
that the IC of Tc dependson the dopingof the conductinglayer andon the relationTc

�
n� .
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This resultwasusedin Refs.[3, 4] to analysethe IE of high-temperaturesuperconductors
(seebelow).

5.2 The Penetration Depth

Theconceptof thenon-adiabaticisotopeeffect relieson thefactthatthecharge-carriercon-
centrationdependson theionic massbecauseof theJahn-Tellercrossingof electronicterms.
Obviously, any quantitythat dependson n

�
M � will alsodisplayan unconventionalisotope

effect. Onesuchquantity is the penetrationdepthof a magneticfield δ given in Eq. (17).
Notethattherelationδ � 2 � ns is alsovalid in thestrong-couplingcase(see,e.g.,Refs.[5]).
FromEq.(3) onehas

β �	� M
δ

∂δ
∂ns

∂ns

∂M
� M

2ns

∂ns

∂M � (35)

As mentionedin Sec.2.7,becauseof therelationns � nϕ
�
T � , onehasto distinguishtwo con-

tributionsto β. Thereis a usual(BCS)phononcontribution, βph, arisingfrom the fact that
ϕ
�
T  Tc � dependson ionic massthroughthedependency of Tc on thecharacteristicphonon

frequency. This BCS contribution was discussedin Sec.2. In the presentpaperwe fo-
cuson thenon-trivial manifestationof isotopicsubstitutionarisingfrom the isotopedepen-
denceof the charge-carrierconcentrationn. Suchan effect can even be observed in the
low-temperatureregion whereϕ � 1. FromEq. (35) andtherelationns � nϕ

�
T � it follows

that

β � βph � βna � M
2ϕ
�
T � ∂ϕ

�
T �

∂M
� M

2n
∂n
∂M 
 (36)

wheren
�
M � is the normal-statecharge-carrierconcentration.ComparingEq. (34) andthe

secondtermof theright handsideof Eq. (36) oneinfersthatβna �]� γ  2 andthusestablish
a relationbetweenthenon-adiabaticisotopecoefficientsof Tc andδ:

αna �	� 2βna
n
Tc

∂Tc

∂n � (37)

This resultholdsfor Londonsuperconductors.Theequationcontainsonly measurablequan-
tities andcanthusbeverifiedexperimentally. It is interestingto notethatβna andαna have
oppositesignswhen ∂Tc

 ∂n � 0 (which correspondsto the underdopedregion of high-Tc

materials).
Note,finally, thatin thepresenceof magneticimpuritiestherelationns � nϕ

�
T � remains

valid, but ϕ
�
T � dependsnow on thedirect scatteringamplitudeΓ2 definedin Sec.3.3 (this

results,e.g., in the inequality ns
�
T � 0� � n in the gaplessregime). As a consequence,

magneticimpuritiesaffect thefirst termin Eq.(36) (thatnow dependson Γ2), but leavesβna

andthusEq.(37)unchanged.

6 OXYGEN ISOTOPE EFFECT
IN HIGH-Tc MATERIALS

In this sectionwe briefly discussexperimentsdoneon high-temperaturesuperconductorsin
the light of the theoryexposedin sections3 and5. A detailedstudyof theoxygenisotope
effect in high-Tc materialscanbefoundin Refs.[3, 4, 5, 6].

The oxygen isotopeeffect of Tc has beenobserved in a numberof experiments[71,
57, 56, 72, 73]. Here we discussthe resultsobtainedon Pr-dopedand oxygen-depleted
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YBa2Cu3O7 � δ (YPrBCO andYBCO respectively). We alsodiscussshortly the isotopeef-
fectof thepenetrationdepthobservedin La2 � xSrxCuO4 (LSCO).Theanalysisof theisotope
effect in Zn-dopedYBCO hasalreadybeenpresentedin Sec.3.

6.1 The Critical Temperature

Let us first considerthe isotopecoefficient of Tc for Pr-dopedYBCO (YPrBCO). Several
experimentshave establishedthatthePr replacesY which is locatedbetweenthetwo CuO2

planesof a unit cell. The dopingaffectsYBCO mainly in two ways. First, it wasshown
thatbecauseof themixed-valencestateof Pr, holesaredepletedfrom theCuO2 planes(see,
e.g.,Ref. [74]). Secondly, asfor Zn substitution,praesodimiumchangesthemagneticimpu-
rity concentrationof the system[56, 74]. Regardingthe IE, theseexperimentalfactsimply
thatthroughthefirst effect, thenon-adiabaticchannelis activated,whereasthesecondeffect
leadsusto considerthemagneticimpurity channelfor thecalculationof α. TheIE is there-
foredescribedby αt � αph � αm> na, whereαph � 0 � 025[57] is thephononcontribution,and
αm> na is definedby Eq. (19) with α0 givenby Eq. (34). The resultingexpressiondepends
on two parametersγ andΓ̃s, characterizingthe non-adiabaticandmagneticimpurity chan-
nels,respectively. The latter quantityhasbeenextractedfrom a fit to the relationTc

�
x� (x

describesthePr doping)[74] andis Γ̃s � 123K.Theparameterγ � 0 � 16 is determinedfrom
the mean-squarefit to the experimentaldata. The result is shown in Fig. 8. The theoryis
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Figure 8. Dependenceof theisotopecoefficient α on Tc for Y1 � xPrxBa2Cu3O7 � δ. Theory:solid line
with γ 3 0 � 16, Γ̃s 3 123K,α0 3 0 � 025;Experiment:dcmagnetization,resistivity andacsusceptibility
from Refs.[71, 56].

in goodagreementwith theexperimentaldata.Note that thenegativecurvatureat high Tc’s
reflectsthe influenceof the non-adiabaticchannel(magneticimpuritiesgive a contribution
with oppositecurvature),whereasthepositivecurvatureseenat low Tc is dueto thepresence
of magneticimpurities[5].

Oxygen-depletedYBCO is verysimilar to thepreviouscasein thatoxygendepletionboth
introducesmagneticimpurities into the systemandremovesholesfrom the CuO2 planes.
The sameequationsas above can thus be used,however, with appropriatevaluesof the
parameters.Theresultis shown in Fig. 9, togetherwith theexperimentaldatafrom Ref.[57].
NotethesharpdropobservednearTc � 60K. This dropandthepeakabove it arerelatedto
thepresenceof a plateauin thedependenceTc

�
n� nearTc � 60K (see,e.g.,Ref. [57]). Since
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Figure 9. Dependenceof the isotopecoefficient α on Tc for YBa2Cu3O6̂ x. Theory: solid line with
γ 3 0 � 28, Γ̃s 3 15K, α0 3 0 � 025;Experiment:pointsfrom Ref. [57].

Eq. (34) containsthe derivative ∂Tc
 ∂n, αna will be nearlyzeroat 60K. As one increases

Tc, theslopeof Tc
�
n� jumpsto a largevalue,anddecreasesagainto zeroasTc � 90K. This

behavior of Tc
�
n� explainsthemaximumappearingin αna

�
Tc � above60K.Thepeakstructure

is thusspecificto oxygen-depletedYBCO becauseneitherYPrBCO nor YBCZnO display
suchaplateauin therelationTc

�
n� . It wouldbeinterestingto verify this result,by measuring

theoxygenisotopeeffect between60 and90K.
ThemaindifferencebetweenPr-substituted(Fig. 8) andoxygen-depletedYBCO (Fig. 9)

lies in the fact that thedopingaffectsdifferentionsof thesystem.Magneticimpuritiesare
introducedatdifferentsites(onY for thefirst materialandin thechainsor theapicaloxygen
position for the secondsystem). Furthermore,non-adiabaticcharge-transferprocessesin-
volvemainly Pr aswell asCu andO of theplanesin YPrBCO,whereasthey involvemainly
theapicalO in oxygen-depletedYBCO (to a lower extent,chainandin planeO andCu are
alsoinvolved).

Contraryto YPrBCO, it is not possibleto extract the valueof Γ̃s (the contribution of
magneticimpurities).Thebestfit to thefew datagivesγ � 0 � 28andΓ̃s � 15K.Two important
pointshave to benotedconcerningthesevalues.First,becauseof thelimited dataavailable,
thevaluesmayvary, althoughtheorderof magnitudewill remain(seealsoRef.[6]). Theother
remarkconcernsthevalueof Γ̃s for YPrBCOandYBCO. Fromthesevaluesoneconcludes
thatoxygendepletionintroducesa smalleramountof magneticmomentsthanPr doping. It
wouldbeinterestingto performmoreisotopeeffectexperimentsonoxygen-depletedYBCO
andto determinetheeffectivemagneticmomentperdepletedoxygenthroughothermeans.

6.2 The Penetration Depth

The only experimentalobservation of the isotopic shift of the penetrationdepthhasbeen
doneon La2 � xSrxCuO4 (LSCO)[73]. Thereareno dataavailableon YBCO-relatedmate-
rials. Sinceonly Pr-dopedYBCO hasonefree parameter(γ) we presentthe resultsof our
theoreticalcalculationsonly in thiscase.Theoxygen-depletedcasewasstudiedasafunction
of thetwo parametersγ andΓ̃s in Ref. [5].

Let us begin with the caseof LSCO.This caseis simpler to studythanYBCO related
materials,sinceno significantamountof magneticimpuritieshasbeendetectedin this ma-
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terial. Our analysiscanthusbe carriedout with Eqs.(34) or (37). The isotopecoefficient
hasbeenmeasuredfor Sr concentrationsnearx @ 0 � 11andx @ 0 � 15. Thefirst concentration
correspondsto theregion whereTc

�
x� experiencesa smalldip. Theorigin of this dip is not

well-establishedbut is probablyrelatedto electronicinhomogeneitiesandstructuralinstabil-
ity. Sincemany factorsaffect Tc at this Sr concentration,it is difficult to interpretcorrectly
theisotopeeffectof Tc andδ.

Thesecondconcentrationat which anisotopeshift of δ hasbeenmeasuredis at optimal
doping(Tc is maximal). The experimentalshift ∆δ  δ � 2% andEq. (3) allows oneto de-
terminethevalueof βna � 0 � 16 andthusγ � 0 � 32 throughEq. (37). This result is in good
agreementwith thevaluesobtainedfor Pr-dopedandO-depletedYBCO (seeRef. [6] for a
discussiononLSCO).

Let us now turn to the isotopecoefficient of the penetrationdepthfor YBCO-related
materials.Fromtheevaluationof theparameterγ (seeEq.(34)andabove)andfrom Eq.(37)
oneobtainsthenon-adiabaticcontribution to theIC of thepenetrationdepthin Pr-dopedand
O-depletedYBCO. Oneobtainsβna �_� 0 � 08in thefirst caseandβna �`� 0 � 14 in thesecond.

Using Eqs.(19), (22) and(34), aswell as the valuesof the parametersγ and Γ̃s given
above, onecancalculatethe IC resultingfrom thecontributionsof magneticimpuritiesand
non-adiabaticityfor YPrBCO nearTc. The result is shown in Fig. 10 for threedifferent
temperatures.One notesthat contraryto the caseof magneticimpurities alone(one sets

Tc
 Tc0

β̃ m

a n
a

10 � 80 � 60 � 40 � 20

0� 0 � 2� 0 � 4� 0 � 6� 0 � 8� 1

Figure 10. Dependenceof the isotopecoefficient β̃m̂ na on Tc for T 1 Tc 3 0 � 75 (solid line), 0 � 85
(dashed),0 � 95 (dotted).α0 3 0 � 025,γ 3 0 � 16,andΓ̃s 3 123K(parametersfor Y1 � xPrxBa2Cu3O7 � δ).

γ � 0) studiedin Sec.3 (Figs.2 and3), the isotopeeffect of thepenetrationdepthdoesnot
have thesamequalitativebehaviour astheIC of Tc (compareFigs.9 and10). Thechangeof
curvaturedoesnot takeplaceat thesamevalueof Tc (in thecaseof β̃m> na thechangeoccurs
at high Tc’s andis barelyvisible on the figure; seeRef. [6] for a discussionof this point).
OneshouldmeasuretheIC of δ for YPrBCOandYBCO, sinceit would allow oneto givea
betterestimateof theparametersandto testthetheory.

7 CONCLUSIONS

Wehave revieweddifferentaspectsof theisotopeeffect. In afirst part,wehavesummarized
themain theoriesdeveloppedto explain the isotopeeffect in conventionalsuperconductors
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andwe have discussedtheir relevancefor high-Tc oxides.In particular, we have considered
the effect of the Coulombinteraction,bandstructure(vanHove singularities),multiatomic
compounds,anharmonicityandnon-phononicmechanismson thevalueof theisotopecoef-
ficient. Theseeffectscanaccountfor mostexperimentaldataobtainedon conventionalsu-
perconductors.For example,they allow oneto describethedeviation from thestandardBCS
valueα � 0 � 5 in transitionmetalsor the inverseisotopeeffect (α � 0) found in PdH.The
resultsshow clearly thata vanishingor evena negative isotopecoefficient canbe obtained
within conventionalsuperconductivity wherethepairingbetweencharge-carriersis mediated
by theelectron-phononinteraction.Generally, however, thesmall isotopecoefficient is ob-
tainedonly in conjunctionwith low Tc’s. Ontheotherhand,onecanalsoobtainvaluesof the
isotopecoefficient thatarelargerthanα � 0 � 5 whenanharmonicor band-structureeffectsare
presentin thesystem.

In a secondpart,we have analyzedtheeffect of magneticimpurities,proximity contacts
andnon-adiabaticcharge-transferprocesseson the isotopecoefficient (seealsoRefs.[3, 4,
5, 6, 7]). An importantcommonfeatureof thesefactorsis that they arenot relatedto the
pairingmechanismbut, nevertheless,stronglyaffect theisotopeeffect. Onnotesthatα � 0 � 5is allowedin all threechannels.Furthermore,thesefactorscaninducea non-trivial isotopic
shift of quantitiessuchasthe penetrationdepthδ. In the caseof magneticimpuritiesand
the proximity effect, the isotopeeffect of the penetrationdepthis temperaturedependent.
This phenomenonhasnot beeninvestigatedexperimentallyyet. In the presenceof non-
adiabaticity, we have establisheda relationbetweentheisotopeshift of Tc andδ for London
superconductors.

The theory presentedin the secondpart of this review allowed us to describethe un-
conventionalbehavior of the isotopecoefficient in YBa2Cu3O7 relatedsystems(Zn andPr-
substitutedaswell asoxygen-depletedmaterials). The caseof Zn-substitutedYBCO was
describedby involving solely themagneticimpurity channelanddid not requireany fitting
parameter. Thetheoreticalcurvealsoappliesto conventionalsuperconductors.

Ourcalculationssuggestseveralexperimentsbothonconventionalandhigh-temperature
superconductors.In particular, it would be interestingto measurethe changeof the iso-
topecoefficient inducedby a proximity systemor magneticimpurities in conventionalsu-
perconductorsto testour theory. Furthermore,moreexperimentshave to be doneon high-
temperaturesuperconductorssoasto determinemorepreciselytheparametersappearingin
thetheory.
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9 APPENDIX

Wederivetheexplicit formof thefunctionR0 givenin Eq.(25)(seeRef.[6]). Thepenetration
depthcalculatedbySkalskietal. atzerotemperatureis givenby δ � 2 �b� � 4πne2  mc2 � K̃ � ω �
0 
 q � 0� with[50]

K̃
�
0 
 0� �_� 1 � Γ̄η̄ � 3

η̄ ) π2 � f
�
η̄ �

R
�
η̄ �c+ � Γ̄η̄ � 3 ) 23η̄ � π

4
η̄ � 1+ (38)
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for Γ̄ 
 η̄ � 1 (with f
�
η̄ � � arcos̄η) or Γ̄ � 1, η̄ � 1 (with f

�
η̄ � � arcosh̄η) and

K̃
�
0 
 0� � � 1 � Γ̄η̄ � 3

η̄ B π
2
� 2

Γ̄ � 1
R
�
Γ̄ � � R� 1 � η̄ � � arcosh̄η � 2artanhd � C (39)� η̄ � 3 B � 2

3
η̄2 � 1� � Γ̄ � R

�
Γ̄ � � � 1

2
ηR
�
Γ̄ � � 2

3
η � 1� � η̄Γ̄

�
π
4
� Γ̄ � 1

R
�
Γ̄ � � C

for Γ̄ 
 η̄ � 1. WehaveintroducedthenotationΓ̄ � Γs
 ∆, η̄ � ηΓ̄ � Γ2

 ∆, η � Γ2
 Γs, R

�
x� �" X

1 � x2
X
with x � Γ̄ 
 η̄ and de�  ;� Γ̄ � 1� � η̄ � 1�  � Γ̄ � 1� � η̄ � 1� ! 1� 2. ∆ � ∆

�
T � 0 
 Γs � is

the orderparameterin the presenceof magneticimpurities. Eqs.(38),(39)arevalid when
Γs D Γ2. Thesetwo scatteringamplitudes,Γ2 andΓs (Γs � Γ1 � Γ2), definedby Abrikosov
andGor’kov[49], describethedirectandexchangescattering,respectively. Onecancalculate
themagneticimpurity contribution to theIC at T � 0 from Eq. (3) in a straightforwardway
usingEqs.(38)and(39). Theresultcanbewritten as

βm
�
T � 0� ��� α∆

2
K1 � K2

K̃
�
0 
 0� (40)

whereα∆ is definedbelow, K̃
�
0 
 0� is givenby Eqs.(38), (39)and

K1 � � 1 � 3Γ̄η̄ � 3

η̄

�
π
2
� f

�
η̄ �

R
�
η̄ � � < 1 � Γ̄η̄ � 3

R
�
η̄ � 2 �

η̄
R
�
η̄ � f

�
η̄ � � 1� (41)

K2 � Γ̄η̄ � 3 ' 2 � π
4

η̄ (
for Γ̄ 
 η̄ � 1 (uppersign, f

�
η̄ � � arcos̄η) or Γ̄ � 1, η̄ � 1 (lowersign, f

�
η̄ � � arcosh̄η) and

K1 � � 1 � 3Γ̄η̄ � 3

η̄ B π
2
� 2

Γ̄ � 1
R
�
Γ̄ � � 1

R
�
η̄ � � arcosh̄η � 2artanhd � C � 1 � Γ̄η̄ � 3

η̄ B 2
Γ̄
�
Γ̄ � 1�

R
�
Γ̄ � 3� 1

R
�
η̄ � ) η̄

R
�
η̄ � 2 � arcosh̄η � 2artanhd � � d

1 �fd 2

�
Γ̄2

R
�
Γ̄ � 2 � η̄2

R
�
η̄ � 2 � � η̄

R
�
η̄ � +4C (42)

K2 � 3
η̄3

�
2
3

η̄2 � 1�  Γ̄ � R
�
Γ̄ � !g� 1

2
ηR
�
Γ̄ � � 2

3
η2 � 1� � η̄Γ̄

�
π
4
� Γ̄ � 1

R
�
Γ̄ � �� 1

η̄3 B ) Γ̄
R
�
Γ̄ � � 2

3
η̄2 � 1� � 4

3
η̄2 +  Γ̄ � R

�
Γ̄ � !� 1

2
η

Γ̄2

R
�
Γ̄ � � 2

3
η2 � 1� � 2η̄Γ̄ ) π4 � Γ̄ � 1

R
�
Γ̄ � � 1 � Γ̄

2R
�
Γ̄ � 2 � +LC

for Γ̄ 
 η̄ � 1 and∆Tc
 Tc
�
Γ̄ � 1�hD 1. Thelastconditionexpressesthefactthatthecalculation

is not valid in the immediatevicinity of Γ̄ � 1. Eq. (40) containsα∆ which is the IC of the
orderparameter∆. In strong-couplingsystems,α∆ hasto be calculatednumericallyusing
Eliashberg’s equations.Herewe calculatetheIC in theframework of theBCSmodelwhere
α∆ canbecalculatedanalytically. Indeed,from therelations

ln

�
∆
∆0
� � #$&% � π

4Γ̄ : Γ̄ Q 1� ln K Γ̄ � R
�
Γ̄ � M � R

�
Γ̄ �

2Γ̄
� Γ̄

2
arctanR

�
Γ̄ � � 1 : Γ̄ � 1 
 (43)

derived by Abrikosov and Gor’kov [∆0 � ∆
�
T � 0 
 Γs � 0� is the order parameterin the

absenceof magneticimpurities]oneobtains

α∆ � α∆0 #ii$ ii%
' 1 � π

4Γ̄ ( � 1
: Γ̄ Q 1) 1 � Γ̄

2
arctanR

�
Γ̄ � � 1 � R

�
Γ̄ �

2Γ̄ + � 1

: Γ̄ � 1 � (44)
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In the BCS approximationone further hasα∆0 � α0, wherethe last quantitywasdefined
beforeastheIC of Tc0, thatis, in theabsenceof magneticimpurities.

Finally, oneobtainsEq. (25)with R0 givenby:

R0 ��� α∆
2α0

K1 � K2

K̃
�
0 
 0� (45)

andα∆ is givenby by Eq.(44).
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